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An Arzela-Ascoli theorem for immersed
submanifolds®

GrauaaM SmrTH (D

ABSTRACT. — The classical Arzela-Ascoli theorem is a compactness re-
sult for families of functions depending on bounds on the derivatives of
the functions, and is of invaluable use in many fields of mathematics. In
this paper, inspired by a result of Corlette, we prove an analogous com-
pactness result for families of immersed submanifolds which depends only
on bounds on the derivatives of the second fundamental forms of these
submanifolds. We then show how the result of Corlette may be obtained
as an immediate corollary.

RESUME. — La version classique du théoréme d’Arzela-Ascoli, qui est
d’une trés grande importance dans plusieurs domaines mathématiques,
nous donne un résultat de compacité pour des familles de fonctions en ter-
mes de majorations des dérivées de ces fonctions. Dans cet article, inspiré
par un résultat récent de Corlette, on montre un résultat de compacité
analogue pour des familles de sous-variétés immergées ne dépendant que
de majorations sur les dérivées des secondes formes fondamentales de ces
sous-variétés. On montre ensuite comment obtenir le résultat de Corlette
comme un corollaire immédiat.

1. Introduction

In [1], Cheeger proved his famous “Finiteness Theorem” which states
that, given positive real numbers K,e, R € R™, there exist only finitely
many homeomorphism classes of complete manifolds of a given dimension
with sectional curvature bounded above in absolute value by K, injectivity
radius bounded below by € and diameter bounded above by R. Gromov
later showed how this result may be viewed in terms of (more precisely, as a
corollary of) a compactness result for the family of such manifolds (see, for

(*) Recu le 3 janvier 2006, accepté le 7 janvier 2006
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example [3] and [4]). Viewed from this perspective, the conditions imposed
by Cheeger become quite satisfying to our intuition. The curvature bound is
probably the most fundamental. Indeed, curvature reflects the “derivatives”
of the manifold (how fast it turns), and whenever derivatives are bounded,
following the philosophy of the classical Arzela-Ascoli theorem, one is enti-
tled to expect to find a compactness result. The other two conditions reflect
more geometrical considerations. The lower bound on the injectivity radius
excludes “pinching” (one can consider a sequence of cylinders of ever smaller
radius: the only intrinsic data that informs us of degeneration is the injectiv-
ity radius which tends to zero), and the bound on the diameter excludes the
possibility of adding components indefinitely without introducing very high
curvatures (to see what happens without this condition, one can consider a
sequence of surfaces of ever increasing genus).

In [2], Corlette proved an analogous finiteness theorem for immersed
submanifolds of a given Riemannian manifold. He proves that, given positive
real numbers K, R € R™ and a given compact manifold M, there exists
only finitely many C" isotopy classes of complete immersed submanifolds
of M with second fundamental form bounded above in norm by K and
diameter bounded above by R. This result no longer requires the condition
on the injectivity radius of the immersed submanifold since such a lower
bound is now a product of the bounds on the second fundamental form
of the submanifold and the curvature of the ambient manifold (one may
consider again the example of a cylinder in Euclidean space: its injectivity
radius cannot become small without its second fundamental form becoming
large). Following the philosophy of Cheeger’s finiteness theorem, one would
expect this result to also arise from a compactness result for immersed
submanifolds.

The compactness result thus obtained bears a perfect analogy to the
classical Arzela-Ascoli theorem, being, in certain aspects, a generalisation
of this result, and it is for this reason that we have chosen to name it
thus. An example of an application of this result may be found in [5]. The
statement of this theorem requires the following definition:

DEFINITION 1.1. — Let (M,g) be a Riemannian manifold. Let X =
(Y,i) be an immersed submanifold in M. Let V' be the Levi-Civita covariant
derivative generated over Y by the immersion i into (M,g). Let A(X) be
the second fundamental form of X. For all k > 2, we define Ap(X) using
the following recurrence relation:

Ay (X) = A(X),
Ap(X) =V'Ap_1(X) VEk = 3.
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We now define A (X) for all k > 2 by:

k
A(X) = (14X
=2

The principal result of this paper is now given by the following theorem:

THEOREM 1.2. — Let k > 2,m < n € N be positive integers.

Let (M;,0:)ieNy (Moo, Poo) be complete pointed Riemannian manifolds of
dimension n and of class at least C* such that (M;, p;);eN converges towards
(Moo, poo) in the pointed C* Cheeger/Gromov topology.

For alli € N, let ¥; = (S;,q;) be an m-dimensional pointed immersed
submanifold of M; of type at least C* such that i(q;) = p;.

Suppose that for all R > 0, there exists B such that, for all n:

A% (@) B Vq € Brlgn).

Then, there exists a pointed complete immersed submanifold
Yoo = (Soor@o0) 0f Mo of type CF=11 such that i(gse) = Poo and that,
after extraction of a subsequence, (3;,¢;);eN converges towards (Xoo, ¢oo) in
the pointed weak C*~%1 Cheeger/Gromouv topology.

The terms used in this theorem are explained in section 2 and appendix A
of this paper. What we call the Cheeger/Gromov topology is essentially the
canonical topology that one would expect to use for immersed submanifolds.
In particular, when k& = 2, the condition on the submanifolds amounts to
a bound on the norms of the second fundamental forms of the immersed
submanifolds.

We would like to underline that in [2], Corlette clearly states that he
anticipates that his finiteness result should arise from a compactness result
in a way analagous to the Cheeger/Gromov case. We consider however that,
given the importance of this result to our own work, it was necessary to
properly unearth this theorem and to state and prove it in its own right.

In the second section, we introduce various concepts associated to im-
mersed submanifolds, and we describe the Cheeger/Gromov topology for
pointed Riemannian manifolds and immersed submanifolds. In the third
section, we study the manner in which immersed submanifolds may locally
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be described in terms of graphs over the tangent space to each point. The
objective here being to bound from below the radius of the disk over which
the submanifold is a graph, and to bound from above the derivatives of the
function of which the submanifold is a graph. In the fourth section, using
the technical results of the third section, we prove theorem 1.2 and we then
prove Corlette’s result [2] as a corollary.

In this paper, we will be working in the C*® category. Since we geome-
ters are not in general in the habit of using mappings of this type, appendix
A reviews the properties required of a class of functions for one to be able to
construct a theory of manifolds out of it, and we then show how the class of
Cl}f):‘ mappings satisfies these properties. Finally, in appendix B, we provide
a proof of the now classical compactness theorem of Riemannian geometry
in a form that is most appropriate for our uses. We also hope (perhaps
vainly) that we have provided here a slightly more accessible proof of what
is an important, but technically challenging result.

I would like to thank Francois Labourie for introducing me to the subject
and drawing my attention to the utility of this result.

2. Convergence of manifolds

2.1. Immersed submanifolds

We review the basic definitions from the theory of immersed submani-
folds and establish the notations that will be used throughout this article.

Let M be a smooth manifold. An immersed submanifold is a pair
Y = (5,i) where S is a smooth manifold and ¢ : S — M is a smooth
immersion. Let ¢ be a Riemannian metric on M. We give S the unique
Riemannian metric ¢*g which makes ¢ into an isometry. We say that X is
complete if and only if the Riemannian manifold (S,i*g) is.

We introduce the following definition:

DEFINITION 2.1. — Let (M,g) be a Riemannian manifold. Let X =
(Y,i) be an immersed submanifold in M. Let V' be the Levi-Civita covariant
derivative generated over Y by the immersion i into (M,g). Let A(X) be
the second fundamental form of X. For all k > 2, we define Ap(X) using
the following recurrence relation.:

Ay (X) = A(X),
Ap(X) =V'Ap_1(X) VEk = 3.
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We now define A (X) for all k > 2 by:

k
Ap(X) = AiX)].
=2

2.2. The Cheeger/Gromov topology

A pointed Riemannian manifold is a pair (M, p) where M is a Rie-
mannnian manifold and p is a point in M. If (M, p) and (M’, p’) are pointed
manifolds then a morphism (or mapping) from (M, p) to (M’,p’) is a (not
necessarily even continuous) function from M to M’ which sends p to p’ and
is C'*° in a neighbourhood of p. The family of pointed manifolds along with
these morphisms forms a category. In this section, we will discuss a notion
of convergence for this family. It should be borne in mind that even though
this family is not a set, we may consider it as such. Indeed, since every
manifold may be plunged into an infinite dimensional real vector space, we
may discuss, instead, the equivalent family of pointed finite dimensional
submanifolds of this vector space, and this is a set.

Let (M., pn)nen be a sequence of complete pointed Riemannian mani-
folds. For all n, we denote by g, the Riemannian metric over M,,. We say
that the sequence (M, p,)nen cOnverges to the complete pointed manifold
(Mp, po) in the Cheeger/Gromov topology if and only if:

(i) for all n, there exists a mapping ¢, : (Mo, po) — (M, D),

such that, for every compact subset K of My, there exists N € N such
that for all n > N:

(i) the restriction of ¢, to K is a C*° diffeomorphism onto its image, and

(ii) if we denote by go the Riemannian metric over My, then the sequence
of metrics (¢ gn)nsn converges to go in the C* topology over K.

We refer to the sequence (¢,,),cn as a sequence of convergence map-
pings of the sequence (M, pn)nen With respect to the limit (Mo, pg). The
convergence mappings are trivially not unique. However, two sequences of
convergence mappings (¢, )nen and (], ) ,en are equivalent in the sense that
there exists an isometry ¢ of (Mg, pp) such that, for every compact subset
K of My, there exists N € N such that for n > N:

(i) the mapping (¢;,* o ¢/,) is well defined over K, and

(ii) the sequence (p, ! 0@, )nsn converges to ¢ in the C° topology over K.
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One may verify that this mode of convergence does indeed arise from a
topological structure over the space of complete pointed manifolds. More-
over, this topology is Hausdorff (up to isometries).

Most topological properties are unstable under this limiting process.
For example, the limit of a sequence of simply connected manifolds is not
necessarily simply connected. On the other hand, the limit of a sequence of
surfaces of genus k is a surface of genus at most &k (but quite possibly with
many holes).

Let M be a complete Riemannian manifold. A pointed immersed sub-
manifold in M is a pair (X, p) where ¥ = (S,4) is an immersed submanifold
in M and p is a point in S.

Let (25, Pn)neN = (Sn, Pnsy in)nen be a sequence of complete pointed im-
mersed submanifolds in M. We say that (X, pn)ncn converges to (2o, pg) =
(S0, p0,1%0) in the Cheeger/Gromov topology if and only if (Sy, pn)nen
converges to (Sp,pg) in the Cheeger/Gromov topology, and, for every se-
quence (¢n)nen of convergence mappings of (Sy, Pn)neny With respect to
this limit, and for every compact subset K of Sy, the sequence of functions
(in, 0 ©n)n>nN converges to the function (ig o pg) in the C° topology over K.

As before, this mode of convergence arises from a topological structure
over the space of complete immersed submanifolds. Moreover, this topology
is Hausdorff (up to isometries).

2.3. The Class of C** pointed manifolds

We define the space of C’{ZC‘X mappings as in appendix A, and we define
the following topological structure over the space C*::

DEFINITION 2.2. — Let Q@ C R™ be an open set. Let (fn)nen, f be func-
tions over ) of type C*. We say that (f,)n,eN converges to f in the weak
Ck topology if and only if, for all 8 € (0,a):

(IIfr = fllers(0))nen — 0.

If (fu)nen, [ are functions of type C{Zf‘ over Q, then we say that (fn)neN

converges to f in the weak Cllz)ca topology if and only if for all p € Q there
exists a neighbourhood V' of p in Q such that f € C**(V), f, € CH*(V)
for all n and (fn)nen converges to f in the weak C*< topology over V.
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We show in appendix A that for £ > 1, addition, multiplication, compo-
o, . . . k,a . . . .
sition and inversion of C, . functions are continuous operations with respect
to the weak CI® topology.

loc

We show in appendix A how the class of C’llzf functions for £ > 1 has
sufficient structure for us to construct the class of C*% manifolds. We thus
make the following definition:

DEFINITION 2.3. — For k € N and a € (0,1], a C** Riemannian man-
ifold is a triplet (S, A, g) where:

(1) S is a connected topological manifold,

(2) Ais a C* atlas (i.e. all the transition mappings are of type CI>*) and

loc

(3) g is a CL-1® metric over (S,A) (i.e. g is described locally in every

loc

chart by a CF-1% function).

loc

We define pointed C*“ manifolds and immersed submanifolds as for
smooth manifolds. We may also define for such manifolds a topology anal-
ogous to the Cheeger/Gromov topology. In the case of convergence of C**
manifolds, the convergence mappings are all of type C*® and the metrics
converge in the weak C’llf;l’“ topology. We call the resulting topology the
weak C* Cheeger/Gromov topology.

2.4. Uniqueness of the Cheeger/Gromov limit
Let U C R”™ be an open subset of R". Let g be a Riemannian metric
over U. Let TU be the tangent bundle over U. Let m : TU — U be the
canonical projection. Let TTU be the tangent bundle over TU. Let VITU
be the vertical subbundle of TTU:
VTU = Ker(n).
Let HTU be the horizontal subbundle of TTU associated to the Levi-
Civita connection of g. We have:
HTU e VTU =TTU.
We know that:
HTU,VTU = n*TU.
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Let us denote by iy (resp. iy) the canonical isomorphism which sends
HTU (resp. VIU) into 7*TU. We define the metric Tg over TTU such
that:

Tg|lury =iym"yg,
Tglvry =iym'g,
HTU Ly, VTU.

We call T'g the Levi-Civita lifting of g over TU. Since the Levi-Civita
connection of g depends on the first derivative of g, a C*® bound on g and
g~ ! yields a C*¥~1* bound on T'g and T'g~'.

We have the following elementary result:

LEMMA 2.4. — Let U,V be open subsets of R*. Let p : U — V be a
diffeomorphism. Let g and h be Riemannian metrics over U and V respec-
tively. Let M and N be the matrices representing g and h respectively with
respect to Euclidean metric over R™. There exists a function Cy such that
if p*h =g, then:

ID¢llcoqry < ColllM|lcowy, |M ™ lcowy, INllcowy, IN " lcow)-

Proof. — Since p*h = g, we have:
DY'NDp = M.
Since the mapping A +— A? defines a diffeomorphism of the space of
symmetric positive definite matrices onto itself, we may write:
(NY2Dp) (NY2Dyp) = M.

For any matrix A, we have:

IA*All = [|A]1%.
Thus:
INY2Dep[* = || M]].
Consequently:
IDg|| = [|INTV2NY2Dg|| < [N7V2| | M2,
The result now follows. O
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Using the Levi-Civita lifting of the metric, we may generalise this result
to higher derivatives of :

LEMMA 2.5. — Let U,V be open subsets of R™. Let ¢ : U — V be a dif-
feomorphism. Let g and h be Riemannian metrics over U and V respectively.
Let M and N be the metrics representing g and h respectively with respect
to the Euclidean metric over R™. For all k € N, there exists a function Cy,
such that if o*h = g, then:

ID¥ || oy < Cr(IM || er oy, 1M lor s IN ler @y, 1IN Hlierwy)-

Proof. — We proof this by induction. By lemma 2.4, the result is true
when k = 0. Suppose that the result is true for all k < m. Let T™¢ be the
m’th jet of ¢ sending T"™U into T™V. Let T™g and T"h be the m-fold
Levi-Civita liftings of g and h respectively. We have:

(T)*T™h =T"g.

Let M,, and N,, be the matrices of T™g and T"h respectively with
respect to the Euclidean metric. Since T™U (resp. T™V) is a bundle over
U (resp. V), for R € R", we may consider the subbundle BRU (resp. BFV)
of balls of radius R (with respect to the Euclidean metric) in T™U (resp.
T™V). Since the result is true for all ¥ < m, there exists R which depends
only on [[M|[gm @y, |M " om @y, IN|[om @y, [N~ lem@) such that:

T"(B1"(U)) € BE(V).

There exist functions CA'm, r and &, g such that:

[N HlcoBrevyy = em,m([Nllomwv), [N~ Hem ),
<

[ Ml cos, (vy) mR(IM ||cm @y, M~ em @)

Finally, there is a function D,,1; such that:

ID™ ¢l cowy < Dmr1 (IDT™ 0l co (s, (1)))-

The result now follows for £k = m by lemma 2.4, and the result follows
for all £ by induction. |
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In particular, we obtain the following corollary:

COROLLARY 2.6. — Let U, V' be open subsets of R™. Let (gn)neN,g be
Riemannian metrics over U such that:

(Ilgn = gllcr@))nen — 0.

Let (hp)nen,h be Riemannian metrics over V' such that:

(1A = Rllor(v))nen — 0.
Let gruc be the Fuclidean metric over R™ and suppose that there exists

A € RY such that, for all n:

1
KgEuc < 9n;, hn < AgEuc~

Let (on)nen : U — V be C*+1 mappings such that, for all n:

‘P;hn = 9n, ©n(0) = 0.

Then, there exists a C*' mapping po : U — V such that, after extrac-
tion of a subsequence (pn)nen converges to g in the weak C*1 topology.
Moreover:

woh =g,  ¢o(0)=0.
Proof. — This follows from the preceeding lemma and the classical Arzela-
Ascoli theorem. O

Remark. — This result yields the uniqueness of Cheeger/Gromov limits.

3. Immersed submanifolds locally as graphs

3.1. Immersed submanifolds as graphs

It is trivial that every immersed submanifold may be described every-
where locally as a graph over a ball of a given radius in the tangent space to
the submanifold at each point. In this section, we will show how to obtain a
bound from below for the radius of such a ball in terms of the norm of the
second fundamental form in a neighbourhood of the given point. We then
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show how bounds on the derivatives of the function of which the subman-
ifold is a graph may be obtained in terms of bounds on the derivatives of
the second fundamental form of the submanifold.

In this section we will only consider C'*® manifolds, although the same
reasoning remains valid for C** manifolds. Let (S,) be an immersed sub-
manifold in R" = R™ @ R™"™". Let (2 be an open subset of S and let V' be
an open subset of R™. We say that (€,4) is a graph over V if and only if
there exists a diffeomorphism o : V' — @ and a function f : V — R*™™
such that for all x € V:

ioa(r) = (z, f(2)).
We call f the graph function of ¥ and we call o the graph reparametri-
sation of 2.

We have the following result:

LEMMA 3.1. — Let ¥ = (S,i) be an immersed submanifold of R™ =
R™ @ R ™. Let Uy,Us be open subsets of R™. Suppose that there exist
open subsets Q1,09 of S such that, for each k (Q,1) is a graph over Uy.
For each k, let ay, : Uy, — $; be the graph reparametrisation of Qg and let
fi : U — R™™"™ be the graph function.

Suppose that there exists p € Uy NUy such that:

a(p) = az(p),

then, for every q in the connected component of Uy NUsy containing p:

a1(q) = a2(q), f1(q) = fa(q)-

Remark. — In other words, for a given pair of open sets (U, Q2), the graph
function and the graph reparametrisation are locally unique.

Proof. — Let V' be the connected component of U; NUs; containing p.
Let us define X by:

X ={qe Vst ai(q) =aq)}.

The set X is closed. Let m : R™ — R™ be the canonical projection. For
allge V:

(moi)oa(q) = (roi)oas(q) =g
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Since (7 o 7) is locally invertible, it follows that if a;(q) = a2(q) then,
for all ¢’ in a neighbourhood € of ¢:

a1(q) = a2(q).

Consequently, X is open. The result now follows. O

We have the following definition:

DEFINITION 3.2. — Let (S,4) be an immersed submanifold in R™. Let
K be a closed subset of S, and let Q) be an open subset of R™. We say that
(K,i) is complete with respect to Q if and only if for every Cauchy
sequence (Tp)neN in S such that (i(zy))nen converges in §, there exists xg
in S such that (x,),en converges to xg.

Remark. — If 2 is relatively compact, then this definition is independant
of the Riemannian metric chosen over a neighbourhood of €.

Let ¥ = (5,4) be an immersed submanifold of R". For ¢ € R", suppose
that ¥ is a complete with respect to the ball B.(0). Let p be a point in S
and suppose that:

i(p) =0, T,%=4iT,5=R"x{0}.

We define E to be the set of all n € (0,00) such that there exists a
neighbourhood € of p such that (£2,4) is a graph over B, (0). We define ng
by:

1o = Sup(E).

By the inverse function theorem, E is non-empty, and consequently 7
is well defined. Moreover, by lemma 3.1, ny € E. We obtain the following
result:

LEMMA 3.3. — Let r > € > 0 be positive real numbers, and suppose that
the closed ball of radius r about p in S is complete with respect to B(0).
There ezists a function pigraph(€,7) such that one of the following must be
true:

(1) Tlo 2 6/27
(2) Sup {|f(P)]l s.t. p € By, (0)} > €/2, or
(3) Sup{[[Df ()| s.t. p € By (0)} = pgrapn (€, 7).
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Remark. — There are three ways for the submanifold ¥ to stop being a
graph:

(1) The submanifold leaves B.(0).
(2) The submanifold leaves B,.(p).

(3) The graph becomes vertical.

The first two conditions in the lemma take into account the first form of

degeneration, whereas the last condition simultaneously takes into account
the other two.

Proof. — We define pigrapn (€, 1) by:

We will assume the contrary in order to obtain a contradiction. Let €2 be

a neighbourhood of p, a : By, (0) — Q a diffeomorphism and f : B, (0) —
R™ ™ a mapping such that, for all ¢ € B, (0):

ioa(q) = (g, f(a))-
For all ¢ € B,,,(0), we have:

IDF(@)]l < prgrapn(e,7)-

Since its derivative is bounded, f extends to a continuous function on

By, (0).

Let us denote by g,, the Euclidean metric over R™. Using the bound of
Df, we find that there exists do > 0 such that:

It follows that there exists d3 > 0 such that for all ¢ € B, (0):

a(q) € Br—s,(p).

Moreover, if (gn)nen is @ Cauchy sequence in B, (0) then (a(gn))nen is
a Cauchy sequence in €. Since the closed ball of radius r about p in X is
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complete with respect to B(0), it follows that a extends to a continuous
function over B, (0).

Now, there exists 6; > 0 such that, for all ¢ € 0B,,,(0):

[Gea)(@ll = llg, F(9
< gl + 17 (@)l
< € — (51.

Consequently, for all ¢ € B, (0):

(¢, f(q)) = (i 0 @)(q) € Be(0).

In other words, for all ¢ € B,,(0), i(a(q)) is contained in B.(0).

Let m: R™ — R™ x R™™ "™ be the canonical projection. Let p be a point
in 0B,,(0). Since, for all g € Q:

Det(Tq(’}T o 7,)) Det(éij + <8Zf, 8jf>g*1(q))*1/2

> (14 pgraph(e,m)%) 7%

It follows that:
Det(Ta(p) (ﬂ' o 7,)) 7& 0.

Thus, by the inverse function theorem, there exists 7, € R, a neigh-
bourhood €, of a(p) in S, a diffeomorphism « : B, (p) — €, and a function
Jp : By, (p) — R"™ such that for all ¢ in B, (p):

(ioap)(q) = (g, fp(q))-

Since a,(p) € Q, it follows that 2N, # 0. Let ¢ be a point in QN Q.
We have:

(o (moi))(q) = (apo (moi))lq) = g

Since (701)(q) € B, (0) N By, (p) it follows by lemma 3.1 that o coincides
with oy, over B, (0) N B, (p).

By compactness, there exists a finite set of points p1, ..., py € Oy, (p) and
§ € RT such that:

Bes(0) € B, 00 (0,8, (0 )
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Suppose that B, (,,)NB y # 0. Since the straight line joining p;

np; (P
and p;, which is contained in By, (0) intersects By, (p;)N By, (p;) non triv-
ially, we have:

By, (pi) N By, (p;) N By, (0) # 0.

The mappings a,, and «,,; coincide in this set. Thus, since By, (p;)N

By, (pj) is connected, it follows by lemma 3.1 that a,, and ay, coincide
over this set.

It thus follows that there exists § € Rt such that we may extend a and
f to C** mappings defined on B, ;5(0). Moreover, since:

(moi)oa=1d,

it follows that « is a diffeomorphism onto its image. Consequently:

no+0 € E.

We thus obtain a contradiction and the result now follows. O

3.2. A bound from below of the radius of definition

Let Q be an open subset of R". Let g be a Riemannian metric over ().
Let M : © — End(R"™) be a smooth function taking values in the space of
positive definite symmetric matrices such that for all V,, € T,,Q:

Q(Vp7 Vp) = <VpaM ) Vp>

For every p € (2, let Exp,, be the exponential mapping of {2 with respect
to g defined in a neighbourhood of 0 € T},(€2). We recall the following facts
concerning this application:

LEMMA 3.4. — For all p € Q:

IDExp,(0)| = [[M~H|'/2,
IDExp, (0)7| = [|M]|'/2.

There exist functions uéxp,u;}p such that:

ID?Exp, (0)] < e (M1 (1M, [ DM,
I1D?(Exp,) ')l < pap (1M, [ M), [|DM])).
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Next, we have the following result concerning the transformation of the
second fundamental form:

LEMMA 3.5. — There exists a continuous function p{2nsrm sych that
if:
(1) U,V are open sets,
(2) ¢ : U —V is a diffeomorphism,
(3) ¥ = (S,4) is an immersed hypersurface and,

(4) IT (resp. 11') is the (Euclidean) second fundamental form of (S,) (resp.
(S,p01)),

then, for allp € S:

Il < pgp=em (11 () D)1, [1De ™ (p)I, [ D (p))),
TPl < pggor(Ip) 1De P 1De~ ), 1 D>e(p))-

In particular, if |De||, || Do~ t|| and ||[D?*| are bounded, then a bound
on | II| yields a bound on || II'|.

Proof. — Since translations and rotations are isometries, we may assume
that ¥ = (S,4) (resp. ¥/ = (S, ¢ 01)) is the graph of a function f (resp f’)
such that f(0) = df(0) = 0 (resp. f'(0) = df’(0) = 0). In this case, I
(resp. I1') coincides with D2 f (resp. D?f’) and the result now follows from
a direct calculation. ]

By combining lemmata 3.4 and 3.5 we now obtain the following result:

LEMMA 3.6. — There exists a continuous function p5; 0 such that
if ¥ is an immersed submanifold in Q and II9 (resp. II) is the second
fundamental form of ¥ with respect to g (resp. the Fuclidean metric over
Q) then:

VI < g™ (L), M, | M, | DM])).

In particular, if |M|,||M 1| and |DM|| are bounded, then a bound on
119 yields a bound on I1.

Proof. — Let p be a point in S. By applying (Expi(p))*l, we may work
in an exponential chart about i(p). At the origin in such a chart, the second
fundamental form of an immersed submanifold with respect to (Exp;,))*g
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coincides with the Euclidean second fundamental form. Using lemma 3.5,
we may thus bound [[Z]]| in terms of |[I17]| and the derivatives of Exp;,)
at p. The result now follows by lemma 3.4. ]

‘We now obtain:

LEMMA 3.7. — There exists a function urr (K, B, e, |[M||, ||[M 71|, |DM|))
< €/2 such that if:

(1) ) g MIT,
(2) B<(0) € Q,
and if f: B5(0) — R"™™ is a function such that:

(1) £(0),df(0) =0, and

(2) the norm of the second fundamental form of the graph of f with respect
to M is bounded above by K,

then, for all ¢ € Bs(0) :

IF@l  <e/2,
IDf(@)ll < B.

Remark. — In other words, we start by studying the graph of a function
f such that f(0),df(0) = 0 (these conditions reflect the fact that, in the
sequel, we will be studying immersed submanifolds in terms of graphs over
the tangent space at each point). Then, given a bound K on the second fun-
damental form of the graph, and given a desired bound B on the derivative
of f, we find a radius ¢, depending only on B and K (and various other
variables nonetheless independant of f), over which this bound is satisfied
(provided, of course, that M o f is defined over this radius, hence § < ¢/2).
Finally, for no extra cost, we also obtain a bound for f over this radius
which will be useful in the sequel.

Proof. — By lemma 3.6, the norm of the second fundamental form of
the graph of f with respect to the Euclidean metric is bounded above by
K’ = pS9™ (K || M|, | M=, | DM]]). For all i, we denote &; and N; by:

5 _ 0; G _ (Dft-o;
(). ()

(5‘1, ceny (‘%) is a basis of tangent vectors to the graph of f and (Nl, ey Nn,m)
is a basis of normal vectors to the graph of f. Let II be the second fun-
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damental form of the graph of f with respect to the Euclidean metric. We
have:

‘<H(éi,éj),|§|k>\ :(<D3i|§|k,éj>‘
= |5:0; £*|
Thus: A
|0;0; f*| N0s 11195 [1/[N |

<K
< K'(1+||Df|J?)%/?
<K

(
= | D*f] "(1+|[Df]%)*?

Solving this differential inequality with the intial conditions f(0) = 0,
Df(0) =0, we obtain the desired result. O

We now obtain the following result as an immediate corollary:

LEMMA 3.8. — For r > e¢ > 0, there exist functions A(K,r e, || M|,
MY, IDM) < €/2, and B(r,e, | M|, M~ ) such that if (¥,p) =
(S,i,p) is a pointed immersed submanifold of B.(0) such that:

(1) the closed ball of radius r about p in ¥ is complete with respect to B(0),
(2) i(p) =0, and
(8) if IT is the second fundamental form of ¥ with respect to g, then:

1] < K,

then, for all § < A, there exists a unique neighbourhood U of p in S such
that (U, 1) is a graph over a Euclidean ball of radius § about the origin, and
if [ is the graph function of ¥ over Bs(0), then:

I£Il < e/2, |Df|| < B.

Proof. — The ball of radius ||M||~'/2r about p in S with respect to the
Euclidean metric over R" is contained within the ball of radius r about p
in S with respect to the metric g. We thus choose:

B = pgrapn (€, ||M71||1/27“)-

We now define:

A = prr (K, B,e, M|, [ M7, | DM]).

The result now follows from lemmata 3.3 and 3.7. O
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3.3. Bounds on the higher derivatives of the graph function

In this section, we aim to show how bounds on the higher derivatives of
a function may be obtained in terms of bounds on the higher derivatives
of the second fundamental form of its graph. The results of this section are
essentially trivial, but we include them for completeness and clarity.

Let © be an open subset of R™. For every positive integer k, and for
every r € RT, we define B¥(0) to be the ball of radius r about the origin in
R*. Let m be a positive integer not greater than n. Let ¢ € RT be a small
positive real number and let f : B™(0) — R™ ™ be a smooth function
whose graph is contained in €. Let us denote the graph of f by X.

Let (-,-) be the Euclidean metric over R™. Let g be a metric over {2
and let M : Q — Symm(R") be the matrix representing g relative to the
Euclidean metric. Thus, for all V), € T2:

9V, Vo) = (Vp, M(p) - Vp).

_ Let O1,...,0, be the canonical basis of R™. For all 1 <i < m, we define
01, ..., O by:

0 = (0,...,1,...,0,0, f™ " . 9 f™)t.

For m + 1 <7 < n, we define ém+17 ,fn by:
&= (=0uf ..., —Omf1,0,...,1,...,0).

We define Nm+1, ..., N, by:

We find that (84, ..., 0p,) defines a moving (non-orthonormal) frame for
TY. Similarly, (Npt1, ..., N,) defines a moving (non-orthonormal) frame for
the normal bundle to ¥ relative to metric g. We define the matrix B by:

B = (1, ., 0m N1, ..., Npp).

Let V and D be the Levi-Civita covariant derivatives of g and the Eu-
clidean metric respectively. Let II be the second fundamental form of 3,
the graph of f.

In the sequel, for all 4, 5, k, we denote by F(Jif, J7 M, J*M~1) any func-
tion depending only on the derivatives of f, M and M~! up to orders 4,j
and k respectively.
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We obtain the following result:

LEmMMA 3.9. — For all i, 7, k:

g(I1(0;,8;),Ng) = 8,0, f* + F(J' f, J' M, J'M~1).

Proof. — For all 4, j, k, we have:

g(II(éivéj)aNk) d; N>
5 Ak>+f(J1f7J1M JUMY
+ F(JYf, JUM, MY,

k" Q’» Q’»

=(V
=(D
= 0,0
The result now follows. O

Let 7 be the orthogonal projection onto T'> with respect to g. We have:

LEMMA 3.10. — For all V, € TX:

Proof. — Since (B0, ..., BO,) is a basis for T,(?, there exists a1, ...,an €

R such that:
Vp = Z aZBBZ
i=1

Moreover, since (81, ..., Opm) = (BO1, ..., Bd,,) is a basis for T'Y and since
(Nyns1y s Npy) = (BOy1, ..., BO,) is a basis for T+, we have:

w(Vy) =X a0,
=Y, aid;

However, for 1 < i < m, we have:

(B0, Vo) = (0, B_nl > j—10;B0;)
= (03,22 5-1 a;05)
= Qj.

The result now follows. O
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In particular, we obtain:

COROLLARY 3.11. — We hawve:

m=> F(J'f,IM, I M 1));.

=1

Proof. — By definition of B:
B=FJ Y, JOM, M™Y.

The result now follows by the preceeding lemma. (I

Let V be the Levi-Civita covariant derivative of ¥ with respect to g. We
obtain the following generalisation of lemma 3.9:
LEMMA 3.12. — For all ay,...,am,1, ], k:
0;0; f*

g((@mll)(é,’,éj; éal, veey éam), Nk) = aal...aam
FF (L, T, J L),

Moreover, for all ay, ..., am, 14,7, k:
g(V™IT) (i, 05504, e Ba, ), D) = F(ITL, I M, MY,

Proof. — We prove this result by induction. By lemma 3.9, the result

holds for m = 0. For m > 1, we have:

—g -
:aamg((vmil-[-[)(élv Ajaéala '7éam71)aNk)

~g((V" T)(D5, 053 0ay s s Oy 1), Vi, Ni
v éu j;éau aéam 1)aNk)

However:
F(I2f, M, TP MY,
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Similarly:

)

am

:W(Véa éy)
=n(F(J?f,J M, J'M~1)).
Thus, by corollary 3.11:

Vo, 0i=> F(J2fJ"M,J"M~)d;.
m =
Finally:
0y (V) (05,055 Dy Dy 1)y Nig) = By F(I™ f, T M, T M)
= F(JmrLf gmtip, gmti v,

The first result now follows by the induction hypothesis. The second result
follows by a similar reasoning. O

We now obtain the following result:

LEMMA 3.13. — For every positive integer m > 2, there exists a function
B, such that if K € RT satisfies:

A ]| < K,

then:

ID™ fllco(s. (0)) < Bm (K, || fllcr(s. o)), 1M || cm—1(0y, [M ™ Hlem-1(0))-

Proof. — Let || - || denote the Euclidean norm over R™. For all ¢, we have:
10:]] < 1+ [Df]|-
Thus: o
9(0:,0:)' 2 < |M|V2(1+ [|IDSI).
Similarly, for all ¢, we have:

g(Ni, No) Y2 < M2 (L + | D).

By lemma 3.12, we thus obtain, for all ag, ..., a,, and for all &:

|0, -0u,, £ < ‘g((w—m)(am, ), Nk))
+ }f({]mflf’ J’mflM’ Jm71M71)|
<MD+ |[Df|) AR
| FIm g M g M)

The result now follows by induction. O
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4. A compactness result for immersed submanifolds

4.1. Normalised charts

We use the results of the preceeding section in order to obtain an Arzela-
Ascoli type theorem which is the principal result of this paper. We begin
with the following definition:

DEFINITION 4.1. — Let k € N be a positive integer and let p,T" € (0, 00)
be positive real numbers. Let (M,g) be a Riemannian manifold of type at
least OF. For p € M, a (', k)-normalised chart of radius p about p is a
C* coordinate chart (¢,U, V) of M such that:

(1) ¢(p) =0,

(2) B,(0), the closed Fuclidean ball of radius p about 0 in R™, is contained
mn 'V, and

(3) if A is the matriz of the metric p.g with respect to the Euclidean metric
over V, then:
| Allcr—1(vy, ”A_lHCk*l(V) <TI.

For p € M, we say that M is (T, k)-normalisable over a radius p
about p if and only if there exists a (T, k)-normalised chart of M of radius
p about p. For K a subset of M, we say that M is (T, k)-normalisable
over a radius p about K if and only if M is (T, k)-normalisable over a
radius p about every point of K.

We have the following elementary result:

LEMMA 4.2. — For all k > 1, there exists a function Cj such that if
(@i, Ui, Vi)ieq1,2y are (I', k)-normalised charts, then, for every Euclidean ball
B contained in ©1(U; NUs), we have:

o2 007 lermy < Cr(T).

Proof. — This follows directly from lemma 2.5. ]

For all k, for all 7, and for all # € R¥, we denote by B¥(x) the Euclidean
ball of radius r about x in R*. Using the results of the preceeding sections,
we show that, for any Riemannian manifold, M, given an immersed subman-
ifold ¥ = (S,7) of M, we may show that ¥ may be described everywhere
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locally as a graph of a function over a disc in a normalised chart where
the radius of the disc may be bounded below and where the C* norm of
the function may be bounded from above. Formally, we have the following
technical lemma:

LEMMA 4.3. — Let k > 2,m < n € N be positive integers. Let T', B,
p > 0 be positive real numbers. There exist positive real numbers C;r > 0
such that if:

(1) (M, g) is a complete Riemannian manifold of dimension n and of type
at least C*,

(2) K is a subset of M about which M is (T, k)-normalisable over a radius
p, and

(8) X = (S,i) is a complete immersed submanifold of M of dimension m
and of type C*,

and if p is a point in S such that:
(1) i(p) € K, and
(2) | AL (q)| < B for all q € By(p),

then, for every (T, k)-normalised chart (o, U, V') of M of radius p about i(p),
there exists:

(1) a function f : B"(0) — R™~" of type C* such that f(0),df(0) =0,
(2) an open set 2 of S about p, and

(8) a diffeomorphism « : (B*(0),0) — (2, p),

such that:

(1) (Q,4) is the graph of f over BI™(0) in the chart (¢,U,V) with graph
diffeomorphism «. In other words, there exists a rotation A of R™ such
that, for all x € Bl(0):

poa(x) = Az, f(z)),
and,

(2) [ fllcr By o)) < C-

Remark. — This result amounts to a “globalisation” of the previous sec-
tion. To be precise, in the previous section, we obtained a local description of
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submanifolds of bounded second fundamental form, whereas, in this section,
we transform this data into an atlas of controlled charts.

Remark. — It is very important to observe that the graph diffeomor-
phism « also allows us to construct a normalised chart for ¥ about p.

Proof. — Let (¢,U,V) be a (T, k)-normalised chart of M of radius p
about p. By composing ¢ with an isometry if necessary, we may suppose
that:

(TeoTi) -T,S =R"™ & {0}.

We choose r such that:
T < A(B’p/7p’]‘—‘7r’]‘—‘)7

as in lemma 3.8. Since ¥ is complete, the existence of f now follows. More-
over:
IDfII < B(p',p,T,T).

We now choose C such that:

C > B (K,B(p,p,I,T),T,T).

The bound on the derivatives of f now follows from lemma 3.13, and
the result now follows. |

We now have the following result:

LEMMA 4.4. — Let k > 1 be a positive integer. Let (Mp,DPn)neN,
(Moo, poo) be complete pointed Riemannian manifolds of type at least C*,
and suppose that (M, pn)nen coverges towards (Mao, poo) in the pointed C*
Cheeger/Gromov topology.

For all R > 0, there exists D,r > 0 such that for all n € NU{oco}, the
manifold M,, is (D, k)-normalisable about a radius v over Br(py,).

Proof. — By compactness of the closure of Bri1(pso), there exists Dy,
r1 > 0 such that M, is (A1, k)-normalisable about a radius r1 over Br41(Poo)-

Let (¢n)nen be a sequence of CF convergence mappings of (M, py)nen
with respect to (Mo, poo). There exists N € N such that for n > N:
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(1) the restriction of ¢, to Bri1(po) is a diffeomorphism onto its image,
and

(2) Br(pn) € @n(Br+1(Pso))-

Since (¢ gn)neN — goo in the CF_ topology, there exists Dy > D; and
ro < rp such that for all n > N, the manifold M, is (D, k)-normalisable
about a radius ry over Br(p,). The result for n < N follows trivially by
compactness and the result now follows. O

4.2. The Compactness result

We now obtain the following result:

THEOREM 4.5. — Let k > 2,m < n € N be positive integers.

Let (M, pn)nens (Moo, Poo) be complete pointed Riemannian manifolds
of dimension n and of class at least C* such that (M,,pn)nen converges
towards (Mso,Poo) in the pointed C* Cheeger/Gromov topology.

For alln e N, let ¥,, = (Sp, ¢n) be an m-dimensional pointed immersed
submanifold of M of class at least C* such that i(g,) = pn.

Suppose that for all R > 0, there exists B such that, for all n:
|AE ()] < B Vg € Brlgn).

Then, there exists a pointed complete immersed submanifold
Yoo = (Soo,qo0) of Mo of type CF~11 such that i(qe) = poeo and that,
after extraction of a subsequence, (Xy, Gn)nen converges towards (Yoo, ¢oo)
in the pointed weak C*~11 Cheeger/Gromov topology.

Proof. — For all n, let g, be the metric over M,, and let g, be the
metric over M. By lemmata 4.3 and 4.4, for all R € R, there exists
K,D,D',r,r" € RT and, for all n, an atlas A, r = (24, Uq, B+(0))geBr(qn)
of (D, k)-normalised charts over a radius r of S, and an atlas B, r =
(Yqs Vg, B (0)) geBr(qn) of (D', k)-normalised charts over a radius r’ of M,
such that:

(1) for every n and for every ¢ in Br(qn):

xq (Q) = 07

(2) for every n and for every ¢ in Br(gy,):
Yq(i(q)) =0,
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(3) for every n and for every ¢ in Br(qn), (yq © in 0 x;") is defined over
B, (0) and:

g 0 in 02 ks, (q) < K.

Using lemma 4.2, we find that there exists B € RT such that, for every
n €N, A, g is a (B, r)-optimal C¥~11 atlas of (S, ¢,) over a radius R (see
definition B.1). Thus, by the compactness theorem of Riemannian geometry
(theorem B.3), there exists a complete pointed C*~!!-manifold (Sso,qoo)
to which (Sy, gn),en converges, after extraction of a subsequence, in the
weak C*~1:1 Cheeger/Gromov topology.

Let & be a point in So. Let (&,),en € (Sn)nen be a sequence of points
converging to . By compactness, we may assume that i, (&,) converges to a
point in M, that we will refer to, slightly abusively, as i (€s0)- Let (©n)nen
be a sequence of optimal C¥~1:1 convergence mappings of (S, ¢, )nen With
respect t0 (Sso, ¢oo). Let (), ey be a sequence of convergence mappings
of (My,Pn)nen With respect to (Mo, Poo). By definition of (¢p),cn, we
may suppose that (z¢, oy 0 gcgl)neN converges to the identity in the weak

Cloc ! topology. Similarly, we may suppose that (ge, © ¥n © ¥; )nen also

loc
converges to the identity in the weak Cff);l’l topology. By the classical
Arzela-Ascoli theorem, we may suppose that there exists a function i, :

B,(0) — B, (0) of type C"~"* to which (ye, ©in o x;})neN converges in

loc

the weak C{z;l’l topology. By composition and inversion, we thus find that

(e ot Loiy, oapnoxgl)neN converges to i, in the weak C{Z;l’l topology. By
repeating this operation with £ taking values in a countable dense subset of
So, we find that there exists ioo : Soo — Moo to which (i,,),en converges,

after extraction of a subsequence, in the weak C{f;l’l topology.

Let §oo and go be the Riemannian metrics over S, and M, respec-
tively. Since (i% gn)neN converges to joo and to i’ goo, we find that i is an
isometric immersion, and the result now follows. O

We obtain as a corollary to this result the following theorem of Corlette:

THEOREM 4.6 [CORLETTE, 1990]. — Let M be a compact manifold of
dimension n. Let B, K € R be two positive real numbers. Let m < n € N
be positive integers. For all o € (0,1], there exist only finitely many CH*
isotopy classes of compact immersed submanifolds ¥ = (S,i) of M such
that:

IITsl| < B,
Diam(X) < K.
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Remark. — We observe that if || [Ix] < B, then a bound on the volume
of ¥ is equivalent to a bound on the diameter of ¥. We thus obtain an
analogous result for Vol(X) < K.

Proof. — We suppose the contrary and reason by absurdity. Let
(30, @n)neN = (Sn,in, qn) be a sequence of pointed immersed submanifolds
of M no two of which are O isotopy equivalent such that:

|| <B,
Diam(%) < K.

By the compactness of M, after extraction of a subsequence, there exists
Doo such that (i,,(¢n))nen converges to po. By theorem 1.2, there exists a
complete pointed immersed submanifold (Yoo, poo) of M of type C! such
that, after extraction of a subsequence, (3, pn)nen converges t0 (Xoo, Poo)
in the weak C! Cheeger/Gromov topology. To begin with, we have:

loc
Diam(Z.) < K.

Consequently, Y., is compact. It follows that there exists N € N such
that, for all n > N there exists:

(1) a Cb« diffeomorphism ¢, : Soe — S, and
(2) an immersion i, : Soo — M,

such that:

(1) for all n > N, i, = i, o @, and

(2) (") peN — ico in the weak CH* topology.

Let € be the radius of convergence of M. We may assume that for all
m,n > N:

d(ir,(p), i1, (D)) <e  VpeE S
= d(in o (pn o9y )(D),in(p) <e  VpES,

Consequently, if we denote by N3, the normal bundle over ¥, in M
and by Exp the exponential mapping of M., we find that there exists a
section X of type C1® of NX,, over S,, such that:

in o (¢no@nt)(p) =Exp(X(p))  Vp € Sp.

We define (i¢)iefo,1] by:
ir(p) = Exp(tX(p))  Vp € Sm.
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This defines a C1® isotopy between i, and i, o (¢, o ¢,,}) and we thus
obtain a contradiction. O

A. Holder spaces

A.1 Building manifolds out of classes of functions

The family of C'"*° Riemannian manifolds is not sufficiently closed for our
purposes. We are thus required to introduce the notion of C*® Riemannian
manifolds, where £ > 1 and « is a real number in (0,1]. We begin by
reviewing the properties required of a class of functions for one to be able to
construct a theory of manifolds out of it. Let C be a functor which associates
to every pair of open sets U C R™ and V' C R" a topological space of
functions C(U, V') sending U into V such that:

(1) C is contravariant in U and covariant in V. Thus if U’ C U and
if V. C V', then restriction defines a continuous mapping Rest : C(U,V) —
cuu’,v).

(2) C(U, V) is contained in C*(U, V), the space of continuously differentiable

mappings from U to V. Moreover, this inclusion is continous.

(3) C is locally defined. In other words, if F(U, V) denotes the family of
functions sending U into V, and if, for any open subset U’ of U we denote:

FUVYNCWU",V)={f e FU,V)st. flyr eCU,V)},
then, for any family (U,)q.ca of open subsets of U, we obtain:

U= U U, =CU V)= n FUV)NC(U,, V).
a€A a€A

(4) C is reflexive. In other words, if f € C(U,V) is a diffeomorphism, then
f~! € C(V,U). Moreover, this operation is continuous in the sense that
if (fn)nen, fo € C(U,V), are diffeomorphisms such that (f,),cn converges
to fo, then, for every relatively compact subset W of Im(fy), there exists
N € N such that:

n>=N=W CIn(f,),

and (f;|w)nsn converges to (f5')|w .

(5) C is transitive. In other words, if f € C(U,V) and if g € C(V, W), then
go f € C(U,W). Moreover, this operation is continuous. Thus, if (f),en
converges to fo and if (g,),cn converges to go, then (g, o frn)nen converges
to go o fo.
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Given such a functor C, we construct a class of manifolds, M(C), whose
transition maps are always in C.

(A) Condition (2) concerning differentiability could be replaced by conti-
nuity (one would then replace “diffeomorphism” by “homeomorphism” in
condition (4)). A meaningful manifold theory can be constructed with sim-
ple continuity, but differentiability is essential if one wishes to introduce
such tools as Riemannian metrics or the implicit function theorem.

(B) Since maps in C are locally defined (condition (3)), we do not need to
worry about the topology of intersections of coordinate charts when we aim
to show that a transition map is in C.

(C) By reflexivity (condition (4)), it suffices to show that a transition map ¢
is in C(U, V) to know that its inverse ¢! is also in C(U, V). This simplifies
the construction of atlases.

(D) By transitivity (condition (5)), in order to show that a given chart
is compatible with a given atlas, it suffices to show that it is compatible
with a minimal family of charts in that atlas covering that chart. This also
simplifies the construction of atlases.

(E) Let M and N be two manifolds in M(C). Let ¢ : M — N be a con-
tinuous mapping. Let (U, Za)aca and (Vi, yp)oep be atlases of M and N
respectively such that:

Va € A 3b(a) € B s.t. gO(Ua) - ‘/b(a)~

By transitivity, if (yp(q) 0oz, ') isin C for all a € A, then, for every pair
of charts (U, z) and (V,y) in M and N respectively such that ¢(U) C V, the
mapping yopox ! is also in C. This simplifies the construction of mappings
of type C between manifolds in M(C). Moreover, transitivity allows us to
show that the composition of two such mappings is also in C.

Continuity of transitivity permits us to consider convergence of map-
pings between manifolds in M(C). Moreover, composition of mappings be-
tween manifolds in M (C) is continuous. By continuity of reflexivity, if M, N €
M(C) are of the same dimension, and if (¢, ),eN, o : M — N are home-
omorphisms of type C such that (¢,),cn converges to ¢o, then (¢, 1), cn
converges to ¢y ! In other words, if U is a relatively compact open subset
of Im(¢pp), then there exists N € N such that:

n>N=U €Im(p,),
and (¢, | )nen converges to (gpal|U).
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This allows us to contruct a basic theory of manifolds. We now impose
the following technical conditions on C:

(6) If A(U, V') denotes the space of all affine mappings from U to V then:
AU, V) CC(U,V).

Moreover, this inclusion is continuous.

(7) C is closed under Cartesian products. In other words, if f € C(U,V)
and g € C(U', V'), then:

fxgeCUxU,VxV.

Moreover, the inclusion C(U,V) x C(U', V') — C(U x U,V x V') is

continuous.

These conditions allow us to use the implicit function theorem and Carte-
sian products to construct manifolds.

The following conditions are also useful for technical local constructions:

(8) C(U,R) is an algebra over R. Moreover, addition and multiplication are
continuous operations. This algebra contains automatically the multiplica-
tive identity since C(U,R) contains all affine mappings.

(9) For all n, C(U,R™) is a vector space over R and C(U,R). Moreover the
action of C(U,R) on C(U,R™) is continuous.

We also wish to study families of functions and tensors over manifolds
in M(C). Let F be a functor which associates to every open subset U of R™
a topological algebra of functions from U to R such that:

(1) F is contravariant. In other words, if U’ C U, then F(U) is contained
in F(U").

(2) F contains the constant mappings (and thus the multiplicative identity).
(3) C acts on F by pull back. In other words, if ¢ € C(U,V) and if
feF(V), then fope FU).

(4) The action of pull back is continuous. In other words, if (¢n),en, Yo €
C(U,V) are such that (¢p),en converges to oo, and if (f,),en, fo € F(V)
are such that (f,,),en converges to fo, then (f,00n),en converges to foopo.

These conditions permit us to define, for a given M € M(C), the topo-
logical algebra F(M) of real functions of class F over M. Moreover, if
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¢ : M — N is a mapping of type C, then pull back (composition) defines a
continuous mapping from F(N) to F(M).

Tensors over manifolds in M(C) are defined in a similar way.

A.2 Lipschitz and locally Lipschitz mappings

Let €2 be an open subset of R™. Let f :  — R” be a function defined
over Q. For o € (0,1], we define || f||Lipe (o) by:

| fllLipe () = Sup M

aryen [l —yll*

We say that f is an a-Lipschitz mapping over € if and only if:
| fllLipe (2) < oo
We say that f is a locally a-Lipschitz mapping if and only if for every
p € (, there exists a neighbourhood V of p in @ such that f is an «-

Lipschitz mapping over V. We define Lip® () (resp. Lipj..(€2)) to be the
space of a-Lipschitz (resp. locally a-Lipschitz) mappings over €.

Remark. — We recall the following properties concerning Lipschitz map-
pings:

(1) Every a-Lipschitz mapping is continuous. Similarly, every locally a-
Lipschitz mapping is continuous.

(2) | fllLipe (o) = 0 if and only if f is constant.
(3) Let us define Diam(€2) to be the diameter of §2:

Diam(2) = Sup ||z —y|.
z,y€eN

For all 8 € (0, o], we have:
£ lipe @) < I llLipe oy Diam ()27
Consequently, if Diam(Q2) < oo, then:
8 < a= Lip*(Q) C Lip” ().
However, in general:
B < = Lipo(€) C Lipf,(2).
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(4) We consider  with the Euclidean metric as a Riemannian manifold.
Let d be the distance function on {2 generated by this Riemannian metric.
We define Dil(Q2) by:

Dil(Q) = Sup M
azyeq |z =yl

If feCYQ) then:
[fllLip @) < Ifller (@)Dil(€2).
Thus, if Dil(Q) < oo, then:
C'(9) C Lip'().

However, in general:

CH(Q) € Lippo ().
(5) The two preceeding remarks show that the structure of Lip®(Q2) depends

on the geometry of 2 wheras the structure of Lipj,.(2) does not. In the
sequel, we define:

A(Q) = Max(Dil(€2), Diam(2)).

We following trivial lemma summarises the operations under which the
space of Lipschitz mappings is closed:

LEMMA A.1. — We have the following composition rules:
(1) If f,g € Lip®(QY) then f + g € Lip®() and:
If + glltip= @) < I fllipe @) + 19/lLipe()-
(2) If f,g € Lip®(Q) N C°(Q) then f-g € Lip®(Q) and:

If- g||Lip°(Q) = Hf”CO(Q)HgHLip“(Q) + ||fHLipa(Q)||g||CO(Q)-

(3) Let ' be another open set. If f € Lip®(Y), if g € Lip®(Q) and if
g(Q) T then fog e Lip®®(Q) and:

1 0 gllipesiay < Ifllipmc@n 1901800
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A.3 Holder spaces

In this section, we introduce C*“ and C’{;C{" mappings for k£ > 1, and
provide a brief review of their properties. In particular, we show how C’IIZCO‘

mappings satisfy all the conditions specified in section A.1.

We recall that N denotes the set of positive integers, and, in particular,
that 0 ¢ N. For k € N, for o € (0,1] and for f: Q — R™ a C* function, we
define || f||ck.a(q), the CFe norm of f by:

I fllcre) = Z D fllcoey + D" fllLipe (-

0<i<k

We observe that || - [|cr.«(q) does indeed define a norm over the space of
C* functions over Q. We say that a function is of type C* if and only if
it is C* and its C** norm is finite. Similarly, we say that a function is of
type Cﬁ)’g if and only if it is C* and, for every p € Q there exists a neigh-
bourhood V of p in Q over which f is of type C**. We denote by C**(Q)
(resp. CF%(Q)) the space of CF® (resp. C[:%) functions over Q. C{" triv-
ially satisfies condition (1). All functions in Cllf)ca are differentiable, and so
C’ffma satisfies condition (2). It is locally defined, and thus satisfies condition
(3). It contains all affine mappings and is closed under Cartesian products,
and thus satisfies conditions (6) and (7). It thus remains to show reflex-
ivity (condition (4)), transitivity (condition (5)), the fact that C’llf)’ca (Q,R)

is a topological algebra (condition (8)) and the fact that CF*(Q,R") is a

loc

topological vector space upon which C’{Zf (©,R) acts continuously (condition

(9)). Using lemma A.1, we now obtain the following trivial result:

bnd

LEMMA A.2. — For all k € N there exist continuous functions visy,

vond “and vPrd such that, for all Q,Q and for all a € (0,1]:

comp mv

(1) If f,g € C*¥(Q) then f+ g e C**(Q) and:
If + glleka) < Ifllerea@) + 1gllcore(q)-

(2) If f,g € C*(Q) then f-g e C*(Q) and:

1S - gllore@) < vomsg (1 fllora @y lgllera iy, o, A(R)).

(8) If f € CB(Q), if g € C¥(Q) and if g(Q) C ', then foge C™*(Q)
and:
|l fo 9||ck~<x(sz) < V;bcl)lrillp(”fllck*”‘(ﬂ)? ||9||ckwa(sz)7 a,A(Q)).
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(4) If f : Q2 — Q' is a C* diffeomorphism, then:

1 Hlere @) < vt fllore s 1 e, o AR), A(RY)).

This now yields the following trivial corollary:

COROLLARY A.3. —
(1) If A(Q) < oo, then C**(Q) is an algebra over R.

(1')C52(Q) is an algebra over R.

loc

(2) If A(Q),A(Q) < 0o and if p : Q — Q' is a C* mapping, then:

P Che (@) C Ch ().

(2 )If o : Q — Q is a C&% mapping, then:

loc

@*Ck7a(9/) - Ck,a(Q)

loc loc

(8) If AQ),A(Y),A(Q") <0 and if o : Q@ — Q' and ¢ : O — Q' are
Ck® mappings, then v o ¢ is also a C** mapping.

B )fe:Q—Q and ¢ : QY — Q" are Cﬁ)’f mappings, then v o @ is a also
a CF% mapping.

loc

(4) If A(Q),A(Y) < oo and if ¢ : Q — Q' is a C** diffeomorphism, and
if lo7 e ) < oo, then ¢~ is a C** diffeomorphism.

(4 )fo:Q—Q isa C’{Z’f diffeomorphism, then ¢! is a C’{Z’f‘ diffeomor-
phism.

Remark. — In particular, we see that Ck’a(Q, R) is an algebra and that

loc

CE2(Q,R™) is a vector space upon which C>®(€,R) acts by multiplica-

loc loc
. k.o . . .. .
tion. Moreover, we see that C|)" is reflexive and transitive. It remains to

show, however, that C*(Q,R) is a topological algebra, that C!*(Q, R")

loc loc

is a topological vector space, and that C’llf)ca (Q,R) acts continuously on this
vector space. We must also show that reflexivity and transitivity are con-

tinuous. This will be done in the next section.
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Remark. — Although we are more interested in studying C’l functions,
when we are dealing with lemmata comparing norms, it is preferable to
study the family of C* functions, since, in this case, the results are slightly
simpler to state.

A.4 Continuity of addition, multiplication, composition
and inversion

We now study the topologies of Ck’o‘( ) and C{CO?( ). Using lemma A.1,
we obtain the following result:

LEMMA A 4. —
(1) [f f’ flvgmg/ S LIPQ(Q), then

I(f+g)—(f +g/)||Lip”(Q) <f - f/”Lip“(Q) +lg — g/HLip”(Q)-

(2) If f’ flvgvg/ S Llpa(Q) mCO(Q), then:

If-9—f" 9 lluipe) < I fllco@llg — g llLipe (Q y F 1 lLipe@)llg — 9 ||CD(Q
Hf = FlleollgInipe @) + 1 = fllipe @) 19"l co

This yields the following result which shows us that addition and mul-
tiplication are continuous in the C*® (resp. CIOC) topology over C*(Q)

(resp. CIOC( ).

LEMMA A.5. —
(1) If £, f',9,9' € C*(Q), then:

I(f +9) = (f + )k < If = flleka@) + 119 = g llore )

(2) There exists a continuous function VEE‘Z q such that:
If-9—1f 'g'||ckvu(sz) <V prod(”f I ||Cka(sz) lg—g ||Cka(n)7
||f||Ck Q) L Mlews () ||9||Ck a(Q)s

19| e ()5 s A(R)).

Moreover, v cty (0,0,+,-,-,-,-,-) =0.

prod
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In order to define a topology with respect to which composition of func-
tions is continuous, we require the following definition:

DEFINITION A.6. — Let Q C R™ be an open set. Let (fn)neN, f be func-
tions over ) of type C*. We say that (f,)nen converges to f in the weak
Ck topology if and only if, for all B € (0,a):

([ fn — fHCW(Q))neN — 0.

If (fn)nen, [ are functions of type C’{Z’f‘ over §2, then we say that (fn)nen
converges to f in the weak Cllf)ca topology if and only if for all p € S there
exists a neighbourhood V' of p in Q such that (f,),en converges to f in the
weak C** topology over V.

We immediately see that C’fgf‘ (€, R) is a topological algebra with respect
to the weak O™ topology. Moreover, C’{Zf (©2,R™) is a topological vector

loc

space, and C’llzca (©,R) acts continuously on this space by multiplication. We

now have the following result:

LEMMA A.7. —
(1) If f € Lip*(€), if g.¢ € Lip" (Q)NC°(Q) and if g(Q),g'(Q) C ',
then, for all B € (0,):
B a—
7| fllipe @) lg = o'l 2oty
B

[fog—fodllipsq <2'7
<oy + 191500 ) %

(2) If £, f € Lip™(Q)NCO(Y), if g € Lip*(Q) and if g(Q) C ', then, for
all B € (0,q):

_B 1-£2
Hfogfflog”Lipﬁ(Q) <21 O‘”f*f/”(jo&y)
B
<([1f lluipe @y + 1 lipe @) = N9l Tsn ) -

Remark. — The preceeding lemma is a special case of the following more
general result:
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LEMMA A.8. —

(1) If f € Lip*(Q), if g,¢' € Lip’(Q)NC(Q) and if g(),4'(Q) C &,
then, for all X € [0,1]:

_ a(l—X
1£ 09— F o lumpesniay < 21 flluipman g — 6k

X (19180 + 16125080

(2) If f € Lip®(Q)NCUY), if g € Lip®(Q) and if g(Q) C Q' then for all
A€ 0,1]:
Hfog f Og”Llpo‘ﬂ* - 21 )\Hf f ||CO Q)

X (1 f llipe @y + 1 Lipe (90) HgHLlpﬁ(Q)

We now have:

LEMMA A.9. —

(1) There ezists a continuous function v° | such that if f € C*(Q'), if

comp,1

9,9 € CF(Q), if g(Q), ¢ () C ', and if B < a, then:

[fog—f OQ'HCW(Q) < Vsct)i]np 1(“9 g llew. () s lgllex. a(sz)7,||9’||ckva(n)7
[l fllcro ) o, B, A(S2), A(SY)).

cty —
Moreover Ve, 1(0,+5 %5+ +) = 0.

Consequently, if (gn)nen converges to go in the C** (resp. Cloc) topol-
ogy, and if A(Q), A(Y) < oo, then (f © gn)nen converges to (f o go) in the
CFB (resp. C{Z’Cﬂ) topology.

(2) There exists a continuous function V=%, such that, if f, f’ € CF* (),

comp,?2

if g € CF(Q), if g(Q) C ', and if B < «, then:

||f°9—f/°9||ckvﬁ(9) < gct)i,an(Hf f! llow () I fllew @ (Q)) ||f llow. ()

lgllcr.o ), @, B, A(Q), A(Q)).

Consequently, if (fn)nen converges to fo in the C*< (resp. C’llfjca) topol-
ogy, and if A( ), A(SY) < o0, then (fn © g)neN converges to (fo o g) in the
CkB (resp. C, ’B) topology.

loc
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k,«x

This result shows us that the transitivity of C,’." is continuous. We

observe that in order for transitivity to be continuous, we must have k > 1.

Finally, using the chain rule, and the result for composition, we may also
obtain the following result concerning inverses:

LEMMA A.10. — Let Q,Q" CR™ be open sets. Let (pn)nen, ©o : 2 —
be C* mappings which are diffeomorphisms onto their images. Suppose
that (n)neN converges to g in the weak C’{Z’f topology. Then, for every
compact subset, K, of Im(pg), there exists N € N such that:

n>N=K ClIm(p,),

and (p; =N converges to 9061 in the weak CIIZCO‘ topology over K.

It thus follows that the reflexivity of Cllf)ca is continuous. Again, in order
for this to work, we require that k > 1.

We have thus shown that for £ > 1, Cllf)ca functions satisfy all the con-

ditions required for us to be able to construct a theory of Cllf)’f manifolds.
Similarly, the same results permit us to construct spaces of C»? functions
over such manifolds for [ + 8 < k 4+ « and spaces of C’llc’)f tensors over such
manifolds for | + 0 < (k —1) + c.

B. Cheeger/Gromov convergence of abstract manifolds
B.1 Cheeger/Gromov convergence

In this appendix, we prove the classical compactness theorem of Rie-
mannian geometry in a form which is most appropriate for our uses.

We begin by making the following definition:

DEFINITION B.1. — Let (M, p) be a pointed Riemannian manifold, and
let g be the Riemannian metric over M.

Let k € N be a positive integer, and let o be a real number in (0,1].
Let K,p, R > 0 be positive real numbers. A (K, p)-optimal C* atlas of
(M,p) over a radius R is a family A = (24,0, By(0))sepn(p of C*
coordinate charts of M such that:

(1) for all ¢ € Br(p), if A is the matriz representation of (x4).g with respect
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to the Euclidean metric over B,(0), then:
[Allcr-1.0(B,0)) <K,
A~ | cr-1.0(B,(0)) < K,

and,

(2) for all q,q' € Br(p), and for every ball B contained in x4(QqNQy):
g 0 25 | ore(my < K.

For all ¢ € Br(p), we will refer to (z4,Q4, B,(0)) abusively as a (K, p)-
optimal C* chart of M about q.

We say that (M,p) is (K, p)-optimisable over a radius R if such an
atlas exists.

Let A be such an atlas of M. Let d be the metric (distance structure) gen-
erated over M by g. For all ¢ € Br(p), let D, be the distance function gen-
erated over B,(0) by (x4).g. For every = € B,(0), there exists p’ < p which
only depends on p, x| and K such that, if we denote Q) = z,'(By(z)),
then x, defines an isometry between (€2}, d) and (B, (z), D,). For example,
if we choose x = 0, and if we choose p’ such that:

P
2K +1°

then, we find that, for all y € B,/ (0):

p <

2Dq4(y,0) < Dy(y, 9B,(0))-

In this case, if y,y’ € B,(0), then the shortest curve in M joining z;l(y)
to ;' (y) remains within €, and thus:

Dy(y,y) = d(z; ' (y), 2" (¥)).

DEFINITION B.2. — We refer to p’ as the isometric radius of p about
|z| with respect to K.

Let (M., pn)nen be a sequence of complete Riemannian manifolds. For
all n, let g, be the Riemannian metric on M, and let d, be the metric
(distance structure) generated over M, by gp.

Let k£ € N be a positive whole number and let « be a real number in
(0,1). We assume that there exists:
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1) a sequence (R,,),cn of positive real numbers such that (R, ),en T 00,

(1) (
(2) a sequence (Ny,),en of positive integers such that (Ny,),en T 00,
(3) a sequence (€, ),eN of positive real numbers, and

(4)

4) a sequence (K, ),cN of positive real numbers,

such that, for all n, for all m > N, there exists a (K,,,)-optimal C*¢
atlas Ay, of (M, D) over a radius R, + 1.

We obtain the following result:

THEOREM B.3. — There exists a complete pointed Riemannian manifold
(Mo, po) of type C*% such that (M, pn)nen converges to (Mo, po) in the
pointed weak C** Cheeger/Gromouv topology.

Moreover, for all n, there exists a (K,,¢,)-optimal C** atlas Ao n of
(Mo, po) over a radius R, + 1.

Finally, there exists a sequence (pn)nen of weak C* convergence map-
pings of (My,pn)nen with respect to (Mo, po) such that, for all m € N,

if:
(1) (gn)nen € (Mp)nen and qo € M are such that (gn),en converges to qo,

(2) for alln € NU{0}, (24,4, , Be, (0)) is a (K, €y)-optimal C* chart
about qn, and

(3) €, is the isometric radius of €., with respect to K,

then, there exists a (distance preserving) C*® mapping o : Be (0) —
Be (0) such that, after extraction of a subsequence, (xq, © Pn © T ' )pen

converges to « in the weak C**-topology. In other words, for every compact
subset K of B (0), there exists M € N such that:

(1) for alln > M, (x4, o o, 0x,') is defined over K and its restriction to

K is a diffeomorphism onto its image, and
(2) for all B < a:
(llzg, o ¢n o 35;31 — allers () Jnzm — 0.

Remark. — We will refer to such a sequence of convergence mappings as
a sequence of optimal convergence mappings of (Mg, pp) with respect

to (anpn)neN'
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We obtain this result in many steps. We begin by constructing the limit
as a metric space:

PROPOSITION B.4. — There exists a sequence (0,)neny € RT and a se-
quence of functions (Covp),en @ (0,0,) — N such that, for all n, for all
0 < 6p, and for allm > N, the ball Bg, +1(pm) may be covered by Cov,,(9)
balls of radius 6.

Remark. — This result is proved by bounding the volumes of small balls
from above and below.

Proof. — A proof of this proposition may be found in [4]. a
This yields:

PROPOSITION B.5. — There ezists a family (Mo n, do n, Po.n)nen of pointed
compact metric spaces such that, for all n:

(Br,,+1(0m))m=nN,, = (Mon, don,Pon),

in the Gromouv/Hausdorff topology.

Proof. — A proof of this proposition may be found in [4]. a

By uniqueness of convergence in the Gromov/Hausdorff topology, for all
n > n/, there exists a distance preserving map sending (Mo 7, po,n/) into
the ball of radius R, 41 about pg s in (Mo n,Pon). Moreover, this map is
unique up to isometries of the domain. Consequently, we may take the union
of these limiting spaces to obtain:

PROPOSITION B.6. — There exists a pointed locally compact metric space
(Mo, do,po) such that (My,, dy, Pn)neN converges to (Mo, do, po) in the pointed
Gromov/Hausdorff topology.

Remark. — This space is seperable since it is a union of countably many
compact sets.

Remark. — We define the set X by:

X = MyU( U M,).
neN

By definition of the Gromov/Hausdorff topology, we may suppose that
there exists a complete metric (distance structure) d over X which coincides

— 858 —



An Arzela-Ascoli theorem for immersed submanifolds

over M, with d, for every n € NU{0}. We thus adopt the convention that
if (gn)nen € (Mp)nen is a sequence and if gg € My, then the sequence
(gn)nen converges to qo if and only if it converges to ¢o in X with respect
to the metric d.

Since M, is seperable, it contains a countable dense subset which we will
denote by Q. For every ¢ € Q, we define k; by:

kq =Inf{k € Ns.t. ¢ € Bg,+1(po)}.

For all ¢, let ejcq be the isometric radius of €, with respect to Ky, . Since
Q is dense, we have:

My= U By .
0=\, ., (@)

For every ¢ € Q, we define (¢),en € (Mn),en to be a sequence which
converges towards ¢. For all sufficiently large n, we have:

Gn € Bqu+1(pn)~

These definitions will be of use to us in the sequel.

We now furnish the metric space underlying the limiting manifold with
a CF differential structure and a C*~1¢ Riemannian metric:

PROPOSITION B.7. — There ezists a canonical mazimal C** atlas A
and a canonical C*~1% Riemannian metric gy over My such that the metric
(distance structure) generated by go over My coincides with dy.

Moreover, for alln, the pointed manifold (Mo, po) is (K, €,,)-normalisable
over a radius R, .

Proof. — Without loss of generality, we may suppose that, for all n:

an € Bqu-H(pn)'

For all n > Ny, let (2qn,Qqn, Be,, (0)) be a (Kg, ek, )-optimal Ccke
chart of M,, about g,.

For all n, we define the metric g, over Be, (0) by:

9an = (Tqn)Gn-
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By the classical Arzela-Ascoli theorem, after extraction of a subsequence,
there exists a C*~1:% metric g, over B, (0) such that (gqn)nen converges

to g, in the weak C*~1 topology. Since the metrics (g, )nen are uniformly
bounded below, it follows that g, is positive definite.

For all n, let d,, be the distance structure generated over Be,, (0) by
Jq.n- Let dg be the distance structure generated by g,.

Since, for all n, (z,,)"" is locally distance preserving, by the classical
Arzela-Ascoli theorem, there exists a locally distance preserving mapping
&g Be, (0) — Mo such that (245 )nen converges locally uniformly to &,.

. .

Let z be a point in B.(0). Let p be the isometric radius of € , about |z
with respect to K. Since the restriction of £, to B,(x) preserves distance, it
is a homeomorphism onto its image. Moreover, the image of &, is an open
set. Indeed, let y be a point in B,(z). Let § be such that the closed ball of
radius 0 about y with respect to d, is a compact subset of B,(z). We find
that the image of the interior of this ball under the action of &, is precisely
the open ball of radius § about &,(y) in My, and the openness of £ now
follows. Since, for every n, (z,,,) ! is a homeomorphism, it follows that &,
being the locally uniform limit of a sequence of homeomorphisms, is also
a homeomorphism (see, for example, lemma 2.2.2 of [6]). We thus define
rg=&;" and Qg = f‘J(Bf?cq (0)) and we obtain a chart (x4, €y, Béﬁeq (0)) of
My about q.

Let ¢’ be another point in Q. We construct (x4, Qq, B, ,(0)) as for q.
q

We suppose that Q,NQy # 0. Let K be a compact subset of Q,NQ, . We
have z4(K) C B, (0). For all sufficiently large n, we have:

g, (24(K)) € Q-

Indeed, let y be a point in z4(K). Let us define z € B ,(0) by:
2= (g 0z )(y).

Let € be such that B, (2) € B (0). Since the mappings (zg;, )n>n,,

q
are uniformly bilipschitzian, there exists e; such that, for all n > Ny :

Bo(e;'(2)) Cay'(Ba(2))

Since (x,'(y))nen and (x;,l(z))neN both converge towards z;'(y) =
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xq—/l( z), it follows that, for all sufficiently large n:
(€51 (1) € Beyjalag'(2)).

Consequently, there exists €3 such that, for all sufficiently large n:

2.1 (Bey(y)) € Beyyalzy (y)
C B.,(23(2))
C Q.
Since y is arbitrary, and since K is compact, it follows that for sufficiently
large n:
g (24(K)) € Qg
and we obtain the desired result.

Let B be an open ball whose closure is contained in 2q(gNQy) C
B, (0). In particular, z ' (B) is compact, and thus, for sufficiently large n,

Tgr © z;l is defined over B. By our hypotheses, for sufficiently large n:

n

g, 025! loma(s) < K.

Consequently, by the classical Arzela-Ascoli theorem, there exists ¢ €

C*%(B) such that, after extraction of a subsequence, (zq, o x,!),en con-

verges to ¢ in the weak C** topology over B. However, for all sufficiently

large n:
71) — 1

1
Ly © (xq’n © Ty, Lqy, -

qn
Consequently, by taking limits, we obtain:
fq’ ca = fq )

= « :.’Eq/OQTq .

In particular, it follows that (z, o z_!) is of type ok

q loc *
It thus follows that (24, g, Be,, (0))geq is a C*e atlas over M.
For all ¢,q¢' € Q, and for all sufficiently large n:
((fC;n)*gn)‘xq/ﬂ(Qq% NQy,) = (xq;,, o :c;nl)*((an)*gn”an(ﬂ% NQ, )"
Thus, taking limits, we obtain:
_ -1
gq/|r;(ﬂqz nQy) — (xq/ o, )*gq|(mq(ﬂq/ NQy)-
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It follows that the family (g,)qeq defines a C*~1* Riemannian metric
go over My. Moreover, with these differential and Riemannian structures,
for all n € N, (My,po) is (Kp, €n)-normalisable over a radius of R,,.

Let po,p1 be two points in My. Let ¢ € RT be a positive real number.

There exist sequences (pO,n)nENa (pl,n)neN € (Mn)nEN such that (pO,n)neN
and (p1,n)neN converge respectively to pg and to p;. For sufficiently large
n, we may suppose that:

dy(Pon,P1,n) < do(po,p1) + €/2.

For all n, there exists a continuous path v, : I — M, joining po , to
P1,» such that:

Length(vn) < dn(Po,n, Pg,n) + €/2.
Thus, for sufficiently large n:

Length(%) < dn(p07p1) + e

We may suppose that every <, is parametrised by a constant factor
of arc length. The classical Arzela-Ascoli theorem now tells us that there
exists yg : I — Mp such that (v,),cn converges uniformly to g over I. In
particular:

Y0(0) = po, Y0(1) = p1,
and:
Length(y0) < do(po, p1) + €.

Since € € R* is arbitrary, it follows that dg is a length metric.

However, for all g, if eﬁcq is the isometric radius of €, about 0 with
respect to K, then zq : (Q2,do) — (Be, (0),d,) is an isometry of metric
spaces. Thus dy coincides everywhere locally with the distance structure

generated over My by go. Since dy is a length metric, the result now follows.
O

For all ¢ € Q, we construct (z4, g, Bekq(O)) as in the proof of proposition
B.7. We now make the following definition:

DEFINITION B.8. — Let U be an open subset of My containing py. Let
k € N be a positive integer and let o be a real number in (0,1]. A sequence
of Ck* strong convergence mappings of (M,,p,),cny over U with
respect to Q) is a sequence (¢n)necnN Such that:
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(1) for all n, vy, : (U,po) — (Mp,po) is a C’{Z;l’o‘ diffeomorphism onto its
image, and

(2) for all q,q" € Q, the sequence (x4 o @, © a:q_l)neN converges to (Tq o
x;l) in the weak C{Zg topology. In other words, for every compact set K C

.’Eq(Qq NQy N U) C Begcq (0):

(a) there exists N such that, for alln > N:

and,

p L in the weak C** topology

(b) (zq © @ ox; =N converges to xy o x
over K.

Remark. — By taking subsequences, we may suppose that, for all ¢ € @,
(z;!ox,y) is a sequence of Ck@ strong convergence mappings of (M,,, Pn)neN
over U with respect to Q.

We now prove theorem B.3 by induction. The induction step is guaran-

teed by the following result:

PRrROPOSITION B.9. — Let U be an open subset of M containing pg. Let
(on)nen be a sequence of strong convergence mappings of (M, pn) over U
with respect to Qq. For every q € Q and for every relatively compact open
subset V.C U Uy, after extraction of a subsequence of (My, pn)nenN, there
exists a sequence (Vn)neN Of strong convergence mappings of (My, Pn)neN
over V' with respect to Q.

Proof. — Let (¢r, ¢4) be a C¥@-partition of unity of U U, subordinate
to the cover (U, Q).

Define K C UNKQ, by:

K =V N Supp(¢q) NSupp(¢p ).

Since (¢n)n>n s a sequence of strong convergence mappings, there exists
M, such that for n > M;j:

pn(K) C Q.
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For n > M, we define ¥,, : V — M, by:

©n(p) if p € Supp(¢,)° NV,
Un(p) = (qul z4)(p) if p € Supp(¢y)° NV,
z, 1 (0u(p)(2q, © 0n)(p) + ¢g(p)zq(p)) otherwise (ie., if p € K).

For all n, since ¢, is of type C’lica , S0 is p,.

Let p be a point in Supp(¢,)© USupp(¢r)©. Let  be a neighbourhood
of p in Supp(¢y)© U Supp(qﬁU)C. Since, for all n, 1, coincides over 2 either
with ¢, or with (z;' o z,), it follows trivially that (¢,),cn is a sequence
of strong convergenee mappings of (M, pn)nen over £ with respect to Q.
It thus remains to study what happens near points in K.

Let p be a point in K. Let  be a relatively compact neighbourhood of
p in 4. There exists N > Ny, such that, for all n > N:

QC quW;I(Qqn)-

For n > N, and for z € z4(12), we have:

(g, 0 ¥n 025 1)(2) = (v 0 2, ")(2)(2q, © pn 0 1) (2) + (bg 0 75 1) (2)2.

Since (¢n)nen is a sequence of C*© strong convergence mappings over
U with respect to Q, it follows that (x4, o v, 0 z;')(2),en converges to

zg oz, =Id in the weak CFY topology over z4(£2). Consequently (zg4, ©

q loc
Y 02,1 )(2)pen also converges to the identity in the weak C’1 topology
over xq( ).

Let ¢',¢" be two other points in Q. Let us suppose that p € Q, N Qg N Qg
and let €2 be a relatively compact neighbourhood of p in Q, N Qg N Q.

For sufficiently large n, x4 o 1y o x;,l is defined over Q, and, for all

ZGQ:

(xqi{ ° Py 0 mq_/l)(z) = (xq” o xq,}) (Tq, 0Pno T, 1) o(z40 xq_fl)-

It thus follows that (x4 o, o x;l)neN converges to (x4 o x,,") over Q

q
in the weak C'* * topology.

loc

It thus follows that for all ¢',q" € Q, (zq7 0 n © xq_/l)nEN converges
to (zqr 0 x;,l) in the weak C** topology over xy (2 NQyr NV). It thus
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follows that, if we can show that for sufficiently large n, the restriction of 1,
to V is a diffeomorphism onto its image, then (,,),cn will be a sequence
of strong convergence mappings of (M, p,) over V with respect to Q.

For all ¢',¢" € Q, for sufficiently large n, x o1y, o ;z:q_,l is everywhere a
local diffeomorphism. Consequently, for all sufficiently large n, 1, is every-
where a local diffeomorphism. It now remains to show that, for all sufficiently
large n, v, is injective.

Suppose that there exists (2 ),eN, (Yn)neN € V such that, for all n € N:

By compactness, we may assume that there exists zg,70 € V such that
(Zn)nen and (yn)pen converge respectively to zp and yg. Since, for all
q',q" € Q, the sequence (xq o9y, o l"q_/l)neN converges to x4/ o x

q/l, we
find that x¢y = yo. Since this sequence converges in the weak C’llzca topology
and since k > 1, it follows that x,, = y,, for all sufficiently large n (see, for
example, lemma 2.2.3 of [6]). This is absurd, and it follows that there exists
N such that for n > N, the application 1, : V — M, is a diffeomorphism
onto its image. The result now follows. O

We may now prove theorem B.3:

Proof of theorem B.3.— By proposition B.9, for every finite family Q' C
@, and for every relatively compact subset V' of Ugeq/ €y, we may find a
positive integer N and a sequence of C¥® strong convergence mappings
(¢n)n=n over V. Using a diagonal argument (& la Cantor), we may thus find:

(1) a sequence of real numbers (p,)nen such that (p,),en T 0o, and
(2) for all n € N, a local diffeomorphism ¢,, : (B, (po),po) — (Mn,po),

such that, for all N € N, the sequence (p,)n,>n IS a sequence of strong
convergence mappings over B, (po).

Consequently, for all N € N, and for all n > N, the restriction of ¢,
to B,,(po) is a diffeomorphism onto its image. Moreover, since (¢p)n>n

is a sequence of strong convergence mappings over B, (po), we find that

(©F gn)n>n converges to go in the weak CF*

oo topology over B, (po) and the
first result now follows.

The second result follows directly from proposition B.7 and the third
result is an immediate consequence of the fact that (¢,),cn Is a sequence
of strong convergence mappings. |
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