ANNALES

DE LA FACULTE
DES SCIENCES

Mathématiques

MOoOUNA KRAIEM
On some nonlinear partial differential equations involving the 1-Laplacian

Tome XVI, n° 4 (2007), p. 905-921.
<http://afst.cedram.org/item?id=AFST_2007_6_16_4_905_0>

© Université Paul Sabatier, Toulouse, 2007, tous droits réservés.

L’acces aux articles de la revue « Annales de la faculté des sci-
ences de Toulouse Mathématiques » (http://afst.cedram.org/), implique
I’accord avec les conditions générales d’utilisation (http://afst.cedram.
org/legal/). Toute reproduction en tout ou partie cet article sous quelque
forme que ce soit pour tout usage autre que I’utilisation a fin strictement
personnelle du copiste est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/



http://afst.cedram.org/item?id=AFST_2007_6_16_4_905_0
http://afst.cedram.org/
http://afst.cedram.org/legal/
http://afst.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Annales de la Faculté des Sciences de Toulouse Vol. XIV, n® 4, 2007
pp- 905-921

On some nonlinear partial differential equations
involving the 1-Laplacian®

Mouna Kraiem (D

ABSTRACT. — Let © be a smooth bounded domain in RN N > 1 and
let n € N*. We prove here the existence of nonnegative solutions uy, in
BV(Q), to the problem

—divo + 2n (fQ u— 1) signt (u) =0 in Q,
(Pn) o-Vu= |Vu| in Q,
u is not identically zero ,—c - Wu =u on 0%,

where 7 denotes the unit outer normal to 92, and sign™ (u) denotes some
L () function defined as:

sign™ (u)u =uT, 0 <signT(u) < 1.

Moreover, we prove the tight convergence of u, towards one of the first
eingenfunctions for the first 1—Laplacian Operator —A; on Q when n
goes to +oo0.

RESUME. — Soit £ un domaine borné et régulier dans RN, N > 1 et soit
n € N*. On montre dans cet article I’existence de solutions positives un,
dans BV (), au probléme

—dive + 2n (IQ u— 1) signt (u) =0 in Q,
(Pn) o-Vu=|Vuy| in §,
u is not identically zero ,—o - Wu =u on 09,
olt 7 est le vecteur normal sortant de 9%, et sign® (u) est une fonction
dans L°°(Q) définie par :
sign™ (u).u = ut, 0 <sign(u) < 1.

De plus, on montre la convergence de uy, vers une des premieres fonctions
propres de l'opérateur 1—Laplacian —A; sur 2 quand n tend vers +oco.

(*) Recu le 16 novembre 2005, accepté le 10 juillet 2006

(1) Université de Cergy Pontoise , Département de Mathématiques, 2, avenue Adolphe
Chauvin, 95302 Cergy Pontoise Cedex, France.
Mouna.Kraiem@math.u-cergy.fr
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1. Introduction

Recent works about the operator 1-Laplacian revealed the existence of a
least eigenvalue for this operator on a bounded smooth set. More precisely
this first eigenvalue is well defined as the value of

inf /|Vu|
ueWrt(Q), fn\u|:1 Q

This value denoted as A is positive by Poincaré’s inequality. Unfortunately,
since W11(Q) is not a reflexif space, it is not possible to prove the existence
of solutions in T/VO1 1(9) The convenient space in which one must look for
a minimizer is the space BV () which is the weak closure of W11(Q).
Moreover, since the trace map which is well defined on BV (Q2) is not weakly
continuous, one is lead to replace the problem by the relaxed following form

inf /|Vu|+/ ful.
ueBV(Q),fQ lu|=1 le)

This problem has an infimum equal to A;. Classical arguments in the theory
of BV functions allow then to prove the existence of a minimizer. Moreover
using either the fact that there exist non negative solutions and duality in
convex analysis, or using an approximation with the more regular problem

inf / |Vu|'Te,
ueWOLH'E(Q),fQ lul=1JQ

one can obtain that the solution u satisfies the singular PDE

—dlv(ﬂ> == )\17
u

in a sense which must of course be precised, and is detailed in the present pa-
per. Let us note that it is proved in [9] that there are characteristic functions
of sets which are solutions, they are consequently called eigensets. Another
approach is used in [1] [2], where the authors use the concept of Cheeger
sets. In these papers, the authors present a remarquable construction of
eigenset in the case N = 2 and for convex sets 2. Among their results there
is the uniqueness of eigen sets in this case. Our aim in the present paper is
to propose an approach of the first eigenvalue and first eigenfunction, using
a penalization method. This method has an obvious numerical advantage :
The constraint fQ |u| = 1 has a higher coast than the introduction of the
penalization term n( [, |u| — 1), In the same time one gets a new proof of
the existence of nonnegative eigenfunction.
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On some nonlinear partial differential equations involving the 1-Laplacian
2. Preliminaries

Let Q be a smooth bounded domain in RY, N > 1, whose boundary is
piecewise C!, and let us define for all n € N*, the following functional

fn,o(u):/ﬂwuun(/g |u—1>2 .

It is clear, using Poincaré’s inequality, that there exists some constant ¢ > 0,
such that for all u € Wy''(Q) and for all n € N*,

2
/ |Vu| +n (/ |U| — 1) Zc ||u||W11(Q) (2.1)
Q Q

We look for u € W' (€2), nonnegative which satisfies:

—divo +2n (f[,u—1) sign®™ (u) =0 inQ,

o € L*(Q,R"),

(2.2)
o-Vu=|Vuy| in £,
u is not identically zero ,u =0 on 0f,

In order to find solutions to (2.2) one can consider the following minimisa-

tion problem
2
inf / |Vu| +n (/ lu| — 1) , (2.3)
wewy () | Ja 9

We denote by A, (Q2) the value of this infimum. In the following, we shall
prove that, if u,, € Wy () realizes the minimum defined in (2.3), it is a
non trivial solution of (2.2).

Since classical methods in the calculus of variations cannot be applied to
solve (2.3), we approximate it by the following formulation: for ¢ > 0, we

define
2
Mo(Q) = inf /Vu|1+5+n(/ u|1+5—1> .
u€W01,1+E(Q) Q Q

Note that a non trivial, nonnegative minimizer u, . for this problem solves
the following partial differential equation:

—div(| Vg | ' Vune) +2n (fuiE —1)u;, . =0 in Q,
Up e € Wo'T5(Q).
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A solution of (2.2) will be obtained, letting ¢ tend to 0. Let us observe that,
in particular, regularity and other properties of u, can be derived from a
priori estimates on u, .. Of course, passing to the limit when ¢ — 0 will
lead us to consider BV (£2) in place of W11(Q), and to give sense to some
expressions as ¢,.Vu, when Vu, is only a measure, and o, € L>®(Q),
dive, € LY(Q). As the “limit” will be obtained by weak convergence in
BV (Q), we shall be led to overcome the lack of continuity of the trace
map of this space for the weak topology. This can be done by introducing
the concept of “relaxed problem”: these problems are used in the theory of
minimal surfaces and plasticity, and with a slightly different meaning, in the
theory of weakly harmonic functions. Here the relaxed problem is defined

as: )
inf /|Vu|+/ |u+n(/ |u|1> . (2.4)
weBV(Q) | Jq 19} 9)

We shall prove in the sequel that (2.4) has the same infimum as (2.3) and
that it possesses a solution u in BV (§2) which satisfies an equation as (2.2),
extended to BV -functions, as it is done in [12]. Of course, to prove this, and
as we pointed out before, one must give sense to the product ”o.Vu” when
Vu is only a measure.

DEFINITION 2.1. — p,, — p tightly on Q if :
U and p are bounded measures, we have

(tin, ©) — (1, 0), ¥V @ € Cp(Q).

When p, and p are nonnegative, it is equivalent to say that pu, — p vaguely

and
[
Q Q

PROPOSITION 2.2. — Let o be in L>=(Q) and dive € LN (), and define
the distribution 0.Vu by the formula : For ¢ € D(Q), u € BV (),

<U-Vu,<p>:—/divou<p—/U-Vgpu. (2.5)
Q Q

Then

[{o - Vu, 9)| < o] (|Vul, ¢]).
In particular, o - Vu is a bounded measure on 2 which is absolutely contin-
uous with respect to |Vu|. In addition, if ¢ € C(Q) NCH(Q), the following
Green’s Formula holds

Ty~

divaugo—/o-Vapu—i—/ o-Tu . (2.6)
Q Q o0
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On some nonlinear partial differential equations involving the 1-Laplacian

Suppose that U € BV (RN —Q), and define for u € BV (Q) the functional @
as:
u in €,
U = _
U inRN-Q,

Vi = Vuxa + VUx gy _g) + (U = u)jq daq,

then i € BV (RN) and

where Ujq and u|q denote the trace of U and u on 09, dgq denotes the uni-
form Dirac measure on O and ™ is the unit outer normal to 092. Finally,
we introduce the measure o -V on ) by the formula

(0-Vi)=(0-Vu)xa+o- - wU —u) daq.
Then -V is absolutely continuous with respect to |Va|, with the inequality

|- V| < o]Vl

For a proof the reader can consult ([8],[17],[19]).

3. Existence’s Theorem

THEOREM 3.1. — Let Q be a bounded domain in RN, N > 1, which is
a piecewise Clset. Let A, be defined as in (2.3). There exists a nonnegative
solution u, € BV () to the problem (2.2) which realizes the following partial
differential equation:

—divoy, +2n ([, un — 1) sign™ (u,) =0 in Q,
Op € LOO(QaRN)a |Jn|oo <1,

(3.1)
On - Viy, = |Vug| in Q,

u is not identically zero ,—o, - W(u,) =u, on 09,

T denotes the unit outer normal to O, and o, - Vu,, is the measure defined
in proposition 2.2.

Remark 3.2. — From proposition 2.2 (with U = 0) the conditions:
On -V, =|Vu,| in Q, —0p - T (up) =up, on 0N

are equivalent to .
o-Vu=|Vu| on Q.
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Remark 3.3. — Eq (3.1) can be written:

—dive,, = —2n (/ Uy — 1) sign™ (uy,)
Q

and since the right-hand side is an element of L™(Q), o, - Vu, is well-
defined.

Proof of Theorem 3.1.— We split the proof of Theorem 3.1 into several
steps:

Step 1:
We begin by approximating (2.4) with the following minimization problem

2
Ma(Q) = inf /vu1+€+n(/ |u|1+f—1> L (32
ueWy e (Q) Q Q

where € is some positive parameter. This problem can be solved by classi-
cal methods in the calculus of variations, since the compact embedding of
Wy (Q) into L() holds for all ¢ < (1 + ¢)*. Furthermore, there exists
a nonnegative solution to the problem (3.2), since if u, . € Wy "(Q), so
is |tn,e| and

IVItnel| = [V el

By regularity results, as developped by Guedda-Veron [16], (see also Tolks-
dorf [20]), one gets that u, . € C1*(Q),a € (0,1) and by Vazquez’ Strict
Maximum Principle [21], one gets that u, . > 0 in Q. Let w, . be a solution
of (3.2) which is positive, then o, . = |Vu, |~ Vu, . satisfies the following
partial differential equations:

—divone +2n ([ourF —1)us, =0 in Q,

Q “n,e
One-Vup e = [V, | ¢ in Q, (3.3)
Upe >0, Upe=0 on 0f),
Remark 3.4. — The solution u,, . is unique.

Indeed, let u and v two positive solutions of (3.3), then we have:

—divo.(u) + 2n (/ ulte — 1) u® = 0. (3.4)
o

—divo.(v) + 2n ( /Q pite 1) v =0, (3.5)

- 910 -



On some nonlinear partial differential equations involving the 1-Laplacian

a(u) = /QUHE -1

Substracting (3.5) from (3.4), one gets:

Let us note:

—div (o.(u) — 0-(v)) + 2n (a(u) — a(v)) u® + 2n a(v) (u® —v°) = 0. (3.6)
Case 1 Jultt = [oll112,
Let us multiply (3.6) by (u — v) then integrate, we get that:
/Q(Ug(u) —0.(v)) - V(u—v) +2n a(v) /Q (uf — v%) (u — v) =

We know that

/(O'E(U) —0:(v))-V(u—v) 2 0. (3.7
Q
On the other hand it is clear that
/ (u® —v%) (u—v) > 0. (3.8)
Q

So, we can conclude that [, (u® —v®) (u —v) = 0, and this implies that
u="v a.e.

Case 2: [[ull;1Z > [lv]l1 1=
Let us multiply (3.6) by (u —v)* then integrate. It is clear that
2 (a(u) — a(v)) /Q W (= v) >0,

So we get that:

/Q(ag(u) —0.(v)-V(u—0)" +2n a(v) /Q (uf — %) (u—v)T <0. (3.9)
By (3.7) and (3.8), we have that:

/Q(ae(u) —0.(v)) - V(u—v)" +2n a(v) /Q (u® —v%) (u—v)T > 0. (3.10)
So from (3.9) and (3.10), we obtain that

/Q(Us(u) 0o (0)) - V(u— )t + 2 a(v) /Q (uf — o) (u— v)* = 0.

- 911 —



Mouna Kraiem

Then we can conclude that [, (u® — %) (u—v)* = 0, and this implies that
(u—v)T =0, which gives us that u < v.

Recall that [Jul|jT< > [Jv[1 12, hence u = v a.e.

Case 3: Hu||}i§ < ol s

We use the same arguments as in the Case 2, replacing (u—v)* by (v—u)*.
Step 2:

PROPOSITION 3.5. —

Tim Ao () < An(Q).

Proof.— Let I -(¢) = [o|Ve|" +n ([, el — 1)2, and § > 0 be
given and ¢ € D() such that

2
/|W|+n(/ Iso—1> <Antd
Q Q

For ¢ close to 0, |1, () — Ino(p)| < d, hence

m)\n,s <A +6,
e—0
§ being arbitrary, we get lim._oA\,c < M. O

Let now uy, . be a positive solution of (3.3). Then, it is bounded in W' (2).
Using Holder’s inequality, we get

1

1+e c
/un,edx < (/ uifdm) |Q| T+, (3.11)
Q Q

and thus (u, c)e>o is bounded in L'(). By the same arguments we prove
that (|Vuge|)eso is also bounded in L'(Q). Hence, (un.)e>0 is bounded
in BV (Q). Therefore, we may extract from it a subsequence, still denoted
(Un,e), such that

Upe — up in LF(Q),VE < 17,
Vupe = Vu, in Ml(Q) weakly ,

We need now to recall a result of concentration compactness, which is a
consequence of the concentration compactness theory of P.L.Lions [18].
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LEMMA 3.6. — Suppose that Q is an open bounded set in RN, N > 1,
and that uy, . is bounded in Wy ' T(2), then if up . — u, € BV () weakly,
there exists some nonnegative bounded measure p on §2, an enumerable set
{x;}ien € Q, and some numbers p; > 0 such that

Vi e| = 11> |Vun| + Y pide,  in M'(Q)  weakly, (3.12)

where 05, denotes the Dirac mass on x;.

Step 3:

. "
we obtain o,, =" ‘§+”|
n

Let 0yc = |Vup | 'V, . Then o, . belongs to LlTJrE(Q) By passing to
the limit when e goes to 0, one obtains that o, . tends to o, weakly in
L1(Q), for all ¢ < co. We need to prove that |0y, ]e0 < 1.

as the weak limit of 0, . = |[Vu, |*"!Vu,,..

For that aim, let 1 be in D(Q, RY). Then

/ an.n‘ / an,s.n‘ <lim,_, / Vet ]

Q Q Q

lim__ ( / |Vun,g|1+f) ( / |n|1+5>
Q Q

I

On the other hand, we prove that u, converges weakly to some « in L>(),
a € [0,1]. Indeed, for n € D(),

N

lim, .,

N

N
=
=
m
(==}
—
Q
S~—
o
o
VRS
S~
=
-
+
m
N———
I
o

N

1

< ﬁ 1+e
Q Q Q
_1
. T+e
< lime_g (C)TF (/ |77|”5>
Q
< /In|~
Q

This implies that |o]e < 1. On the other hand by passing to the limit in
(3.3), one gets:

—divo,, + 2n (/ Uy — 1) a=0. (3.13)
Q
- 913 -
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Step 4:

Extension of u, . outside 2 and convergence towards a solution of
(3.3).

We shall need in this part the Proposition 2.2 and a classical result in the
theory of BV —functions:

LEMMA 3.7. — Assume that Q is an open bounded set in RN, N > 1,
and that w € BV (Q). Then if xg € Q, |o.Vu|({zo}) = 0.

The proof of this result can be found in [14].

Let @i, cbe the extension of uy, . by 0in RN —Q. Then @, . € WH1+e(RY),
since u, . = 0 on 98, and (iy,) is bounded in BV(RY). Then one may
extract from it a subsequence, still denoted (@, ) such that

N
N-1

fpe — v, in LFRN)VE <

with v, = 0 outside of Q. We denote by wu,, the restriction of v, to Q. In
addition:
Vi . — Vo, in MYRY) weakly ,

One = |Vun’5|5_1Vun,E — o, in LY(Q),Vq < occ.

Using Concentration C(Enpactness Lemma, there eX_ists a non negative mea-
sure 1, with support in 2, a numerable set {;}; in {2 and some non negative
reals p;, such that

(Vi e |78 — 1 > |V, | + S,

it

Multiplying (3.3) by i, where ¢ € D(RY), and integrating by parts,
one obtains:

/_an’e -V (n,ep) +2n (/ a:;’i‘: _ 1) / a}{j‘;(p =0,
Q Q Q

or equivalently

/ |v(ﬁn,e>‘1+8§0+/ Un,sﬁn,e'v§0+2n (/ ﬁ}z—,‘r: - 1) / 71711—}_58@ =0.
RN RN RN RN

Since 0, — 0y, in L9(Q) for all ¢, in particular for some o > 0, 0, - tends

weakly towards o, in LV T%(Q) , and then, since 1, . tends strongly towards

vp in LF k< N]\ll, one obtains that:

/ On,elin,e - Vi — oy - Ve, when € — 0.
RN RN
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By passing to the limit in the last equation above, one obtains:

(1, ) +/ Onty - Vo +2n (/ Uy, — 1) / Upp = 0. (3.14)
Q Q Q

Using generalised Green’s Formula in Proposition 2.2 and (3.13), we have

/ Onty - Ve —/ divo,unp — / On * VungaJr/ On* MWy @
Q Q Q (o9}

—2n (/Qun—l>/9ung0—/§0n~VUncp. (3.15)

Substracting (3.15) from (3.14), one gets for p € D(Q)

</1'7 90> - /ﬁan Vo, =0. (316)

Let now h,, be a |Vv,,|— measurable function and ut be a measure orthog-
onal to |Vuy,|, such that, according to the Radon-Nikodym decomposition,
one has

1= hp|Vo,| + pt. (3.17)

By Lemma 3.7 and the analogous of (3.12) of Lemma 3.6, one has
hn|Vug| = |[Vogl, (3.18)

and
pt > Z,uﬁzi. (3.19)

Using (3.18) and (3.19) in equation (3.16) one gets that
hy|Vop| =0y - Vo,  on (3.20)

and
ut = Zpiémi <o, - Vu,. (3.21)

Using Lemma 3.7 one gets that u; = 0 Vi. And from (3.20), |0, < 1 and
Proposition 2.2, one obtains that in the sense of measures:

|0y - V| < |[Vo,|  on Q

=0y Vg,

and then -
On - Vv, = |Vu,| on
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and h, = 1, |Vuv,|—almost everywhere. Using this in equation (3.14) with
¢ =1, we have:

/|an|+/ vn—|—2n(/vn—1>/vn—0.
Q o Q Q

Recalling that we have from Proposition 2.2 that:
V’Un = V’UnXQ — Un 535‘5%),

on - Vo, =0, - Vupxa — 0n. T upsa.

This implies that ¢,,.Vu, = |Vv,|, on QUIN. This condition can be splitted
in the two equations

on - Vuy, = |Vu,| in Q,
On- MUy = —U, on Of.

Then u, is a nonnegative solution of (2.2). Moreover, the convergence of
|Viin.e| is tight on  which means that

/\Vums\ —>/ |Vun|+/ Uy, when ¢ — 0.
Q Q 90

Indeed, one has [, [Vun ' — [ [Vun| + [, un and using the lower
semicontinuity for the extension v, ., we get first

/|Vun|+/ U, gh_mg;»O/ |VU’”;5|7
Q [3}9] Q

and secondly, using Holder’s inequality [o, [Vun [T > ([, |V, ) T | 7
which gives by passing to the limit the reverse inequality.

Step 5: u, is a solution of (2.4)
Let us recall the relaxed form of (2.3)

ueglvf(m {/QIVuIJr/aQ u|+n</Q |u—1)2}. (1.4)

We prove now that the solution u,, obtained in the two previous steps is a
nonnegative solution of (2.4). For that aim, let us recall that by using the
lower semi-continuity for the weak topology of BV (RY), we have:

2
Q) = / Vo] + 1 </ vn—1>
R~ Q
2
< hﬁg—)o/ |v’an,e|1+€ +n (/ 1171'7,—"_56 - 1)
R~ Q
< meao)\n,e(g) < )\n(Q)
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Using the fact that

/ |an|:/ |an|:/|Vun|—|—/ Uy,
Rn QUAN Q a0

One obtains that u, is a nonnegative solution of the relaxed problem (2.4)
and in the same time we get

lim A\, = .
e—0 ?

Moreover, one has:

/ |un,e
Q

Then, we conclude that:

/|Vun,€|—>/ |Vun\+/ Up, when & — 0.
Q Q o9

Hence we get the tight convergence of u,, . towards u, in BV (Q). O

—>/un, when ¢ — 0.
Q

4. Convergence result

We begin to recall some properties of the first eingenvalue for the
1-Laplacian operator, see e.g. [9]

PROPOSITION 4.1. — Suppose that A > 0 is such that there ezists o,
|o|oo <1, and u > 0 in BV (Q) with

—dive =\, ©u>0, u#0, ue BV(Q),
o.Vu = |Vu| in Q, |o]pe@ <1, (41)
o.T(—u)=u on IQ.

Then A = \1 where

A= inf / [Vul,
ueWol‘l(Q) Q

llullp=1

A1 is called the first eingenvalue for —Ay on Q. Moreover

M= inf {/ |vu\+/ |u|}, (4.2)
wEBV(Q) Q 90

llully=1

and this last infimum is achieved on some u which satisfies (4.1). Among
the “eingenfunctions” there exist caracteristic functions of Cacciopoli sets.
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THEOREM 4.2. — Let u, be a function for which A, is achieved, then,
up to a subsequence, (u,) converges to u € BV (Q), u > 0, u Z 0, which
realizes the minimum defined in (4.2). Moreover

lim A\, = A1

n—oo

Proof of the Theorem 4.2.— For \,, and A; defined as above, it is clear
that we have:
limy, oo dn < Mg (4.3)

Let (un)n be a sequence of solutions of the relaxed problem (2.4). We begin
to prove that (u,), is bounded in BV (). For that aim let us note that

by (4.3), one gets that n (fQ Uy — 1)2 is bounded by A1, which implies that
lim, o (fQ Uy — 1)2 = 0. Then

limn_,oo/ Up = 1,
Q

Hence, (uy,,), is bounded in L().
Using once more (4.3) for |V (uy,)|, one can conclude that (uy,), is bounded
in BV (Q). Then, the extension of u, by zero outside of Q is bounded in
BV (RY). One can then extract from it a subsequence, still denoted u,,, such
that

u, —u in BV(RY) weakly,

Obviously u = 0 outside of Q. By compactness of the Sobolev embedding
from BV () into L'(Q), one has |u|;1(q) = 1. Using lower semi continuity,

one has
2
Alg/ [Vu| < / |Vu|—|—n</ u—l)
RN RN RN
2
< li_mn%o</ Vun|+n</ un—1)>
RN RN

Then one gets that
limnaoo)\n == )\1.

Since u = 0 outside of 2, one has Vu = Vuyq — u- 7 dpn on 02, and then

/ |Vu|:/|Vu|+/ u.
RN Q 00
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Moreover, one obtains that:

2
lim,, ,oon (/ Uy, — 1) =0,
Q
limn_mo/ |Vun|:/ |Vul.
Q Q

Then, we get the tight convergence of u,, to u in BV (). Hence by passing
to the limit in (3.13) when n — oo one gets that:

and

—Qn(/un—l>—>/\1, when n — oo. O
Q

5. Minima as Cacciopoli sets

Let us introduce Ao, as the value of the infimum

2
Aon = inf {/ |VXE|—|—n</ XE—1> }, (5.1)
E,E 18 Capmopoh set Q

(let us recall that a Cacciopoli set in €2 is merely a set whose caracteristic
function belongs to BV (2)). We have the following.

THEOREM 5.1. — One has

2
Ao = _jf {/ |VXE|+”</ XE_1> }
E,E 1s Cacciopoli set Q Q

ECCQ

2
= ~inf {/|VXE|+/ XE+TL</XE_1>}
E,E 18 Cacciopoli set Q 90 Q

E 1N R0

= inf P(E,Q)+|ENQ+n(ENQ —1)°
E,E is Cacciopoli set
B 1N Rn

and
/\O,n P )\l,n-

Remark 5.2. — P(E, Q) is the perimeter of E in Q, see ([6], [15]).
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PROPOSITION 5.3. — Let A\, be defined as in Theorem 5.1, then Ao,
is achieved.

Proof.— Let (E;) be a subsequence of Cacciopoli sets, E; CC Q such

that )
/ |VXE1. +n(/ XE, —1) — Ao,n-
Q Q
o 2
Q Q

It is clear that x g, is bounded in BV (Q2) (same arguments as in Theorem
5.1). More precisally x g, is bounded in BV (R").
Extracting from it a subsequence still denoted xg,, one get that

Then

XE;, — uin BV(R").

By construction u = 0 outside of . Moreover one can assume that x g, tends
to u a.e, and then u can only takes the values 0 and 1. As a consequence u
is the caracteristic function of some set E.

By lower semicontinuity, one has that

2 2
/ |vxE|+n(/ XE—l) <lim,_ /VXE,i|+n</in—1> ,
n n Q Q

Then, one obtains that E is a solution for the relaxed problem (5.1). ]
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