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Global well-posedness for the primitive equations
with less regular initial data®

FrEDERIC CHARVE(D

ABSTRACT. — This paper is devoted to the study of the lifespan of the
solutions of the primitive equations for less regular initial data. We in-
terpolate the globall well-posedness results for small initial data in H%
given by the Fujita-Kato theorem, and the result from [6] which gives
global well-posedness if the Rossby parameter ¢ is small enough, and for
regular initial data (oscillating part in H% NH! and quasigeostrophic part
in H).

RESUME. — Cet article est consacré a I’étude du temps d’existence des
solutions du systéme des équations primitives pour des données moins
régulieres. On interpole les résultats d’existence globale & données H%
petites fournis par le théoreme de Fujita-Kato, et le résultat de [6] qui
donne l'existence globale si le parametre de Rossby e est suffisamment
petit, et pour des données plus régulieres (partie oscillante initiale dans

.1 .
H?Z N H' et partie quasigéostrophique initiale dans H?').

1. Introduction

1.1. The primitive equations
The primitive system writes :

1 1
AU + U..VU. = LU. + ZAU. = ~(~V2.,0)
divv. =0
Ue/t:O = UO,s-

(PE)

(*) Recu le 01/03/2006, accepté le 15/10/2007

(1) Université Paris-Est, Laboratoire d’Analyse et de Mathématiques Appliquées,
UMR 8050, Université Paris 12, Batiment P3, 61 avenue du Général de Gaulle 94010
Créteil, France.
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Frédéric Charve

The unknowns are U, and ®.. We denote by U, a pair (v., 8.) where v, is

a vector field on R3 (three dimensional velocity), 6. a scalar function (the

density fluctuation : in the case of the atmosphere it depends on the scalar
(potential) temperature and in the case of the ocean it depends on the

temperature and the salinity), and ®. the pressure, all of them depending
n (¢,z). The operator L is defined by

LU, d_ef(VAUE, VA,

We define : ,
Ue. VU, = 0. VU = Y vl.0;UL,

and the matrix A by :

0 -1 0 0

def| 1 O 0 0
A= 0 0 0 F1

0 0 —-F1 o0

The small parameter ¢ is called here the Rossby number and F' is called
the Froude number. They are related to the physical Rossby and Froude
numbers by the following relations :

Ro=¢, Fr=¢F.

The smaller is €, the more important are the Coriolis force (induced by the
rotation of the earth around its axis) and the vertical stratification of the
density.

We refer for example to [6] for the physical meaning of these terms and
for a list of physical references.

DEFINITION 1.1. — If s is a real number, the homogenous (resp. inho-
mogenous) Sobolev space of order s, which we will denote by H® (resp. H®),

is defined as the space of tempered distributions u € S'(R®) whose Fourier
transform 4 is locally integrable and has the following property :

d ,
lully. < [ el P < oo

(resp.  [ull3y. & / (14 [€2)°1a(€) Pde < oo).
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Global well-posedness for the primitive equations

Although the primitive equations have no scaling anymore, we can eas-
ily adapt the proofs of the Leray and Fujita-Kato theorems (thanks to the
skewsymmetry of matrix A and the fact that both of these theorems are
proved using mainly inner products and energy estimates) to get the follow-
ing results :

THEOREM 1.2. — (Leray, 1934, [15]) if the initial data Uy € L?(R3),
then there exists for all e > 0 a Leray solution of the system (PE.), U,
globally defined in time, belonging to L>° (R, L2(R?))NL3(R,, H'(R?)) and
satisfying the following energy inequality (let vy = min(v,v’) >0) :

t
Vte Ry, U-(O))72 e +2Vo/0 IVU: ()11 22 @yt < 100122 gs)-

We refer to [5] where we studied the limit of Leray solutions when &, the

Rossby number, goes to zero and introduced the following notations and

results in the case of weak solutions : the potential vorticity is defined by
0. 219,02 _ 0,01 — Fou0..

Then from this, we define the orthogonal decomposition of U, into its quasi-

geostrophic part, and its oscillating part :

— Do AT,
def HAFTIO,
Ue.qc = ! IE) )

—FosAR~10,

with Ap 1907 403 + 1204, and .
vl + AR,
Voo 0. Uge= | - 81UA3F‘1QE
0 + F832F*196

We have seen in [5] that this decomposition is an orthogonal decomposition
and we denoted by P the orthogonal projector onto the potential vorticity
free vector fields (which is built the same way as the orthogonal projector
P on the divergence free vector fields, also called the Leray projector) and
Q = Id — P the orthogonal projector on the quasigeostrophic vectorfiels.
Both of them are homogeneous pseudo differential operators of degree zero.

In [5] we studied the convergence, when e goes to zero, of the weak Leray
solutions towards the quasigeostrophic model (see (1.1) below).

- 223 —



Frédéric Charve
When the initial data is more regular and even if there is no scale in-
variance for this system we can easily adapt the Fujita and Kato theorem

(1964) :

THEOREM 1. — (Fujita and Kato, 196/, [12]) If Uy € H? there exist a
unique maximal time T > 0, and a unique solution

U. € C([0,T7[ H3) N L2,.([0, T2 [, H?).

Moreover, if T} is finite, then we have

7;
2 _
/0 U0, 5 o e =+

Finally there exists a constant ¢ such that if HUOHH
+00.

%(RS) < ey then T =

Contrary to the Leray solutions, the solutions are unique but we do
not know whether they are global in general. The Fujita-Kato theorem also
works on the quasigeostrophic system, and again, it does not say whether
the unique solution is global if we do not have a small initial data.

Both of these results are general results directly adaptated from the
Navier-Stokes case, without using the special structure of the primitive
equations. As we have seen in [5], [6], and [7], when the Rossby number
€ goes to zero, the system is stabilized as its solutions go to the solutions
of the quasigeostrophic model (We refer to [5], [6], and [7] for the study, in
the case of the whole space, and for F' # 1, of the convergence, as € goes to
zero, of the primitive equations solutions to the quasigeostrophic model.),
which is closer to the two-dimensionnal Navier-Stokes system than to the
three-dimensionnal one :

THEOREM 2. — [6] If Uy oc € H'(R?) then the quasigeostrophic system

{ atUQG —T'Ugq + Q(UQG.VUQg) =0 (1 1)

Uoac,,_, = Uo,qa;

has a unique global solution in L*°(R,, H') N L*(Ry, H' N H?), with the
following energy estimate for all s € [0,1] :

t
vt € Ry, [[Uga (D). + 201/0/0 1Uc(t)|F.sndt’ < CUpga),  (1.2)

where vy = min(v,v').
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Global well-posedness for the primitive equations
The convergence theorem is the following one :

THEOREM 3. — ([6]) Assume that Uy € H'(R*)NHz(R3) and Uy o €

. d ) )
L?(R3). Let us define for s € R, E* :efLOO(RJr, H*)NL2(Ry, H5') and let
We be a solution of the following linear system :

W — LW, + 1PAW, = -G (1.3)

WE/t:O = UO,osc = P(U0> ’

—F 8,03
de 2 —
with G fPP(UQG VUQg) F(I/ — I//)AAI;Q Faéag QQg.
(0F + 93)0s
(1.4)
Then we have the following results :

o W. exists globally and is unique in the space E° for every s € [%, 1].

e Moreover ||We| p2(r, o) — 0 as e — 0.

d —
o If we denote by . EfU — Ugg — We, then if € is small enough,
Y. € E5 and converges to zero in this space E* for every s € [ ,1].

o [f e is small enough U, is defined for all time in E°.

The aim of this paper is to get global existence results on the solutions
of the primitive equations but with less initial regularity. The H? regularity
being the minimal regularity as we want to apply at least the FUJlta and
Kato theorem, we will require in this paper Uy gg € H2+’7 Uo,osc € H? and
we will interpolate between theorem 1 and theorem 3, using the arguments
given by [14]. The key point is that we cut the initial data into two parts :
the first part being regular enough to apply theorem 3, and the second one
being H 3 with small initial data, in order to apply theorem 1. We get the
following result :

THEOREM 4. — If the initial data Uy = Uy ga + Uo,ese with Up.ga €
H%“‘", Uo,osc € H3 then, there exists eg > 0 such that for all e < gg, (PE;)
has a unique global solution U, € L>°(Ry, Hz) N L*(Ry, H?).

This paper is devoted to the proof of theorem 4 and the structure will
be the following : first we will use truncation in order to cut the initial data
into two parts. At this point we show how important is the interpolation ar-
gument from [14] to get adaptated energy estimates on the quasigeostrophic
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system. We then prove this interpolation argument and manage to apply
theorem 3. Finally we are able to adapt theorem 1 with small initial data,
which concludes the proof.

2. Proof of Theorem 4

2.1. Frequency truncation of the initial data

We have seen that the above theorems give two different results concerning
the lifespan of the strong solutions of the primitive equations :

e Theorem 1 requires Up g € H%, Uo,osc € H%, and gives local exis-
tence of strong solutions, with global lifespan and energy if the initial
data are small enough (”UOHH% < evp).

e Theorem 3 requires Uy g € H', Uo,osc € H2 N Hl, and gives global
strong solutions (and energy and convergence) when the Rossby num-
ber ¢ is small enough.

So the idea is to cut our initial data into two parts : on the first one, which is
regular (H') and whose norm is large, we will be able to apply Theorem 3,
and on the second one, which is H 2 with a small norm we will use Theorem
1. We then decompose the initial data in the following way (x is a C™
truncation function : x(z) = 1 if z € [-1,1] and x(z) = 0 if |z[ > 3 for
example) :

D D
UO = UO,QG + UO,osc = (X(%)UO,QG + UO,osc) + (1 - X(%))UO,QG-

So let us begin with the use of Theorem 3 on the first part (low frequen-
cies for the quasigeostrophic part).

2.2. Study of the low frequencies
2.2.1. Global well-posedness
Let us define U2 solution of the primitive equations :

QUL + UL VUL — LU + LAUR = 1(-V®2,0)
dive2 =0

Ucf\/t:O = X(%)UO,QG + UO,osc~
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Global well-posedness for the primitive equations

Theorem 3 gives then g9 = g¢(),...) > 0 such that Ve < &g, the unique
solution U2 globally exists. Precisely we define UéG and W2, solutions of
the following systems (we refer to [6] for details concerning the convergence
of the strong solutions and its proof) :

0Ude — TUXG + QU VU)G) =0

. (2.5)
Uée/t:() (T)UO QG
and
W2 — LWL + 1PAWY = —-G*
(2.6)
We)\/t:O = UO,osca
where G* = GM + GME,
with GM = PP(UC’}G.VUC’\QG),
—F0503
Juis ‘323 (2.7)
and GM = —F(v —V)AAR? 5 3 Q-

(87 + 93)0s

Then Theorem 3 gives g = g¢(A, ...) > 0 such that Ve < gq, the difference
of the solutions of the primitive and quasigeostrophic systems, to whom we
substract rapid oscillations, 7. = U2 — UCSG — W2, globally exists in Ez
and goes to zero in this space.

The aim is to get estimates in E? of and then use it in the system
satisfied by V2 = U. — U2 so we will outline the adaptation of the estimates
given in [6] in the proof of Theorem 3.

2.2.2. Estimates for the limit system

First we have to estimate Ung in H5 : let us recall that in the proof,

the fact that the initial data is in H2 allows us to use the Fujita and
Kato theorem, which gives a local lifespan [0, 7%*[. The fact that, in ad-

dition, x/( D |)UO QG € H' allows us to use the regularity propagation the-
orem that prov1des enough regularity to the potential vorticity which is in
C([0,T**,L*) N L} ([0, T**], H'), and it is sufficient for us to define the
scalar product in L? of Qgc by the equation :

(3,59226; - FQ&G + UC/SGVQ%G = 0
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and for all t < T* (v = min(v, ') > 0) :

Dl

t
IIQQG(t)AIIizHCVO/0 V956 (77247 = 196 (072 < C'IX(57)To.qallF-

Finally, the fact that X(‘ ‘)Uo oc is in L? allows us to get the fact that it
is a global weak solution, and the following Leray estimate V¢ > 0, (v =
min(v,v’) > 0) :

D

|
U6 HL2+V0/ VUGG (T)l[72dr < lIx(- +U0qal7-

Then from this, we easily contradict the usual blow-up criterion, and that
implies that there is a unique, global solution and for every s € [0,1] :

Wo.alin
(2.8)

vt € Ry, [|UGc ()11, + Vo/ 1US6 (). dr CHX(|

1_
<O TUoell ;340

2.2.3. Estimates for W2 and U2

We refer to [6] (section 3.2) for the following estimates :

m

L IG* h(‘FH.; T
WA, +V0/ ITWAE), , e dr

IG*e ()l 1d LGP 1d
< W0l 1 Ot 7 [+ L1 e i
0 ) H

_l
2

and there is no change, in lemma 3.2 from [6], for the estimate on GM :

oo
l A
| IGE, < g5

contrary to the estimate on G, where we could use the argument from [6] :

0o ||UQGHL2(R+,H1)||UQG||L2(R+,H2) if s= )
|16t <c )
0 T2 .
||UQGHL2(R+7HS+1) if s 6]571]'

But here s = % and as we cannot afford to use much regularity, we prefer
to do it differently, using product laws in Sobolev spaces :

Tat,

(o) oo o
| et par<e [ 1we vl <0 [ 108l -0 19080
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Global well-posedness for the primitive equations

Then
1G*1 s p < 1036130 103Gl 5

So, using the estimate from the previous section, we obtain that :

HWEAHE (||UOOSCH )\2 TIHUOQG”H%J”,)-

Finally, as 'yg‘ goes to zero, in particular if € is small enough, its norm in
E? is less than 1, so we obtain the estimate for U

HUE)\”E (HUOOSCH +)‘2 77||UOQG|| 2+n)

But in the following we will use the fact that A goes to infinity in order to
use the results of global well-posedness with small initial data. But in this
case the previous estimates explode. We refer to the following section for an
explaination of this problem.

2.3. Study of the high frequencies

In the previous section we used Theorem 3 to define U2. The Fujita and
Kato theorem gives the existence of U, in C([0, T, H=). Then we can define
the difference V2 = U. — U2, which satisfies :

HV2A+VANVVA+VAVUL +UXVVA — LV2 + 1AV2 = 1(-V®2,0)

VE)\/t:O =(1- X(‘_l;‘))UO,QG-

Then the classical schemes of the proofs of the Leray or Fujita-Kato the-
orems can be adapted on this system to prove the existence of weak solu-
tions, strong solutions, and global lifespan when the initial data are small.
We won’t give details in this section, we will only write energy estimates (in
the proof, such estimates are proved for regularized approximated solutions
and obtained as limits).

First, the inner product in L?, yields :

2 dt||v)\||L2 + 0ol VV2 72 < [(VAVU2 V) Lel

Then, classical Sobolev injections (H'(R?) < LS(R3) and Hz(R?)) —
L3(R3), imply :

Vo C
3 V21 + VAR < RITVAR: + VA V02 5
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Then a Gronwall estimate implies :
t
W0, VA0 + o / IVVA@)|2adr
0

D) 2vUR?
<N =x(5)Vo.qcllzze L2 (2.9)

And if we take the inner product in H %, we obtain :

||VA||2 Ll VVAR y S IVAVVAVY) )
H(VAVUMVY) o |+ (UL VUV Ly |

th

Using [(flg) ;3| < Cllfllc2llgll g, the fact that L3.L® — L2, and linear
interpolation arguments, we get :

thIIVAHz y Tl V2R, < CIVAIGA IV,

+CIVA 3 IVVAL 3 VU2 g + CHUAII"T s HVUAHQ. VAL

3
2

The classical inequality ab < % + % if % + % =1 gives :
Yo

S LIV, + ol VAR, < CIVAL 3 IVVAIZ, , + 2 I9VAR, , +
C C
— V22 IVU2IE 4 + IIVVAII2 + U212 L IVU2 2 L IV -
12 VO H?2 H?2 H?2
And then,

d

FIV2I%y + vl VVAIE y <2CIVA 3 IVVAIE ; +

2C
Ap2 Ap2 A2 A2
VAT (S92 + S I020E, IV 021E, ).

A Gronwall estimate finally gives that for all ¢ € [0, T :

t t
PN B Ayt A2 o) 9(mdr
V2 + [ o= 20V, DIV o at <

10—t galgaels 7o, (2.10)

. 2C 2C
with g(t) = [VU2 ()% (*JrfgllUAH2 )-
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Global well-posedness for the primitive equations

)\
In both cases, we obtain a majoration by ||(1— X(%))UO QgHe Vel ot , that
is

D]

A=21C(||Uo ose U
11— (1 - ))Uo QG” (1o, HH% Il O,QGHH%_H,)

which does not go to zero when A goes to infinity which is annoying as
we want to adapt a theorem with small initial data. So as everything de-
pends on the estimate of UCA)G, we will provide in the following, an esti-

mate whose right-hand member depends on ||X( ))Uo acll instead of

Ix (2 U g |-

H3+n

2.4. Real interpolation
The aim of this section is to prove the following result :

LEMMA 2.1. — Let n > 0, Upgc € H', and Uge the unique global
solution (we refer to [6]) of the following quasigeostrophic system :

8,5UQG —TI'Uga + Q(UQg.VUQg) =0
Uqc 1= = Uo,qc-

There exists a constant C' such that, for allt > 0

t 1
24+
1Uaa®I 4., +vo / IVUaa ()12, y.ndr < ClUoall -

With this estimate, we will be able to use the results from the previous
section on V* and prove the global well-posedness as ) is large enough to
ensure small initial data.

To prove this lemma, we will use the same Calderon method (see [4])
as Gallagher and Planchon in [14] : thanks to interpolation arguments we
will be able to control the norm of a part of the initial data and make it as
small as we want, so that we can use the Fujita-Kato theorem.

2.4.1. General interpolation results

In this section we will recall classical real interpolation definitions (we refer
for example to [3] for a presentation) and present it in the same way as in
[14] together with a useful lemma from this paper :
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DEFINITION 2.2. — Let 1y and E5 two Banach spaces. The interpolated
space E = [E1, Es)g q with 8 € [0,1] and g > 1 is defined by :

E =[E1,Es)gq={f € E1+ E2 such that | fllg < oo},

with
||fHE = ZqueK(fvj)q ’
JEZ
and
K ,‘:def inf 1+2_j 5 i € E;).
)= it (Ul 27l (i€ )

The following lemma concerns the case when Fy — FE — FEj. In the
following, we will take By = H2, By = H' and E = Hz .

LEMMA 2.3. — There exists a constant C(0,q) such that for any integer
jo = 1 and any function f € E, the following equivalence holds :

q aq

SR )| <Ifle < CO.02° | D 2K (S, 5)

J=Jjo Jj=jo

We refer to [14] for the proof of this result (section 4.4).

2.4.2. Decomposition and small data

As said in section 2.2.2, we have different results on the quasigeostrophic
system :

e Upgc € L? leads to a global weak solution and a global energy
estimate in L2.

e Upga € H 2 leads to a local unique strong solution, global if
||U0,Qg||H% < vy (see Theorem 1) with global energy estimate in

H3.

o Upgc € H ! leads to a global strong solutions together with a global
energy estimate in H'.
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Global well-posedness for the primitive equations

The aim is to decompose the initial data in H3+1 = [H%,Hl]gmg and
solve separatedly a quasigeostrophic system with small data in H z (there-

fore it is small in H %), and a modified quasigeostrophic system with initial
data in H'.

For every j € Z let us decompose

Uogc = Uphe + Usde with Uphg € By =H?, Ughe € By =H',
(actually, as Up g¢ is H', so does U(},’ézc)a and by definition of K (U ¢, J)
as an infimum :

. } 3
- 2, .
HUO +2 ]HUO,ZQG”Hl < §K(U0,QG7J)~

el .y +
As said earlier, we want to define the corresponding solutions, Uéé(t) and
UQg(t)zvj, respectedly given by the Fujita-Kato theorem, or Theorem 1.2.
The problem is that we have no information on the smallness of ||U(} fore HH 1

But, like in [14], using Lemma 2.3, we can write, that, for every j > 1
(with @ = 2np and ¢ = 2) :

2 1 —3 2,7
100,06l 13 +0 > 227K (Ung:3) = 2975 (W0shell 3 + 277 103l )
In particular,

3

. .
1056l 53 < Uhall 13 < 527 Uo0c g0

So if jg is defined such that (¢ being the constant given by the global lifespan
for small initial data result) :

3. o cy
272U 06 | s = T (2.11)
1U0.qcll ;3 +n
i-e. e
. log 3[[To, QGH e )
and, for all j > jo, HUO QGH < cvp. This allows us to apply the Fujita-
Kato theorem with small 1n1t1a1 data and define UQG, solution of :
1,5 1,5
UG —TURE + Q(UQ VUQ ) =
(2.12)

Lj ol
Uaa ji—o = Voa
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with the global energy estimate :
t
vt € e IUGHOIE + 0 [ IVUROIE yar < ClU Gl (213)

On the other hand, as U, ’éG € H? — L2 the Leray Theorem says that UQ
is also a global weak solutlon together with the associated energy estimate
(in L?), so we finally obtain :

t
1, 1,5 1,j
vt € Re IUGHOI%y + 0 [ IVURIE ydr < ClU Gl < O
(2.14)
Remark 2.4. — As US,’éG = Up,gc — Ug,’g)c:v it is in fact in H! so by

the regularity propagation theorem, the solution is more regular and the
estimate 2.14 is in fact in H'.

We now define Uéé(t) = Uga(t) — Uclg’é(t)7 Ugc(t) globally given by
Theorem 1.2, which satisfies the following system :

0ULE — TUGE + QUGE-VUGE) + QUGE-VUGE) + QUGE-VUGE) =
2,3 — 7723
UQa -0 = Volae-
(2.15)
Its potential vorticity satisfying :
2,j 2,j 2,j 1,j 2,j
o056 J -G y —i—UQ Vag 7 —i—UQ VQg v +UQ VQge =0. (2.16)
We aim to adapt Theorem 1. 1 and get global estimates : if we take the inner

product in L? of (2.15) by UQ

||UQ

2,5 2,5 1,4 1772,7 2,5 1,j 2,5
LlIz: <|(Ugs-VUGEIUGE) L2 < UG- VUGEN L2 1UGE Nl e

2dt

Using the usual product law L3.L% — L2, we get :

2,j 2,j
2dt||UQ 72 + vl VUGE 2 < UG i IVUGEN 3 1UGE N -
The same Holder estimate as above gives :
1d 2,7 112 2,j
3 0B + I VORI < RIVUREIE: + - IVUSE 3 UZE oo

and then, classical Gronwall estimates give for all ¢t > 0 :

t 20 2

; . . HVU H
U2, 2, 2, 1
H Qé(t)lﬁﬂ VOA H C[JQé(T)H%QdT < C‘ll/o’éGH%Q 2632
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Global well-posedness for the primitive equations

On the other hand, as in section 2.2.2, the inner product in L? of (2.16) by
QQG yields (with the same methods as above) :

LN\VUSLIE

|2. L2HT
H!

10540 + o / IVUG () dr < CIUhe

Collecting these last two estimates, and using (2.14) we obtain (the new
constant C' contains vy.) :

. t
I\Ué’é(t)llierVo/O IVUGE (i dr < ClUG eIz (2.17)

2.4.8. Application of Lemma 2.3

Slnce we have decomposed the initial data, we want to use Lemma 2.3 on
UQG and UQG in order to estimate Ugg.

According to section (2.4) and to the definition K :
; ol
||U07QG||§_I%+7; Z Z 24'77]K(U0,QG7]7 H> ) H1)27
J=zjo

After the definition of U}Qé and Uég; we can write that (jo fixed in the
previous section) :

2 i 2
1006l 300 > 5 D229 (1006l 43 + 27 IW3della) - (218)

Jj=Jjo

According to the estimates (2.14) and (2.17) we have for all t > 0

ey CIUSE M),

ey >

, , (2.19)
1Usdella = CIUSE®)
and y
||Uo all i = C\/%”UQ%’”L%H%
(2.20)

10356 = CymllUGE 2.
So if we use (2.19) into (2.18), we obtain that :
2
, . o
1Uo.al 41, = C 3029 (JUSEWD g + 277 IUGE O )
J=jo
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And, using Uge(t) = Uéé(t) + Uéé(t) and the definition of K as an infi-
mum :

2 44n . o7t 1 2
1Usacl? ., >CY 2 K(UQG(t),],H2,H) :
Jj=jo

Using Lemma 2.3 allows us to go back to Uga(t) :
100.acl?, 51, = C@ [ Uga®ll ;1+0)"
Finally, replacing jo (see (2.11)) implies :

241
||Z%+,,, < C||U0,QG||H%”M~

vt 2> 0, [Uga(t)

Similarly if we use (2.20) into (2.18), we obtain that :

2
HEm

1Uo.qcl
>0 28 (V| VUG s 2 TV e o s )
- 0 QG r2((0,4],H7) 0 QGIIL2([0,t],HY) | -
Jj=Jo
Using VUqa = VUG + VUGZ and the definition of K :
2
1 . 1
1Us.cl, 4, = CVin > 2K (VUqa, . L3(10,8), HY), L2(0.4], HY))
Jj=jo

Using the fact that [L?Ey, L2FE1]g2 = L?[F1, E1]e2 (we refer for example
to [3], this can be easily proved using the continuous (equivalent) definition
of K) and Lemma 2.3, we can write that :

. 2
100611 34, = OV (271 UG o g r3om)

and, finally :

t
241
w [ IVUae(r)IE .87 < ClVhaally .,

In particular this implies that T* = oo and if we collect the previous results,
we obtain that :

t 1
24+
20, |[Ugal®)? ., +w / IVUaa ()12, y.d7 < ClUoall V-

(2.21)
which concludes the proof of Lemma 2.1.
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2.5. End of the proof

If we apply Lemma 2.1 to system 2.5, we obtain that for all ¢ > 0

t
D
U301 0+ 0 [ IV, r < c||x<7>U0Q oy,

< CllUogel’ 1+n
And the right-hand member is now a constant (no divergence when A\ goes
to infinity), so we can go back to 2.10 and now we can estimate the L!-norm

of g where :
20 2C

9(t) = [IVU2(OI7,3 (= IIUXII2 1)

and ||g||zr < C(||U0,Qg\|H%+U,V0), S0 we can write :

t t
T)dT
IV2OI2 4 + / (vo — 20 VA, DIVVAD)?, el * DT ar <

D b g(r)dr D
10~ X2t aaliaeds 107 < ol —xDyvnelze 2:22)

We can now complete the bootstrap argument : if A is large enough so that :

et — (2! o
(1= x (X 2 < =%,
0= x(5)Vogallie < g5

and if we define (recall that T is the lifespan of V) :

— * A 140
T. = sup{t € [0,T.[,s0 that Vt' <t, ||V (¢ )||H§ < Telk
Then for all ¢t <17,
V20N, + 2 [ VA, yarat < 2 < 2
S 8C T 4C”

then it implies 7. = T} and we use the blow-up criterion to conclude that
T* = +o00.

Finally, if A > Mg and € < (), V% is global, and then our solution U, is
also global, and is an element of Ex.
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