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Holder regularity of two-dimensional
almost-minimal sets in R* *)
Guy Davip®
RESUME. — On donne une démonstration différente et sans doute plus

élémentaire d’une bonne partie du résultat de régularité de Jean Taylor sur
les ensembles presque-minimaux d’Almgren. On en profite pour donner
des précisions sur les ensembles presque minimaux, généraliser une partie
du théoreéme de Taylor aux ensembles presque minimaux de dimension 2
dans R™, et donner la caractérisation attendue des ensembles fermés E
de dimension 2 dans R3 qui sont minimaux, au sens ot H2(E \ F) <
H?(F \ E) pour tout fermé F tel qu’il existe une partie bornée B telle
que F = E hors de B et F sépare les points de R3 \ B qui sont séparés
par E.

ABSTRACT. — We give a different and probably more elementary proof
of a good part of Jean Taylor’s regularity theorem for Almgren almost-
minimal sets of dimension 2 in R3. We use this opportunity to settle
some details about almost-minimal sets, extend a part of Taylor’s result
to almost-minimal sets of dimension 2 in IR™, and give the expected char-
acterization of the closed sets E of dimension 2 in R3 that are minimal,
in the sense that H2(E\ F) < H?(F\ E) for every closed set F' such that
there is a bounded set B so that F' = E out of B and F' separates points
of R3\ B that E separates.

1. Introduction

The core of this paper is a slightly different, probably more elementary,
and very detailed proof of a good part of Jean Taylor’s regularity theorem
[Tay] for Almgren almost-minimal sets of dimension 2 in R3.

(*) Regu le 15/05/07, accepté le 12/11/07

(1) Mathématiques, Batiment 425, Université de Paris-Sud 11, 91 405 Orsay Cedex,
France
guy.david@math.u-psud.fr
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Recall that these sets give a very good description of soap films and
bubbles, and that Taylor’s result says that they are locally C'-equivalent
to minimal cones (i.e., planes or cones of type Y or T, as described near
Figures 1 and 2 and easily seen in soap films). We shall only prove the
biHélder equivalence in this text; the Cl-equivalence needs a little bit of
extra work, which is left for a next paper [D4].

The proof will extend to 2-dimensional sets in R”, and will also allow
us to show that every M S-minimal set of dimension 2 in R3 (where the
definition of competitors uses the separation constraint in Definition 1.4
below) is a minimal cone. The issue shows up naturally in the study of the
Mumford-Shah functional (what are the global Mumford-Shah minimizers
(u, K) in R? for which u is locally constant), to the point that the author
felt compelled to announce Theorem 1.9 in [D2].

The local biH6lder equivalence to minimal cones can be useful as a first
step to C! equivalence, as in [D4], but could also give enough geometric
control on the almost-minimal sets to allow one, perhaps, to prove existence
results for functionals with a dominant area term under suitable topological
constraints.

One of the main initial motivations for this text was to help the author
understand Jean Taylor’s paper, and possibly help some readers too. Part
of the reason for this interest was the potential applications of the technical
lemmas to the regularity of minimal segmentations for the Mumford-Shah
functional in dimension 3, and indeed A. Lemenant [Le] recently obtained a
C'-regularity result for minimal segmentations in R? that look enough like
a minimal cone, using this paper and [D4].

Since this was the triggering reason for this paper, let us define M S-
minimal sets first. We give the definition for (n — 1)-dimensional sets in R™,
but for the theorem we shall restrict to n = 3.

DEFINITION 1.1.— Let E be a closed set in R™. A M S-competitor for
FE is a closed set FF C R™ such that we can find R > 0 such that

F\ B(0,R) = E\ B(0, R) (1.2)

and

F separates y from z whenever

y,z € R"\ (B(0,R) UE) are separated by E.
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By “F separates y from 2", we just mean that y and z lie in different
connected components of R™ \ F. Note that if (1.2) and (1.3) hold for R,
they also hold for every R’ > R. Here M S stands for Mumford-Shah; indeed
the separation condition (1.3) is the same one as in the definition of global
minimizers for the Mumford-Shah functional in R"™. We shall discuss this a
little more in Section 18, but let us mention here that the M S-minimal sets
defined below are exactly the sets E such that the pair (0, F) is a global
minimal Mumford-Shah segmentation in R™. Also see [D2].

DEFINITION 1.4.— A MS-minimal set in R™ is a closed set E C R"
such that
H" Y (E\F)<H" ' (F\E) (1.5)

for every M S-competitor F for E.

Here H"~! denotes the (n — 1)-dimensional Hausdorff measure. Notice
that if £ is M S-minimal, then H"~}(ENB(0, R)) < +o0 for R > 0, because
we can compare with F' = [E\ B(0, R)JUOB(0, R). We shall also use a weaker
notion of minimality, based on a more restrictive notion of competitors. The
notion is the same as for Almgren’s restricted sets [Al2].

DEFINITION 1.6.— Let E be a closed set in R™ and d < n—1 be an
integer. An Al-competitor for E is a closed set F C R™ that can be written
as F' = p(E), where ¢ : R — R™ is a Lipschitz mapping such that W, =
{z € R™; p(x) # x} is bounded.

An Al-minimal set of dimension d in R™ is a closed set E C R™ such

that HY(E N B(0, R)) < 4+oc0 for every R > 0 and
HYE\ F) < HYF\ E) (1.7)

for every Al-competitor F for E.

Here it makes sense to define Al-minimal sets of all dimensions d < n;
this is not the case for M S-minimal sets because of the special role played by
separation. Also, the reader may be surprised because Definition 1.6 seems
simpler than if we used the standard definition of Almgren restricted sets;
we shall check in Section 4 that the two definitions coincide.

Remark 1.8 .— Let us check that Al-competitors for E are automatically
M S-competitors for E, and hence M S-minimal sets are also Al-minimal.
Let F' be an Al-competitor for F, let ¢ and W, be as in Definition 1.6, and
choose R so that W, U p(W,,) C B(0,R). Obviously (1.2) holds. For (1.3),
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let y, z € R™\ (B(0, R) U E) be separated by E. Consider the continuous
deformation given by ¢:(z) = (1 — t)z + to(x) for x € R™ and 0 < ¢ < 1.
Notice that none of the sets Ey = ¢;(E) ever contain y or z, because all the
modifications occur in B(0, R). Then F = ¢1(E) = E; separates y from z,
because E = Fy does. See for instance 4.3 in Chapter XVII of [Du], on page
360. Actually, that result is only stated when E is a compact set of R™. To
accommodate this minor difficulty, we should instead assume that F' does
not separate y from z, pick a path v C R™\ F from y to z, choose S > R such
that v € B(0,.5), and notice that E' = [E N B(0,.5)]UdB(0,S) is compact
and separates y from z, but its image ¢1(E’) = [F N B(0,5)] U 9B(0,S)
does not (because of 7). From the ensuing contradiction we would deduce
that F' is a M S-competitor for F, as needed.

Here is a list of M S-minimal sets in R3. First, the empty set, and planes,
are M S-minimal. Next let P be a plane, pick a point O € P, and let S be
the union of three half lines in P that start from O and make 120° angles
with each other at O. The product of S with a line perpendicular to P is
M S-minimal. We shall call such a set a cone of type Y; thus cones of type
Y are made up of three half planes with a common boundary L, and that
meet along the line L with 120° angles. See Figure 1.

Figure 1. — A cone of type Y

Figure 2. — A set of type T
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For the last example, take a regular tetrahedron R, call O its center,
and denote by T the cone centered at O over the union of the six vertices
of R. See Figure 2. Thus T is composed of six angular faces that meet at
O, and are bounded by four half-lines that leave from O with equal (and
maximal) angles. We shall call such a set a cone of type T. See K. Brakke’s
home page http://www.susqu.edu/brakke/ for nicer pictures of T and how
Y and T arise as tangent objects to minimal sets.

The verification that cones of type Y and T are M S-minimal can be
done with a clever integration by parts; see [LM]. It turns out that modulo
sets of measure 0, the list is complete.

THEOREM 1.9 . — If E is an M S-minimal set in R, then there is a set
E* such that E* C E, H*(E \ E*) =0, and E* is the empty set, a plane,
or a cone of type Y or T.

The fact that we may have to remove a set of vanishing H2-measure is
natural: it is easy to see that the union of a minimal set with a closed set
of vanishing H?2-measure is still minimal.

As we shall see, Theorem 1.9 is a rather simple consequence of the proof
of Jean Taylor’s regularity theorem, but to the author’s surprise, it seems
that this was not stated in the literature yet. An analogue of this result for
size-minimizing currents is stated in Section 4 of [Mo2]; the proof sketched
there has the same sort of ingredients as in the present paper, but does not
seem to me to apply directly.

The situation for Al-minimal sets is a little less clear; although it seem
quite probable that Theorem 1.9 extends to Al-minimal sets in R3, the
author does not know how to prove this without an additional assumption,
for instance on the separating properties of E. See Proposition 18.29 and
Remark 18.43.

As was hinted before, Theorem 1.9 is much easier to deduce from a proof
of Jean Taylor’s regularity theorem than from its mere statement; we shall
take this as a first excuse to give, in full details, a slightly different proof of
that regularity result.

Let us be a little more specific about this. Her theorem concerns almost-
minimal sets of dimension 2 in R3; we shall give very precise definitions of
almost-minimal sets, but for the moment let us just say that they are like
the minimal sets of Definition 1.6, except that we may add a small term
to the right-hand side of (1.7), and also localize the definition. Recall that
J. Taylor proves that if E is a reduced almost-minimal set of dimension 2
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in R3, with a sufficiently small gauge function (a function that controls the
small term that we add to the right-hand side of (1.7)), then every point
of E has a neighborhood where E is C'-equivalent to a plane or a cone of
type Y or T. [See Definition 2.12 for “reduced sets”.]

We shall cut this regularity result in two, and first prove a mere biHolder
equivalence to a plane, a Y, or a T, under slightly weaker assumptions on
the gauge function. See Theorem 16.1 for a precise statement, and observe
that in our definition the biHélder equivalence comes from a local biHolder
mapping of the ambient space, so the equivalence also concerns the way E
is embedded in R™. This is a little simpler to prove than the C! equivalence,
and in particular does not require epiperimetry estimates. This is also the
only part of the argument that is needed for Theorem 1.9, and possibly for
other results as well.

The full C! equivalence (or even C1T< if the gauge function is small
enough) seems to need a more precise argument, which uses epiperimetry
or some comparison with harmonic functions. We intend to give in [D4]
a special argument for this, which uses a little bit of the local biHoélder
equivalence through separation properties.

Theorem 16.1. also applies to the two-dimensional almost-minimal sets
in R™, n > 3. In this case, we don’t know the precise list of minimal cones,
and by minimal cone of type T we shall then mean a (reduced) minimal
cone T which is neither empty, nor a plane, nor a minimal cone of type Y
as above. As we shall see, these are also the minimal cones whose density
at the origin is larger than 37 /2. See Section 14 for a rapid description of
these cones. Observe that we do not exclude the possibility that £ may have
two significantly different tangent cones of type T at z, and then E will be
locally biHo6lder equivalent to either cone.

The extension of the full Taylor theorem, with the C'* (and in fact slightly
better) equivalence, will be addressed in [D4], but we shall only get it under
assumptions on the tangent cones to F. So it could be that when n > 3 the
existence of epiperimetric inequalities and the local C' equivalence of E to
a minimal cone near = depends on the type of tangent cones that E has
at x. The author does not even know whether F could have an interesting
one-parameter family of different tangent cones at x, which would of course
exclude the C! equivalence if they are not isometric to each other.

We are only interested here in the local regularity of Almgren almost-
minimal sets, as defined above, but many other notions exist, corresponding
to other approaches to minimal sets and surfaces. The fact that the Lipschitz
mappings ¢ in Definitions 1.6 and 2.7 are not required to be injective is

- 70 —



Hoélder regularity of two-dimensional

important. For instance, it prevents the union of two planes from being
minimal, and is also the reason why our minimal sets have singularities
even in low dimensions. The present definition has the advantage of giving
a very good description of soap films and bubbles [Al], [Tay].

Even in the context of soap films and bubbles, there are a few different
ways to formalize things, and in particular to state and solve existence prob-
lems. Many of them involve currents, in particular because, thanks to the
work of Federer, De Giorgi, and many others, currents provide very pow-
erful tools for proving existence results. In such contexts, Almgren almost-
minimal sets correspond to size-minimizing currents. In particular, unless
the author is mistaken, the support of a size-minimizing integral current
away from the boundary constraints is almost-minimal, so J. Talor’s result
applies to it. The converse is less clear. See for instance [Mod4], [Bo], [R],
[SS], [Tam] for different approaches.

Incidentally, the author [D3] dreams of stating and proving existence
results in the context of deformations and sets (as opposed to currents),
but so far only very simple cases are known [Fv]. For this purpose, getting
more precise results on the local (and hopefully boundary) regularity of
almost-minimal sets may be useful.

Our proof of biHolder equivalence relies on a few constructions by hand
(for instance, to get the monotonicity of density), a result of stability of
minimal and almost-minimal sets under Hausdorff limits [D1], and an ex-
tension of Reifenberg’s topological disk theorem to the case when F is a
two-dimensional set in R™ that stays close to planes or cones of type Y or
T at all scales and locations [DDT]. In particular, we never use currents
or epiperimetry arguments. Even so, we wish to stress the fact that many
of our arguments look like existing ones, mostly from [Tay], but also from
other sources, such as [Mo2].

Many of the ingredients in the proofs can be generalized, but the author
does not know exactly how far the generalizations may lead. Because of
this, we shall try to keep a reasonably large amount of generality in the
intermediate statements, especially (but not always) when this is not too
costly. For the same sort of reasons, the author decided to go ahead and
prove in the first sections that various definitions of almost- and quasi-
minimality for sets are equivalent, or imply others. Hopefully this will help
some readers, and the other ones will not find it too hard to skip.

The plan for the rest of this paper is as follows. Part A is mostly
concerned in the definitions, regularity, and limiting properties of almost-
minimal sets.
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Section 2 contains the definitions and main regularity properties for a
slight generalization of Almgren’s restricted sets (we shall call them gener-
alized quasiminimal sets); the small amount of new material will only be
used to allow us to simplify our notions of almost-minimality (in Section
4), and state some results (like Proposition 5.24 and Theorem 16.1) with a
little more generality.

In Section 3 we remind the reader that for sequences of reduced quasi-
minimal sets with uniform constants, limits are also quasiminimal with the
same constants, and we have lower- and upper semicontinuity results for the
Hausdorff measure. This stays true for the generalized quasiminimal sets of
Section 2. See Lemmas 3.3 and 3.12 in particular.

Section 4 contains various definitions of almost-minimal sets, and the
equivalence between the two main ones. Just like Section 2, this one is not
really needed in view of Theorems 1.9 and 16.1, for instance.

In Part B we prove the almost monotonicity of the density function
for almost-minimal sets with a small enough gauge function, and results
of approximation by a minimal cone in annuli where the density is almost
constant.

The main result of Section 5 is the fact that if E is a minimal set of
dimension d, the density r~?H?(ENB(z,r)) is a nondecreasing function of r
(Proposition 5.16). The very standard argument is essentially a comparison
of EN B(z,r) with the cone over E N JB(z,r). Also see Propositions 5.24
and 5.30 for generalizations to almost-minimal sets.

In Section 6 we show that if E' is a reduced minimal set of dimension 2 in
B(0,b) C R3 and the density r~¢H?(ENB(0,r)) is constant on (a,b), then E
coincides with a reduced minimal cone on the annulus {z; a < |z| < b}. The
proof is surprisingly painful, in the sense that the author did not manage
to avoid using the minimality of F again. See Proposition 6.2.

Section 7 contains a variant of Proposition 6.2 for almost-minimal sets
and very small variations of density, obtained from it by a compactness
argument. See Proposition 7.1 for the initial statement in a cone, Proposition
7.24 for the variant in a ball which is used most of the time, and Proposition
7.31 for the fact that if the density of F at x exists, the tangent objects to
FE at x are minimal cones with the same density.

Part C contains a structural description of the reduced minimal cones
of dimension 2 in R™. We show that for such a cone E, K = EN0B(0,1) is
composed of a finite number of arcs of great circles, that may only meet by

—79 -



Hoélder regularity of two-dimensional

sets of three at their ends, and with 120° angles. See Proposition 14.1 for a
more precise description (but observe that we shall not give a complete list
of cones).

We start Section 8 with the simple fact that if the product set £ x R™
is a reduced Al-minimal set of dimension d + m in R™™™, then E is a
d-dimensional Al-minimal set in R™. See Proposition 8.3. We don’t know
about, nor need the converse (see Remark 8.22). Proposition 8.3 applies to
the blow-up limits of a minimal cone at a point of the unit sphere, and we
can use this to prove that if F is a reduced minimal cone of dimension d and
€ > 0 is small, then K = EN0B(0,1) is e-close (in normalized Hausdorff
distance) to a minimal set of dimension d — 1 in every small enough ball
centered on K.

This would lead to some information on E, but since we want something
more precise, we start a different approach and try to study the local regu-
larity of K = EN9JB(0,1) with our hands. In section 9 we show that K is a
“weakly almost-minimal set” (where “weakly” comes from the fact that we
have to pay some price when we start from competitors for K and construct
a competitor for F). See Definition 9.1 and Proposition 9.4.

Then we turn more specifically to one-dimensional sets. In Section 10
we show that the nonempty reduced minimal sets of dimension 1 in R™ are
the lines and the propellers Y. See Theorem 10.1. The proof is also used
in Section 11 to show that weakly almost-minimal set are often close (in
Hausdorff distance) to lines or propellers (Proposition 11.2).

In Section 12 we state a simpler, one-dimensional version of the
Reifenberg-type theorem that will be stated in Section 15. This is enough
to show that when K = E N OB as above, K is essentially composed of C!
arcs. See Proposition 12.6 for a first statement, and Proposition 12.27 for
the C* version.

In Section 13 we compare the cone over an arc of Lipschitz curve in
0B(0,1) with the graph of a harmonic function f; this is a small compu-
tation where we use the fact that the main term in the area functional is
the energy [|Vf |2, and whose conclusion is that the curve cannot yield a
minimal cone unless it is an arc of great circle.

We apply all this in Section 14 and find the description of the two-
dimensional minimal cones of Proposition 14.1.

Part D studies the local regularity of the almost-minimal sets. We start
in Section 15 with the description of a result from [DDT], where a slight
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generalization of Reifenberg’s topological disk theorem is proved. This is
the result that will be used in Section 16 to produce parameterizations of
FE when we know that is is well approximated by two-dimensional minimal
cones in small balls.

Section 16 contains the main local regularity results for almost-minimal
sets of dimension 2 in R™. Theorem 16.1 is the main statement (the promised
generalization of J. Taylor’s theorem), but some intermediate results may
have independent interest, such as Lemmas 16.19 and 16.48 (which gives
sufficient conditions for E to be biH6lder equivalent to a plane in a given ball
B), Proposition 16.24 (which proves the existence of a point of density 37 /2
in B), Lemmas 16.25 and 16.51 (sufficient conditions for E to be biH6lder
equivalent in B to a cone of type Y), and Lemma 16.56 and Proposition
18.1 (for the biHolder equivalence to a cone of type T). Proposition 16.24
is proved in Section 17, with a topological degree argument.

Theorem 1.9 is proved in Section 18, with another topological argument.
Also see Proposition 18.29 for a version for Al-minimal sets of dimension 2
in R3, but with an extra separation assumption.

In Section 19 we describe a set which looks like cone of type T at large
scales, but has no point of type T'; thus there is no trivial way to make the
proof of Theorem 1.9 work for Al-minimal sets. In the very short Section
20 we compute the density of the set T' of Figure 1.2.

The author wishes to thank Christopher Colin for help with the topo-
logical argument in Section 18, T. De Pauw, J.-C. Léger, P. Mattila, and
particularly F. Morgan for interesting discussions about the subject of this
paper, and the referee for suggestions that he tried to follow. He gratefully
acknowledges partial support from the european network HARP.

A. ALMOST-MINIMAL SETS

In this first part we shall give a few different definitions of almost-
minimal sets of dimension d in R™, check that many definitions are equiv-
alent, discuss some of the main properties of these sets (including local
Ahlfors-regularity and local uniform rectifiability), and state convergence
theorems that will be used in the rest of this paper.

The equivalence between various definitions of almost-minimality is not
vital for the rest of the paper, but it will be more convenient to use simple
definitions like Definition 1.6, and good to know that they are equivalent
to more classical ones, in particular those that come more naturally from
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Almgren’s definitions in [Al2]. The equivalence is not particularly subtle or
original, but some argument is needed, and the author decided that this is
a good opportunity to settle the issue as explicitly as possible.

It appears that for the proof of equivalence, it is useful to introduce a
class of sets which is slightly larger than the class of restricted sets intro-
duced by F. Almgren, and then check that the main regularity properties
of restricted sets still hold in this class. This is what we do in Section 2.

In Section 3, we use these properties to show that the Hausdorff measure
has good semicontinuity properties when we restrict to bounded sequences
of generalized Almgren quasiminimal sets. In other words, the Hausdorff
measure of these sets goes to the limit well, as in Lemma 3.3 and Lemma
3.12 below, and we shall be able to apply this to our various types of almost-
minimal sets.

The various definitions of almost-minimality, and the equivalence of the
main ones, are given in Section 4. We also use the results of Section 3 to
show that limits of almost-minimal sets are almost-minimal; see Lemma 4.7.
We try to arrange this text so that the impatient reader can refer to this
part only occasionally, for a definition or a believable statement.

2. Generalized Almgren quasiminimal sets

The main results of this paper apply not only to minimal sets, but to
almost-minimal sets of various types. We shall give in Section 4 a few defi-
nitions of almost-minimal sets and clarify the relations between the various
classes, but before we do this we need to talk about Almgren restricted sets
(we’ll call them quasiminimal), and even generalize the notion slightly.

The standard properties described in this section will be used in Section
4 to prove the equivalence between different notions of almost-minimality,
and then also in later sections, but only applied to more restricted classes
of almost-minimal sets.

A good part of this is not needed for the main results of the paper, the
main point of it is merely to try to give some statements in the best possible
context. It should be possible for the reader to skip Sections 2 and 4 almost
entirely if she is just interested in minimal sets or happy to use a stronger
form of almost-minimality.

So we want to discuss minor variations over the notion of “restricted set”
of Almgren [Al2]. For the general setting we are given an open set U C R,
a quasiminimality constant M > 1, and a diameter § € (0, +o0]. Now E is
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a closed subset of U, and we want to assume that
HYENB) < +oo for every compact ball B C U. (2.1)

As in Definition 1.6, we want to compare E with competitors F = ¢1(F),
where ¢y, 0 < ¢t < 1, is a one-parameter family of continuous functions
¢ : U — U with the following properties:

wo(x) =x forz e U, (2.2)

the function (¢,z) — ¢¢(x), from [0,1] x U to U, is continuous,  (2.3)
1 is Lipschitz, (2.4)

and, if we set

Wy, ={z € U; p(z) # =} and then W= U [Wt Up:(Wy)],  (25)
t€0,1]

then
W is relatively compact in U and diam(W) < 4. (2.6)

DEFINITION 2.7.— We say that the set E is an (M, §)-quasiminimal set
in U when E is closed in U, (2.1) holds, and

HYENW.) < MHY (o1 (ENWY)) (2.8)

for every ¢ such that (2.2)-(2.6) hold.

Remarks 2.9.— a) This definition is almost the same thing as Almgren’s
definition of a restricted set. The only difference is that Almgren does not
require (2.2) or (2.3). That is, he only considers mappings @1 : U — U and
does not care whether they come from deformations or not. Our definition
of quasiminimal sets is slightly less restrictive (because we add constraints
on the mappings ¢1), but this is all right, because the regularity results are
the same. In fact, in most regularity arguments for quasiminimal sets, one
uses functions ¢; such that Wi U ¢q(W7) is contained in a compact ball B
contained in U and with diameter at most §. Then ¢, automatically comes
from a one-parameter family of deformations as above, namely ¢:(z) =

(1 —t)x + tp1(x), for which W is contained in B by convexity.

b) We require ¢; to be Lipschitz (in (2.4)) only to make sure that (2.8)
makes sense, but we do not require any Lipschitz bound for ¢;.
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¢) It is important that we do not require ;1 to be injective. That is, we
want to allow competitors obtained from E by gluing pieces together, or
making entire regions collapse to one point.

d) We can take § = +00 in Definition 2.7. Our definition of Al-minimality
in Definition 1.6 corresponds to U = R™, § = 400, and M = 1. In addition,
the accounting in (1.7) is not the same as in (2.8), but we shall see soon
that in this case they are equivalent. In general § and U give more flexibility
in the definition; they may allow us to localize or account for boundary
conditions. For instance, catenoids are (1,§)-quasiminimal sets in R®, but
only for § small enough.

The quasiminimal sets of Definition 2.7 are not yet general enough for
us, so we introduce an even larger class. This extension will be needed only
because we want to work with different notions of almost-minimal sets; the
uninterested reader may skip.

DEFINITION 2.10. — Let U and M be as above, and let 6y € (0, +00] and
h € [0,1) be given. We shall denote by GAQ(M,dy,U, h) the set of closed
subsets E of U such that (2.1) holds and

HYENW;) < MHY(p1(ENWy)) + hé? (2.11)

for every § < &y and every ¢ such that (2.2)-(2.6) hold.

Elements of GAQ(M, &y, U, h) will be called “generalized Almgren quasi-
minimal sets”. The only difference with the quasiminimal sets from Defini-
tion 2.7 is that we added the error term hé? in the right-hand side of (2.11).
So h = 0 corresponds to the previous situation. We should always think
that h is small, because in all the regularity results below, h has to be small
enough, depending on n, d, and M. Also notice that the only situations
where we expect a real difference between (2.11) and (2.8) (possibly with a
larger M) is when HY(E N W;) and H%(¢1(E N Wy)) are very small, i.e.,
when 7 only moves very few points. The main point of the discussion below
is that these situations can be avoided when we prove regularity theorems.

We like quasiminimal sets because they have lots of good regularity
properties. We want to say that these properties still hold for generalized
quasiminimal sets (always assuming that h is small enough), and that the
long proofs given elsewhere still work. So, for the rest of this section, we
shall try to describe the regularity results that we want to use, and at the
same time say why the proof for quasiminimal sets can be generalized rather
easily.

— 77 —



Guy David

Notice that if F is a quasiminimal set and Z is any closed set such that
HY(Z) =0, then EUZ is also a quasiminimal set, with the same constants.
For instance, in the situation of (2.8), we have that H¢((E U Z) N W;) =
HYENW)) < MHY @ (ENWy)) < MH(p1((EU Z) N W;p)). This is
why we introduce the (hopefully simpler) set E* below, and the notion of
“reduced set”.

DEFINITION 2.12.— For each closed subset E of U, denote by
E*={z€E; HYENB(x,7)) >0 for every r > 0}

the closed support (in U) of the restriction of H? to E. We say that E is
reduced when E* = E.

It is easy to see that
HYE\ E*) =0; (2.13)

indeed, we can cover E'\ E* by countably many balls B; such that HYEN
Bj) = 0 (first reduce to EN K, where K is compact and does not meet E*,
and then use the definition of E* and the compactness of EN K).

Remark 2.14.— If E is quasiminimal, then E* is quasiminimal with the
same constants. This is very easy, because when the ¢, satisfy (2.2)-(2.6),
Hep(E\ E*)) = HY(E \ E*) = 0 by (2.13) and because ¢; is Lipschitz,
so the conditions (2.8) and (2.11) are the same for E* as for E. Because of
this, it is enough to study reduced quasiminimal sets. The same remark will
apply to the various types of almost-minimal sets introduced in Section 4.

We start our list of regularity properties with the basic but useful local
Ahlfors-regularity of E*.

LEMMA 2.15.— For each M > 1 there exist constants h > 0 and C > 1,
that depend only onn, d, and M, such that if E € GAQ(M,$,U, h), x € E*,
and 0 < r < 0 are also such that B(x,2r) C U, then

Cr? < HYEn B(z,r)) < Cre. (2.16)

See Proposition 4.1 in [DS] for standard quasiminimal sets, but note that
this is only a reasonably minor modification of a result in [Al2]. Now we
should say a few words about why the proof of (2.16) in [DS] extends
to generalized quasiminimal sets. For the upper bound, there is no seri-
ous problem; the idea of the proof is to suppose that for some cube @),
diam(Q)"?H*(E N Q) is very large, and then compare E with a set ob-
tained from E by a Federer-Fleming projection on d-dimensional skeletons
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of cubes inside ). The numbers at stake in the argument are much larger
than diam(Q)9, and the additional small error hdiam(Q)% does not really
change the estimates. More specifically, the first place where quasiminimal-
ity is used (in [DS]) is (4.5), and we should add an extra Chdiam(Q)% in
the right-hand side there. [Let us point out to the reader that would wish to
check things in [DS], that our standard quasiminimal set is called S there,
and the quasiminimality constant M is called k.] The computations can
stay the same, up to (4.9) and (4.11) where we should also add an extra
Chdiam(Q)? in the right-hand side. Even with h = 1, this term is easily
eaten up by the other term C2/("~% diam(Q)¢ in the right-hand side of
(4.9) and (4.11) (because j > 1); the rest of the proof is the same.

The proof of the lower bound in (2.16) is probably the place where we
should be the most careful, since the mass of E nearby could be very small
and hd¢ could be the main term in (2.10).

In the argument of [DS] (which begins a little below (4.21) there), we
start with a cube @, assume that diam(Q)"“H¢(E N Q) is very small, and
then we construct a competitor F' = ¢(FE) (with the constraints (2.2)-(2.6)
with any 0 > diam(@Q)). The cube @ divides into a thin annular region
A;(Q) near the boundary 0Q), and the main part H;(Q) = Q \ 4,(Q). Here
j is an integer parameter, and the width of 4;(Q) is roughly 277 diam(Q). In
the region H;(Q), we do a Federer-Fleming projection on skeletons of cubes
of size 277 diam(Q), and it turns out that if diam(Q)~*H(E N Q) is small
enough, depending on j, the projection contains no full face of dimension d.
This allows us to continue the Federer-Fleming projection one more step,
up to (d—1)-dimensional faces. As a result, our final mapping ¢ is such that
H%o(E N H;(Q))) = 0. In the intermediate region A;(Q), we construct a
mapping that matches the desired values on the two sides of 9A4,(Q). We
do this so that H(o(E N A4;(Q))) < CHY(E N A;(Q)). The comparison
argument in [DS] yields H4(E N H;(Q)) < CMHY(E N A;(Q)), where M
is the quasiminimality constant. See (4.23)-(4.25) in [DS], and the sentence
that follows. Here it should be

HYENH;(Q)) < CMHYEN A;(Q)) + Chdiam(Q)?, (2.17)

because of the extra term in (2.10). It is important that the constant C
does not depend on j, so that we can still take j as large as we wish; the
only price to pay is that we have to assume that diam(Q)"“H%(E N Q) is
accordingly small at the beginning of the argument, if we want our story
about no full face in H;(Q), and then (2.17), to hold.

The way we can deduce the lower bound in (2.16) from this is slightly
different from what was done in [DS]. First we observe that it is enough to
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prove this lower bound for x € E such that

limsup |r~HY(E N B(z,7))| > co, (2.18)
r—0
where cq is some positive dimensional constant. Indeed, if ¢y is chosen small
enough, (2.18) holds for almost-every « € E (see for instance [Ma], Theorem
6.2 on p.89, or even [D2], p.113). Then every point 2 € E* is a limit of points
xp € E such that (2.18) holds, and we easily get the desired lower bound
on HY(E N B(x,r)) by using the lower bound that we can get for a smaller
ball centered at some x.

Suppose that (2.18) holds, but not the lower bound in (2.16). Then we
can find r > 0 such that » < 6, B(x,2r) C U, but HY(E N B(z,r)) < ar?,
where « is the inverse of C' in (2.16), and can be chosen as small as we want.
Set n = 27973 If « is sufficiently small compared to co, we can pick a new
radius r; < r such that

HYEn B(z,m)) < arl (2.19)

but
HYE N B(x,nr)) = alnr)?. (2.20)

Indeed, we can try successively all the radii n*r, k > 0; if none of them
works, we can easily prove by induction that H*(E N B(z,n*r)) < a(n*r)?
for every k > 0, but if « is small enough this gives a very small lower bound
on t~*HY(E N B(x,t)) for every t < r, which contradicts (2.18).

Choose 71 as in (2.19) and (2.20). Now we can pick a cube @ centered
at x, such that
B(I,27]T‘1) - Q - B(CC,Tl/Q) (221)

and
HYENA;(Q)) <C27HYENB(x,7)) < C27 7 ars. (2.22)

Indeed we can easily find C7127 cubes @ such that (2.21) holds, and for
which the A4;(Q) are disjoint, so (2.22) is just obtained by picking the one
for which H(E N 4;(Q)) is the smallest. On the other hand,

HYEN H;(Q) = HY(B(z,nr)) > an’r{ (2.23)
by (2.21) and (2.20), so (2.22) says that
HYENA;(Q)) < C277HYE N H(Q)). (2.24)

Recall that we can take j as large as we want. If we do so, and then
take a small enough (to make sure that (2.17) applies to @), the term
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CMHYENA;(Q)) in (2.17) is smaller than $ HY(ENH;(Q)), and so (2.17)
says that HY(EN H;(Q)) < 2Chdiam(Q)?. Recall that diam(Q) and r; are
comparable, by (2.21). So if h is now chosen small enough, we get the desired
contradiction with (2.23). This completes our proof of Lemma 2.15. ]

The next important property of quasiminimal sets is the local uni-
form rectifiability of E*. Let us not give a precise statement here, and
refer to Theorem 2.11 in [DS] instead. We claim that this extends to E €
GAQ(M,6,U, h), provided again that we take h small enough, depending
on n, d, and M.

The proof in [DS] is rather long and complicated, but fortunately a lot
of it consists in manipulations on Ahlfors-regular sets, and there are only a
limited number of places where the quasiminimality of F is used.

In Chapter 5, it is used to get a Lipschitz mapping from E to R?, with
big image. Quasiminimality is used in (5.7), but not in (5.8)-(5.10) (that is,
only through Ahlfors-regularity), so the effect of an additional Ch diam(Q)?
in the right-hand side of (5.7) is just an extra Chdiam(Q)? in (5.11). If h is
small enough, this is easily eaten up by the C~! diam(Q)¢ in the left-hand
side, and we can continue the argument with no further modification.

In Chapter 6 we show that if £ C U C R" is a quasiminimal set and
g : U — Rl is Lipschitz, the new set S = {(z,y); v € S and y = g(x)} C
R"*+! is a quasiminimal set too. Quasiminimality is used in (6.10), and our
extra Ch diam(Q)? gets multiplied by a constant C (that depend also on the
Lipschitz constant for g) in (6.12) and (6.13). Then we add things that do not

depend on quasiminimality, and eventually we get an extra Ch diam(Q)? in

(6.16). That is, Se GAQ(]\/J\, d, ﬁ, Ch), where U=Ux R, M is a constant
that depends on M, n, d and the Lipschitz constant for g, and C' also
depends on these constants.

Chapter 7 only talks about general Ahlfors-regular sets, and Chapter
8 talks about how to deduce the local uniform rectifiability of E* from a
main lemma, but only uses results from previous chapters, with no com-
parison argument. We can also relax through most of Chapter 9, because
the first sections concern a deformation lemma that has nothing to do with
quasiminimal sets. Even Section 9.2, whose goal is to apply the deformation
lemma to quasiminimal sets, starts with a general discussion with dyadic
cubes and Ahlfors-regularity. Quasiminimality itself appears only on page
75, where a deformation ¢ is constructed. Thus ¢ in [DS] plays the role of
¢1 in (2.2)-(2.6), and W in [DS] is the same as W; here. Recall also that S
and k there play the roles of F and M here.
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By (9.92), WU @¢(W) C B’, where B’ is a ball of radius C3N + nN + C
that is compactly contained in U (by (9.56)). In this argument, N is a very
large integer, to be chosen near the end, and we shall see soon that for the
present discussion we do not really need to know who the large constant
Cs is, because our small constant h can be chosen last. We can make sure
that our set W from (2.5) is also contained in B’, because B’ is convex (see
Remark 2.9.a above).

The quasiminimality of E is used in (9.93), and we should add an extra
hdiam(B’) < h(C+C3)N? to the right-hand side, because of the additional
term in (2.11). Then there are a few inclusions and identities, and (9.93) is
not used until (9.103), where we should also add ChN? to the right-hand
side (let us drop the dependence on C5 and other constants). Thus (9.103)
should be replaced with

HYENW) < CMN! 4 ChN?. (2.25)

The computations after (9.103) can stay the same; they just use previous
results to show that H{(ENW) > C~1N? (see (9.105) and two lines above
it). The desired contradiction is then derived by choosing N large enough
and, in our case, h small. This takes care of local uniform rectifiability.

We are also interested in Chapter 10 of [DS], where one shows that E*
also has big projections locally. Quasiminimality shows up in (10.22), which
should be replaced with

HYENW) < MHY$(ENW)) + Chré. (2.26)

But since we see (independently) in (10.25) that H4(ENW) > C~'r{, the
extra term in (2.26) can be eaten up by the term in the left-hand side, and
then one can proceed as in [DS].

This completes our discussion of the extension of results from [DS], and
in particular of Theorem 2.11 there, to generalized quasiminimal sets in
GAQ(M,6,U, h). But we are not finished yet, because now we want to ex-
tend results from [D1], that concern limits of sequences of quasiminimal
sets.

3. Limits of quasiminimal sets

We want to show that the Hausdorff measure goes to the limit well along
bounded sequences of generalized quasiminimal sets; this will be used in the
next section to prove the equivalence of various definitions, and also in later
sections, although we shall only apply it to almost-minimal sets then.
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Let U CR", M > 1,6 > 0 and h > 0 be given, and let {E}} be a
sequence in GAQ(M, 6, U, h). We shall assume that the Ej are reduced, i.e,
that E} = Ej (otherwise, we could always replace Ejy with Ej, which is a
generalized quasiminimal set with the same constants by Remark 2.14).

We shall also assume that {Ej} converges to a closed set E in U. By
this we mean that for each compact set H C U,

kEI—il-loodH(E,Ek) = 0, (31)

where the local variant dy of the Hausdorff distance is defined by

dy(E, F) = sup{dist(z, F); x € EN H} + sup{dist(z, E); x € FN H}.
(3.2)

We use the convention that sup{dist(z, F'); x € ENH} =0 when ENH
is empty. By the way, if we did not assume the Ej to be reduced, they could
converge to essentially anything, because we could not keep track of the
Ey \ Ej. Indeed it is easy to find sequences of finite sets that converge to
any given closed set E.

LEMMA 3.3.— Let U,M,6,h, {EL}, and E be as before, and assume
that h is small enough, depending on n, d, and M. Then E is reduced,

HYENV) < llgminf HYE,NV) for every open set V C U, (3.4)

and
E € GAQ(M,5,U,h) (i.e., with the same constants). (3.5)

When h = 0, this is the main result of [D1]. Here we just have to say
why the proof of [D1] goes through when h is small. As we shall see soon,
E is locally Ahlfors-regular, so it is reduced. For (3.4) (i.e., Theorem 3.4
in [D1]), there is nothing to do: the proof just consists in putting together
results from [DS] that we already discussed in Section 2. So we may now
discuss the proof of (3.5) (Theorem 4.1 in [D1]).

The verification that E is locally Ahlfors-regular, with big pieces of
Lipschitz graphs, does not need to be modified (it is again a mechanical
consequence of the results of Section 2). The same comment applies to the
remarks about rectifiability and the existence of tangent planes, which leads
us near (4.13) in [D1].

Then we come to the verification of quasiminimality itself. Let us remind
the reader of how it goes. We are given a deformation f : U — U, which can
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be written as f = ¢ for a family of mappings ¢; that satisfy (2.2)-(2.6),
where (2.6) holds for some ¢’ < 0, and we want to prove (2.11), i.e., that

HYENW;) < MHY(f(ENW;)) + h(5)4, (3.6)

where we set Wy = {z € U; f(x) # z}. We know that the sets Ej have
the same property, but we cannot take limits directly, because H(f(FE N
W) could be much smaller than the H4(f(E,NWy)). A typical unfriendly
situation where this may happen would be when f is not injective on E and

sends two different pieces of E to the same set, while it is still injective on
each of the Fy.

So we replace f with a different deformation h which does not have the
same defect. That is, we try to force h to merge points systematically near
the places where we know that it merges points of E. This is easier to do
at places where F is close to a tangent plane P and f is close to a linear
function A, because there we can compose f with the orthogonal projection
onto A(P). A good part of the argument of [D1] consists in doing this in
many places, gluing the different functions that we construct, and checking
that the places where we do the gluing or where we cannot control things
do not matter too much, because the part of E that lives there has small
measure.

Fortunately we can keep the construction of h as it is in [D1]; we just
have to say how the final estimates go. Things start being dangerous near
(4.94), when the function h is finally defined and we introduce its variant
hi. Quasiminimality is used in (4.95), with the function h; and the set Ej.
So we add the usual Ch(6’)? to the right-hand side of (4.95), and get that

HYE,NWy,,) < MHY(hy(E, " Wy,,)) + h(8")%. (3.7)

Then we quietly follow the computations, up to (4.107) which gives an upper
bound on H%(hi(E), N Wy,)). We pick the various constants as explained
after (4.107), so as to get the equivalent but simpler (4.108), and then prove
that

H (hy (Ex 0 Why)) < HU(F(E W) + 201, (3.8)

where 7); is as small as we want. In [D1], (3.8) follows from (4.108) (our upper
bound for H¢(hy(ExNWj,))) and a lower bound (4.109) for He(f(ENW})).
This bound itself is the direct consequence of Lemma 4.111.

Unfortunately, we need to say a little more about the proof of Lemma
4.111, because it is very badly written. The author claims at the beginning
of the proof that F is a quasiminimal set, and this is a rather stupid thing
to say, because this is more or less what we try to prove. So the reader is
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asked not to pay attention to any of the remarks about quasiminimality,
and follow quietly the construction of the sets S; (just the intersection of F
with a ball By), then Sy = {(z, f(z)); # € S1} C R*", and then S3, which
is the image of S, by some simple affine bijection ¢ of R?", whose goal is
just to make some tangent plane horizontal. Then we prove (4.113), which
says that S3 stays very close to a horizontal d-plane in some ball. This part
only uses the geometry of the construction, so it is all right.

Now replace E with Ej; this gives a new set S5 1, and this set is a quasi-
minimal set, by the same argument that was falsely applied to E in [D1];
this involves constructions from [DS], in particular Chapter 5, which also
apply to generalized quasiminimal sets, by Section 2. In addition, E} also
satisfies the distance estimate (4.113) for k large, because the Ej converge
to E. So we can apply Lemma 2.18 in [D1] (or Chapter 10 of [DS]) to get
that for £ large, the projection of S3 j; on some d-plane contains some fixed
ball. Then this is also true of S3, by compactness, and we can conclude as
was claimed in [D1].

So (3.8) holds, and hence
HYE, N Wy,) < MHY(f(ENW;)) +2Mny + h(5')? (3.9)

by (3.7). We also know that
HYENW,,) < HY(E, N Wy,) +m (3.10)

for k large, by (3.4). Recall from (4.94) in [D1] and the line below it that
Wh, C Wy, but we may choose the function ¢ in (4.94) so that the difference
is as close to W as we want. As a result, we can make HY(ENW;\ Wy, )
(incidentally, another typo in [D1]) as small as we want. When we combine
this with (3.10) and (3.9), and then let small constants like n; tend to 0, we
get that

HYENW;) < MHY(f(ENW;)) + h(5')% (3.11)
This is just the same as (2.11), and this completes our proof of Lemma 3.3.
(]

We shall also need an upper semicontinuity result for H?, which unfor-
tunately the author did not care to write down in [D1].

LEMMA 3.12.— Let U, M, 6, h, {Ey}, and E be as in Lemma 3.3. In
particular, assume that h is small enough, depending on d and M. Then

limsup HY(E,NH) < (1+Ch)MHYENH) for every compact set H C U.

k——+oo
(3.13)
Here C depends only on d and M.
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This will be a consequence of the rectifiability of E. Since F is rectifiable,
E has a d-dimensional “approximate tangent plane” P, at x for H%almost
every © € E. See for instance [Ma], Theorem 15.19 on page 212. Since in
addition F is locally Ahlfors-regular (i.e., (2.16) holds), P, is a true tangent
plane at x. See for instance [D2], Exercise 41.21 on page 277. In addition,

lirr%) rHYEN B(x,7)) = cq (3.14)

for H?-almost every x € E, where cq is the H%-measure of the unit ball in
R<. See again [Ma], Theorem 16.2 on page 222. Call E’ the set of points
x € F such that F has a tangent plane P, at x and (3.14) holds; thus
almost-every point of E lies in E’.

Let € > 0 be small, and denote by B the set of balls B = B(x,r) such
that z € E'N H, 2r < 4,

B(z,2r) C H, (3.15)
where H is some compact subset of U that we choose so that H C int(ﬁ ),
HYENOB) =0, (3.16)
dist(y, Pr) < er fory € EN B(x,2r), (3.17)

and
lr~¢HY(E N B(z,r)) — cq| <e. (3.18)

Notice that for € E' N H, B(z,r) € B for almost-every small enough
r: (3.17) and (3.18) come from the definition of E’, and the set of small r
such that (3.16) fails is at most countable, because H?(FE) is locally finite.
Thus the balls B, B € B, form what is called a Vitali covering of E' N H.
Let us check that there is an at most countable collection {B;};cr in B such
that the B;, ¢ € I, are disjoint and almost cover E’ N H in the sense that

HY([E'nH]\ |JBi) =0. (3.19)
il

Let us define successive finite collections {B;}ier, . Start with Iy = 0. If I,
was already defined, set Hy = [E' N H]\ U, B,. For each x € Hy, there
are lots of balls B € B centered on z, and such that 5B does not meet the
B;, i € I,. This gives a covering of Hj by balls of B; by the standard 5-
covering lemma (see the first pages of [St]), we can find an at most countable
subcollection B;, i € Ji, such that the B;, i € Ji, are disjoint, and the 5B;,
i € Ji, cover Hp. Then

Y HYENB)>C™' Y HYEN5B;) > C ' HYH,), (3.20)
1€ Jy 1€ Jy
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by (2.16) or (3.18) and because the 5B; cover Hy. Notice that

N HYENB) < HY(ENH) < +00 (3.21)
i€k
because the B; are disjoint and contained in H (by (3.15)), H can be covered

by a finite collection of compact balls in U, and by (2.1). So we can pick a
finite collection J}, C Ji, so that

1
> HYENB) > 5 > HYENB;) > (20)"'HY(Hy), (3.22)
ieJ;, i€ Jy
and then set Iy = I, U J},. This gives a definition of I, by induction, and
then we take I = UpI. The B;, ¢ € I, are disjoint by construction. Then

>N HYENB) <HYENH) < +o, (3.23)
k ieJ,

by the proof (3.21). In particular, the series in k converges, and (3.22) says
that H?(Hj) tends to 0. But

HY[E'NH\ ) B)) < HY([E'nH\ | Bi) = HY([E'nH\ | B:) = HY(Hy),
i€l i€}, i€} (3.24)
by (3.16). This proves (3.19).

Let us cover [EN H]\ J,c; Bi by a collection of open balls Bj, j € J,
such that diam(B;) < ¢, 2B; C U for each j, and

d ori<e, (3.25)

where r; denotes the radius of B;. Now the balls B;, i € IUJ, cover ENH,
and by compactness we can find finite sets I’ C I and J' C J such that
ENH C ey Bi- Since the Ej, converges to I, we also get that

EcnHC |J B (3.26)
el’UJ’
for k large enough, hence
HYE,NH) < Z HYE,NB;) < Z HYEyNB;)+Ce,  (3.27)
el’JJ’ el

by (2.16) and (3.25). Next pick ¢ € I, and write B; = B(z,r). Notice that
for k large,
dist(y, Py) < 2er for y € E, N B(x,3r/2), (3.28)
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by (3.17) and because the Ej converge to E. Also recall that we only have
a finite set I’ of indices ¢, so for k large, (3.28) holds for all of them at the
same time. In addition, (3.28) also holds if we replace P, with any plane P
parallel to P, and close enough to it.

We want to use the quasiminimality of Fj, so we define a Lipschitz
deformation . Take

o(y) =y for ye[R"\ B(z,r)U{y e R"; dist(y, P) > 3er}, (3.29)
then call 7 the orthogonal projection onto P, and set

¢(y) =m(y) on the inside region D = {y € B(x, (1 —¢)r);

0 < dist(y, P) < 2er}. (3.30)

On the remaining annular region A = {y € B(z,r); dist(y, P) < 35r} \ D
we choose ¢ so that ¢(A) C B(z,r) and ¢ is 10-Lipschitz. For instance, take
o(z) = 0(y)y+(1-0(y))m(y) for y € A, with §(y) = Min(1, (2e7) ! dist(y, D)).
[We added a factor 2 to make sure that p(A) C B(z,r) if P is close enough
to Py, even if it does not exactly go through x.]

Set i (y) = to(y) + (1 —t)y for 0 < ¢ < 1; this family obviously satisfies
(2.2)-(2.6), with W C B;. Recall that diam(B;) = 2r < § by definition of B.
So we may apply Definition 2.10, and (2.11) holds (with any ¢’ € (2r,9)).
That is,

HYE, N W) < MH (@1 (B, N WY)) + (2r)%h. (3.31)

Set B’ = B(xz, (1 —¢)r) and notice that if y € ExNB’, then dist(y, P) < 2er
by (3.28), so ¢(y) = m(y) by (3.30). Thus ¢(y) = y if and only if y € P, and
ExnWinB' ={y€ E,NB"; 0 <dist(y, P) < 2er} = ExNB'\ P. (3.32)

There are at most countably many planes P parallel to P, and for which
HY(E, N B(z,7) N P) > 0, so we may choose P such that this is not the
case. Then
HYEyNB') =HYE,NnW,NB) < MHYp(E, N W1)) + (2r)%h
< MHY(p(Ey N B")) + MHY(p(E, N B(z,r) \ B")) + (2r)¢h
< MHYp(Ex N B") +10¢MHY(E, N B(z,7) \ B') + ((27“)(1}3
3.33

by (3.32) and (3.31), because ¢1 = ¢, and because E,NW; C ExNB(z,r) C
(ExNB)U(ErNB(x,r)\ B') and ¢ is 10-Lipschitz. Next let us check that

HY(E, N B(x,r)\ B') < Cer?, (3.34)
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where C' may depend on the quasiminimality constants, but not on €. We can
cover P, N B(z,r)\ B’ by Ce=%*1 balls B(z;,er) centered on P, N B(x,r)\
B’. By (3.28), the B(zj,3er) cover Ei, N B(z,r) \ B’. Notice also that the
B(zj,10¢er) are contained in U, by (3.15). Then H4(E,NB(z;,3er)) < Cedrd
by (2.16), because the Ej all lie in the same GAQ(M,§,U, h), and if h is
small enough; (3.34) follows. Now

HYE,N B(z,r)) = HY(E, N B )+HYE, N B(x,r)\ B')
< MHYo(Ex N B')) + CHYExN B(x,r)\ B') + (2r)¢h
< MH¥@(Ey N B'))+Cer? + (2r)¢h
(3.35)
by (3.33) and (3.34). Recall from (3.28) and (3.30) that ¢(y) = w(y) for
y€ ExNB' sop(EyNB)C PN B(x,r) and

HYE, N B(z,r)) < MHY(PN B(z,7)) + Cer? + (2r)¢h
d d d (3.36)
< Megr® + Cer® 4+ (2r)%h,

where ¢g still denotes the H%-measure of the unit ball in R%. On the other
hand, (3.18) says that

HYE N B(z,7)) > cqr® —er?. (3.37)

Incidentally, we could also have obtained something like (3.37) directly from
(3.17) and the facts that = € E and E is a reduced quasiminimal sets as in
(3.5), by the same proof as in Lemma 10.10 in [DS]. But (3.18) is not that
hard to obtain anyway.

Recall that B; = B(xz,r); when we put (3.36) and (3.37) together, we
get that

HYEyNB;) < MHYENB;)+Cer®+(2r)’h < (1+Ce+Ch)MH*(ENB;).

(3.38)
Recall that the B;, i € I, are disjoint, so
HYE,NH) < Y  HYE;nB;) <Y HYE;NB;)+Ce
el’JUJ’ el
<(1+Ce+Ch)MY HYENB;)+Ce (3.39)
icel’

< (14 Ce+ Ch)MHY(EN (Uiep B;)) + Ce

by (3.26), (2.16) and (3.25), and then (3.38). [We can apply (2.16) with
uniform bounds, by (3.14).]
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Let V be any open neighborhood of E N H; we can choose B above so
that all the B; are contained in V' (just add an extra smallness condition
on r near (3.14), or equivalently make H smaller). Then

HYEyNH)<(1+Ce+Ch)MHYENV) + Ce (3.40)
for k large, by (3.39). Since € is as small as we want,

limsup HY(Ey N H) < (1+ Ch)MHYENV). (3.41)
k— oo

Finally, H{(ENV) is as close to H(E N H) as we want, because V is any
open neighborhood of EN H and H4(E N V) < +oo for some V. So

limsup HY(Ey N H) < (14+ Ch)MHY(E N H), (3.42)
k—-+oo
and this completes our proof of Lemma 3.12. O

4. Almost-minimal sets

For us, almost-minimal sets will be sets that look more and more like
minimal sets when you look at them at smaller scales. There are a few
different possible definitions, even in the same context as in Sections 2 and
3 where we only consider Almgren competitors. We shall give three of them.
The first one (with Ay ) is the closest to our definition of quasiminimal sets
(Definition 2.7), and it has the advantage that we essentially do not need
this section or many details of the previous two to use it. So the reader that
would not be interested in subtleties about classes of almost-minimal sets
is encouraged to have a look at Definition 4.1 and skip the rest.

The other two notions (with A and A’) are weaker, and turn out to be
equivalent to each other (see Proposition 4.10). For A, which is very close
to our notion of generalized quasiminimal sets, we have a nice convergence
result (Lemma 4.7). The definition for A’ is a little bit simpler, and this
is the definition that we used for Al-minimal sets (in Definition 1.6), so
the equivalence between the two will make some of our statements a little
simpler.

For all these definitions (with A, A, and A’), we shall measure closeness
to minimality with a nondecreasing function h : (0, +00) — [0, +o0], such
that limg_,o h(0) = 0. We shall call such a function a gauge function.

We start with a first notion which is reasonably close to Definition 2.7.

— 90 —



Hoélder regularity of two-dimensional

DEFINITION 4.1.— Let E be a closed subset of U. We say that E is
an Ay -almost-minimal set (of dimension d) in U, with gauge function h, if
(2.1) holds and, for each 6 > 0 and each family {p:}o<t<1 of deformations
such that (2.2)-(2.6) hold,

HYENW:) < (1+ h(5)) HY (o1 (ENWY)), (4.2)
where W1 = {z € U; p1(x) # x}, as in (2.5).

In other words, we require that for each 6 > 0, E be an (1 + h(d),d)-
quasiminimal set in U (as in Definition 2.7). The main difference is that
M(6) = 1+ h(d) tends to 1 when 6 tends to 0. Observe that we allowed the
possibility that h(d) = +oo for 6 > dp, to make it plain that in some cases
we do not have any information coming from large scales. This is the same
as saying that we only consider almost-minimality at scales § < dg.

Definition 4.1 looks nice, but we shall prefer to use slightly weaker ver-
sions where the error term is allowed not to depend on the set W; where
v1(z) # x, but only on §. The next definition is slightly simpler, but still
uses the same sort of accounting method as in Definitions 2.7 and 4.1.

DEFINITION 4.3.— We say that the closed set E in U is an A-almost-
minimal set in U, with gauge function h, if (2.1) holds and, for each § > 0
and each family {p:}oci<1 such that (2.2)-(2.6) hold,

HYENW,) < HY (o1 (ENWY)) + h(8)5°. (4.4)
Again, Wh = {z € U; p1(z) # x} as in (2.5).

Remark 4.5.— So we just replaced the error term h(8)H% (o1 (ENWY))
in (4.2) with the simpler h(8§)§?%. Let us check that A -almost-minimal set
are automatically A-almost-minimal sets, at least in any smaller open set
Ur={zeU; B(z,7) CU}.

Choose § < 7 such that h(§) < 400, and let {¢:} satisfy (2.2)-(2.6).
Observe that diam(W;) < 4§, by (2.6), and that dist(W;,R™ \ U) > 4,
because Wy C U, (by (2.6)) and we took § < 7. Then HY(ENW;) < C§%,
by the local Ahlfors-regularity of E* (see Lemma 2.15, but we are still in
the standard quasiminimal case). Here C' depends on M = 1+ h(J), but
this is all right.

If HY{(ENW;) < HY(p(ENWY)), then (4.4) holds stupidly. Otherwise,

HYENW1) < (1+h(6)H (p1(ENWh))
< HY(p1(ENWL)) + h(§)HYE N W) (4.6)
< HYp1(ENWy)) + Ch(6)8,

by (4.2). This is (4.4), with k(6) = Ch(d).
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The author does not know for sure that Definition 4.1 is strictly stronger
than Definition 4.3, but it also seems difficult to prove that they are equiva-
lent. This is why we spent some time dealing with generalized quasiminimal
sets in the previous sections. Notice that F is an A-almost-minimal set in
U, with gauge function h, if and only if it lies in the class GAQ(1, 4§, U, h(4))
of Definition 2.10 for every § > 0 . If ¢ is small, h(d) is as small as we want,
and then we can apply all the results of Sections 2 and 3. In particular, we
have the following consequence of Lemma 3.3.

LEMMA 4.7.— Let {Ex} be a sequence of A-almost-minimal sets in U,
with the same gauge function h. Assume that each Ey, is reduced (i.e., that
E} = E}), and that the sequence {Ey} converges to the closed set E in U
(i.e., (3.1) holds for each compact H C U). Then E is a reduced A-almost-
minimal set in U, with the same gauge function h.

To be fair, since Lemma 3.3 needs h to be small enough, it seems that
we should replace h(d) with +oo for ¢ large, but in fact we do not even need
to do this. We can apply Lemma 3.3 with § small, and this gives (3.4) and
all the good local properties of E and the Ej, which we can then use as in
the proof of Lemma 3.3 to give the desired result even when h(J) is large.
But anyway it makes no real difference, because we shall not be able to use
the conclusion when h(d) is large. O

Let us now give a variant of Definition 4.3 where the accounting is done
more simply, as in Definitions 1.4 and 1.6.

DEFINITION 4.8.— Let E be a closed subset of U such that (2.1) holds.
We say that E is an A’-almost-minimal set in U, with gauge function h, if
for each 6 > 0 and each family {¢:}o<i<1 such that (2.2)-(2.6) hold,

HYE\ F) < HYF\ E) + h(5)s%, (4.9)
were we set F'= ¢1(E).

When E and F coincide out of some compact ball B C U, (4.9) simply
says that HY(E N B) < HY(F N B) + h(8)6%; we wrote (4.9) the way we
did just to avoid mentioning the existence of such a B. Notice that the
Al-minimal sets of Definition 1.6 are the same as A’-almost-minimal sets in
R™, with gauge function » = 0. Definition 4.8 looks simpler, but is in fact
equivalent to Definition 4.3.

PROPOSITION 4.10.— Let E be a closed subset of U such that (2.1)
holds. Then E is an A-almost-minimal set in U with gauge function h if
and only if E is an A’-almost-minimal set in U with (the same) gauge
function h.
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First suppose that F is an A’-almost-minimal set, and let {¢:} satisfy
(2.2)-(2.6). We know (4.9) and we want to check (4.4).

Set By = ENW;, E; = E\ Ey, and F = ¢1(E). Then
HYENW,) = HYE,)) = HY(E,NF)+ HYFE, \ F) (4.11)
trivially. Now E2 C F because ¢1(x) = x on Es, so By \ F'= E\ F. Then

HYENW,)=HYE,NF)+HYE\F) < H(E,NF)+HYF\ E)+h(5)§?,

(4.12)
by (4.11) and (4.9). Observe that F = p1(E) = ¢1(F1) U p1(FE2) and
(pl(EQ) = FE5 C E because ng(fE) =xon Fy. Then E1NF = E1 N [Sﬁl(El) U
v1(F2)] = E1 N @1(F1) because F1 N p1(Ey) = E1 N Ey = (). Similarly,
F\E = i(E1)\ E because ¢1(E2) C E. Thus (4.12) says that

HYENW) < HYE N ¢1(E1) + HY(p1(Er) \ E) + h(8)s*
< HYE N1 (Br)) + HY (o1 (Er) \ B1) + h(8)5?
= Hp1(F1)) + h(8)6% = H(p1(EN W) + h(5)5,
(4.13)
as needed for (4.4). This proves our first inclusion.

Now let us assume that F is an A-almost-minimal set, and prove that it
is an A’-almost-minimal set with the same gauge function. Again let {p:}
satisfy (2.2)-(2.6); we would like to show that (4.9) holds. We cannot deduce
this so easily from (4.4), because if we are too unlucky, ¢1(E N W7) may
have a big part in E \ Wy, which is accounted for in (4.4) (and helps it
hold) but not in (4.9). This may happen if W7 is somewhat smaller than its
image; if this is the case, we shall need to modify the ¢; a bit, to make W3
larger before we apply (4.4).

Set ¢ = 1 to save notation. We want to replace ¢ with functions yy
defined by

pr(x) = (z) +exp(p(e)) v, (4.14)

where v is a given unit vector in R™, {4} is a sequence that tends to 0, and
¢ : U — Ris a correctly chosen smooth function with compact support in
U. Recall that there is a relatively compact set W C U, defined by (2.5)
and that satisfies (2.6). Let S and S’ be compact subsets of U such that

WcScit(s)cS cU and diam(S') < 6; (4.15)
other conditions may show up later. We choose v so that
0 < ¢(z) < 1 everywhere, (4.16)
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Yx)=1forxe S, and P(x)=0forz U\ S (4.17)

Since we want to apply (4.4) to ¢k, we need to check that it is the endpoint
of an acceptable family ¢ ¢, 0 <t < 1. Set

or.t(2) = pi() + terp(pe())v. (4.18)

The conditions (2.2)-(2.4) clearly hold for this family, so we just have
to check (2.6). Set Wi, = {z € U; ¢ (z) # x}. Then Wy, C S’, because
if ¢ ¢ 5, (4.15) says that ¢:(x) = z, and then (4.17) and (4.18) say that
¢k,¢(x) = z. Let us also check that

it (Wie) C Sj = {y; dist(y, ") <ex}. (4.19)

Notice that
|kt — pr(z)| < ep for z € U, (4.20)

by (4.18) and (4.16). If © € W3, then ¢i(z) € o:(W:) C S by (4.15), and so

o k(x) € S), by (4.20). If © € Wy, \ Wy, then ¢ (z) =z € Wi C 57, and
then ¢y (z) € S}, by (4.20) again. This proves (4.19).

We are now ready to prove (2.6) for the ¢y ;. Set Wk = U [Wk U

0kt (Wi.1)]. We just proved that /V[71C C S}, and it is obvious from (4.15) and
the compactness of S’ that for k large, Sj, is a compact subset of U with
diam(S},) < é. This proves (2.6). So we can apply (4.4), and we get that

HYENWg1) < H (or(ENWy1)) + h(6)5°. (4.21)

Now we shall cut our sets into pieces to control the overlaps and even-
tually get something that looks like (4.9). What comes out of the small
annular region A = 5"\ S will be estimated brutally, and later thrown out
to the trash, so we shall concentrate on £y = ENS and E; = E'\ 5.

First observe that pg(z) = x for x € Es, by (4.15) and (4.17). Also,
w(E1) C S because if p(x) # x then x € Wy and ¢(z) € S by (4.15).
Consequently, ¢r(E1) C S’ for k large enough, by (4.20). In particular,
i (E1) does not meet @i (E2) = Ea. Observe also that Wy 1 does not meet
E; =FE\S'. Thus

HYop(ENWyi1)) = HY(pp(ENWi1NS"))
< Hd(gok(El ka,l)) -‘er((pk(EﬂA)) (422)
= H(p(E1 N Wi,1)) + HY (pr(E N A)),

where the last equality comes from the fact that ¢y — ¢ is constant on Fj,
by (4.17) and because we just said that ¢(Eq) C S.
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It is not necessarily true that £y C W, 1, but the difference is small: we
claim that

Ey\ Wi C Zp =:{z € E1; 0 < |p(zx) — 2| <er}. (4.23)

Indeed let x € E; be given, and assume that it does not lie in the set on the
right-hand side. If ¢(z) = x, then ¢ (z) # x because ¢(x) € S and (4.17)
says that ¢(p(z)) = 1. And if |p(x) — x| > ek, (4.20) says that pr(z) # «
too. So x € Wy 1 in both cases; (4.23) follows. Now

HYEy) = HY(Ey N W) + HY(Ey \ W)

(

Yop(ENWy1)) + h(6)0% + H(Zy,)
(
(

d gD(El N Wk 1)) + Hd((pk(E n A)) + h(é)&d + Hd(Zk)
d

NN N

H
H
HY(@(E1)) + H(pr(EN A)) + h(6)6% + H(Z)

(4.24)
by (4.21) and (4.23), and then (4.22). To get closer to (4.9), observe that

HYE\@(E)) = H(ENS'\¢(E)) = HY(ENS")—HYENS' Np(E)) (4.25)

because E; = E'\ S’ is contained in ¢(F). Similarly,
HY(p(E)\E) > H(p(E)NS'\ E) = H'(p(E)NS") — H(ENS' Ng(E)).
(4.26)

Set A= HYE\ F) - HYF\ E)= HYE\ p(E)) — HY(p(E) \ F). This is
the quantity that we want to majorize, and we just proved that

A<HYENS) - HY(p(E)NnS"). (4.27)

Recall that p(F1) C S (see four lines above (4.22)), so ¢(E) N S’ contains
¢(FE1) and (4.27) implies that

A< HYENS)—HYp(F,)) = HYE) + H(ENA)— HY(o(Ey)), (4.28)

because ENS' = (ENS)U(ENS'\S) = E;U(ENA) by definitions. Then
(4.24) yields

A< HYENA)+ HYpp(ENA)) + h(8)5% + HY(Zy). (4.29)

Notice that ¢ = hy o, where hy, is Lipschitz, with a Lipschitz constant
that stays below 2 when k is large enough. Then for k large, H¢ (1, (ENA)) <
C,HY(E N A), with a constant C, that depends on ¢ but not k or ¢. On
the other hand, when ¢, tends to 0, the set Z; in (4.23) decreases to the
empty set, and so limy_. 4 oo H%(Z;,) = 0. Thus (4.29) yields

A< (14 CLHYE N A) + h(8)5%. (4.30)
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Recall that A = 5"\ S, where we only required that S and S’ be compact
and satisfy (4.15). We can do this so that H¢(EN A) is as small as we want,
and so A < h(8)d%, as needed for (4.9). Thus E is an A’-almost-minimal
set, with the same gauge function h as for its A-almost-minimality. This
completes our proof of Proposition 4.10. O

B. MONOTONICITY OF DENSITY AND APPROXIMATION
BY CONES

5. Density is nearly nondecreasing

In this section we show that if E is a minimal set of dimension d in
R™, then, for each choice of x € R", r~¢HY(E N B(x,r)) is a nondecreas-
ing function of r. We also give a local version of this, and generalizations
to almost-minimal sets with sufficiently small gauge functions. See Propo-
sitions 5.16, 5.24, and 5.30 below. Incidentally, all this is supposed to be
very classical, and the general idea will be to compare E with a cone. We
do not do this directly because the cone is not exactly a competitor, and
to avoid (probably minor) problems of definitions or regularity. Instead we
first prove an integrated version.

LEMMA 5.1.— Let U C R"™ be open, and let E be a reduced A- or A’-
almost-minimal set in U, with gauge function h. Let x € E and 0 < p1 < ps
be such that B(z,p2) C U. Then

HY(EN B(z,p1)) < h(2p2)(2p2)?

1 r(y) cos O(y)

p p2 / B(x P B sP1

dH(y),

where we set r(y) = |y — x|, and 6(y) € [0, /2] denotes the (smallest) angle
between the radius [x,y] and the tangent d-plane to E at y.

See Definition 4.3 or 4.8 for almost-minimal sets. Also recall that F
is rectifiable, by Theorem 2.11 in [DS] (generalized as in Section 2). The
rectifiability of E gives an approximate tangent plane to E at y for H-
almost every y € E, which is enough to define §(y). But here FE is locally
Ahlfors-regular too, so the approximate tangent plane is even a true tangent
d-plane (for instance by Exercise 41.21 on page 277 of [D2]).

To prove the lemma, we may assume that = 0. Let 0 < r; < 73 be such
that B(0,73) C U; we want to compare E with the competitor F' = ¢(E),
where ¢ is the radial function defined by ¢(r&) = ¢(r)€ for r > 0 and
¢ € 0B(0,1), and where ¢ is the piecewise linear function such that (as
suggested by Figure 5.1)
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ro(r—ri)
“ro—r fOrr1<T<r2,

SO(T) =0for0 < r grl? SO(T) = (5 3)
and o(r) =7 forr =2 rq. .

Note that the one-parameter family ¢, defined by ¢¢(y) = (1 — t)y + té(y)
satisfies (2.2)-(2.6) with any § > 2ro. Here Wy = B(0,7r3) \ {0}, and (4.4)
says that

HYENB(0,15)) < HY¢(EN B(0,73))) + h(8)5<. (5.4)

Notice that (4.9) yields exactly the same thing, after adding H*(EN¢(E)N
B(0,r2)), so we don’t need to worry about which definition of almost-
minimality we take. We shall remember that (5.4) holds for all § > 2rs.

Next we need to evaluate HY(¢(ENB(0,73)). Set A = B(0,72)\ B(0,71).
We just need to evaluate H(¢(E N A)), because E N B(0,r;) is mapped to
the origin.

We shall use the rectifiability of E. Let y € E be given, and assume
that F has a tangent d-plane at y. Denote by P this d-plane and by P’ the
vector d-plane parallel to P. Also set r(y) = |y| and § = y/r(y).

We want to compute how the differential D¢(y) acts on vectors. In the
radial direction, we just use the fact that for ¢ > 0 such that ty € A,

o7) = 907 = 2= 5 by (5.3), 50 Do) 5 = lra/ 12— )] For
vectors w orthogonal to g, (5.3) yields Do(y) - w = [p(r(y))/r(y)]w.

o(r)
0 rn n r
Figure 3
0 Y_70(y)
P
p
Figure 4
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If P is orthogonal to [0,y] at y, Dé(y) acts on P’ by multiplication by
©(r(y))/r(y). Otherwise, denote by p the orthogonal projection on P of the

origin, and set v = 55:5\) € P'. [See Figure 4] By definition, §(y) is the angle
of [0, y] with v, so v = cos 8(y) ¥ +sin 8(y) w for some unit vector w orthogo-

nal to . Then Do(y) -v = [ra/(ra —r1)] cos 0(y) g+ [(r(y)) /r(y)] sin 6(y) w
and |D¢(y) - v| = B(y), where we set

3(u) = {[ra/ra = ra)]2 cos? 09) + o)) r) 2 sin0) ) . (5.5)

We are ready to apply the area formula to compute H%(¢(E N A)) (in other
words, we cover EN A with disjoint measurable subsets of C'! surfaces, plus
a set of vanishing H? measure, and then compute the Hausdorff measure of
images on each C' piece with the derivative of ¢; we don’t need to worry
about overlaps, since ¢ is bijective on A). We get that

Hd(d)(EﬁB(O,rQ))):Hd(fb(EﬁA)):/ [o(r(y)/r(y))*~ Bly)dH (y),

ENA
(5.6)
where the extra [o(r(y))/r(y)]9~! comes from the directions of P’ that are
orthogonal to v. When P is orthogonal to [0,y] at y, (5.6) also gives the
right factor [p(r(y))/r(y)]¢, because 0(y) = 7/2. We plug this back into
(5.4) and get that

HY(E N B(0, 7)) < h(8)5% + /E W) ) ). (67

It is tempting to let 7o — ry tend to 0 now, but we decided to take an
average before we do this, and this is what will lead to (5.2). So we fix
0 < p1 < p2 such that B(0,p2) C U, pick a small n > 0, and for each
t € (p1,p2), we apply (5.7) with ro = ¢, r1 = t—n, and 6 = 2p,. [Recall that
we can take any § > 2r3 in (5.4) and (5.7).] Then we average over ¢ and get
that

HYENB(0,p1 — 1)) < h(2p2)(202)" +

o) (5

where
=/ (e () /) Bulp)dH ), (5.9)
tE(p1,p2) JYEE ; t—n<r(y)<t
with obvious notations concerning ¢; and ;. By Fubini,
1) = [ 9,(y) dH(y), (5.10)
YyEE ; p1—n<r(y)<p2
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with
gn(y) = / (e (r(y)) /()] Be(y)dt. (5.11)
t€(p1,p2)N[r(y),r(y)+n]

First observe that here ro/(ro — r1) = t/n. Then (5.5) yields

Buly) = {0/ cos?8(0) + [P s o)}
< {(t/m)? cos?0(y) + 1} < (/) cos O(y) + 1
because ¢;(r(y)) < r(y) and a® + b* < (a + b)?. This yields
Bely) <~ 'teosO(y) +1 <~ [(r(y) +n) cosB(y) + 1] (5.13)
on the domain of integration in (5.11). Also
pe(r(y) _ r2 rly)—m _ t rly) —t+n o ar@ A0 o
ry) vy ra—r r(y) 1 ST (rlw)=t+n).
(5.14)

by (5.3) and because ¢t < r(y) + n on the domain of integration, so

N

n~[(r(y) +n) cos O(y) + 7] (w)dﬂ

9n (y) ()

(r(y) —t+n)"at
te[r(y),r(y)+n

= 2 1(r) + ) cosly) +n) (T2) T < Ly cos o) + O

where C is allowed to depend on many things, but not on 1. We return to

1
(5.10) and get that I(n) < p [r(y) cos (y) + Cn] dH(y).
yEE; p1—n<r(y)<pz

Then (5.8) becomes

HYEN B(0, p1 — n)) < 1(2p2)(2p2)"
11

p2—p1 d /yeE;pl—n<r(y)<p2

[r(y) cosB(y) + Cn] dH* (y).

(5.15)
Then we let i tend to 0 and get (5.2). This completes our proof of Lemma 5.1.
([l

Remark. — The deformation ¢ that we used in the proof of Lemma 5.1
is not a bijection, but we could have used the homeomorphism ¢;(y) =
(1 —t)y + td(y), with ¢t < 1 very close to 1, and then go to the limit and
get (5.2) anyway. So Lemma 5.1, and Propositions 5.16 and 5.30 below,
also hold when F lies in the larger class of almost-minimal sets where the
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deformations in (2.2)-(2.6) are also required to be homeomorphisms, at least
if we assume that FE is rectifiable. I do not think that Proposition 5.24 below
extends to this context (we shall also use local Ahlfors-regularity there).

We want to use Lemma 5.1 to get monotonicity results for r~¢He(E N
B(z,r)). We start with the easier case of minimal sets.

PROPOSITION 5.16.— Let E be a minimal set in U. This means that
E is almost-minimal in U, with gauge function h = 0 (and Definitions 4.1,
4.8, and 4.8 are all equivalent in this case). Let © € U and R > 0 be such
that B(x, R) C U. Then 0(x,r) = r~*HY(E N B(x,r)) is a nondecreasing
function of r on (0, R).
Let B(x,R) be as in the statement, and define a locally finite Borel
measure p on [0, R) by
w(A) = HY(ENnr'(A)) for every Borel set A C [0, R), (5.17)
where 7 is the radial projection defined by 7(y) = |x—y|. Then decompose
into its absolutely continuous part u, and its singular part ps, and denote by
a(r) the density of u, with respect to the Lebesgue measure. The Lebesgue

density theorem allows us to compute a(r) at almost-every point r € [0, R)
as a limit of densities, i.e.,

o1 R
a(r) = tLH& : u([r —t,7)) = tliré1+ i HY(ENB(z,r)\ B(z,r —t)). (5.18)
Similarly a(r) = lim;_o+ + H(ENB(z,r +t)\ B(z,r)) for almost-every r.
Consequently, if we set

I(r) = HY(E N B(z,r)) for 0 < r < R, (5.19)

then I(r) is differentiable almost-everywhere on (0, R), and I'(r) = a(r)
almost-everywhere. Let us only assume for the moment that F is almost-
minimal, and apply Lemma 5.1 with po =7 € (0, R) and p; = r —t. We can
even drop cosf(y) and get that

I(r—t) < (2r)¢n(2r) + % HYE N B(z,r) \ B(z,r —1)). (5.20)

Then we let ¢ tend to 0, use (5.18), and get that
I(r) < (2r)dh(2r)+§ a(r) = (2r)dh(2r)+§ '(r) for almost-every r € (0, R).
(5.21)

Here E is even a minimal set, so (5.21) says that [(r) < 51'(r). Recall that
I(r) = f[o -y du; we claim that for 0 <a <b < R,

6(x,b) — O(z, ) = / lapty —d [ . (5.22)
[a,b) la,b)
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Set g(t) = t~%; thus 6(z,r) = g(r)l(r), and we just want to show that the
derivative of the product gl is gdu + ¢'l. Let 0 < a < b < R be given, and
apply Fubini’s theorem to I = fa<s<t<b g'(s)dsdu(t). One computation gives
I= f[mb) [g(t) — g(a)]du(t), and the other one yields [ = f[a}b) g (s)[l(b) —
I(s)]ds. Then
| swdutt)+ [ s =149 [ du(o)
[a,b) [a,b) [a,b)

+[-T+ l(b)/[ ) g'(s)ds] (5.23)

= 9(a)(1(b) = I(a)) + 1(b)(9(b) — g(a)) = g(b)I(b) — g(a)l(a).
This is just (5.22); note that (5.23) would work with any smooth function g.
We may now conclude. Recall that t~9du(t) >t~ (t)dt > dt=41i(t)dt

because du(t) = du,(t) = U'(t)dt and by (5.21) with h(2r) = 0, so (5.22)
says that 6(z,-) is nondecreasing, and Proposition 5.16 follows. O

PROPOSITION 5.24. — There is a constant A > 1, that depends only onn
and d, such that the following holds. Suppose that E is an A- or A’-almost-
minimal set in U, with gauge function h. Let x € E*NU and R > 0 be such
that B(xz,R) C U, and also assume that h(R) is small enough (depending

only on n and d) and that fo & < +oo. Then

0(z,r)erM ) is a nondecreasing function of r € (0, R), (5.25)
" dt
where we set A(r) = / h(2t)— for 0 <r < R.
0 T

Notice that here we had to take x € E* NU to get the conclusion
(Recall from Definition 2.12 that E* is the closed support of H ﬁE) Since

lim, 0 A(r) =0, eM(") tends to 1 and can be seen as a mild penalty that
measures a potential defect in monotonicity.

We start the proof as in Proposition 5.16, but we multiply I(¢) with
g(t) = t=4er ) By (5.23), the distribution derivative of g(¢)I(t) is g(t)dpu(t)
+ g’ (®O)1(t)dt. Also, du(t) > dua(t) = a(t)dt = U'(t)dt, so

0(z,0)eM® — 9(z,a)eM @ > /b[g(t)l/(t) +g'(t)l(t)]dt, (5.26)

as in (5.22). So it is enough to check that g(¢)I'(t) +
everywhere. But ¢/(t) = —2 g(t) + AA'(t)g(t) = — 2 g(t) + hff g(t), s

g0 () + 010 = o 1) — 1) + A",
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Now (5.21) says that I'(t) > 4 [I(t)— (2t)?h(2t)], so it is enough to check that
(2t)¢ < Al(t). This comes from Lemma 2.15; we just have to take A > 2¢C,
where C'is as in (2.16). This is the reason why we have to take z € E* and
assume that h(R) is small enough. O

The case of A -almost-minimal sets is a little easier, because we may
replace the error term h(8)6? in (5.4) with h(8)H¢(¢p(E N B(0,73)). [We use
(4.2) instead of (4.4).] When we follow the computations, we see that we
can replace (5.2) with

7(y) cosO(y)

1+ h(2
HYE N B, o) < ) ar(y).
P1 — P2 ENB(z,p2)\B(z,p1) d
(5.28)
Then (5.21) may be replaced with
I(r) <1+ h(2r)) 2 I'(r) for almost-every r € (0, R), (5.29)

and (5.27) allows us to show that 6(x,r)e*4(") is nondecreasing as soon as

[14+h2e)] 14 -4 4 \CY > 0 e, when A > d {1 — [1+ h(2)]~'}. This
proves the following intermediate statement for A -almost-minimal sets,

where the interest is that we no longer need to take a center in E*.

PROPOSITION 5.30. — For each A > 0 we can find 7 > 0, that depends
only on n, d, and X\, with the following property. Let E be an Ay -almost-
minimal set in U, with gauge function h. Let x € U and R > 0 be such
that B(x, R) C U, and suppose that h(2R) < 7 and fOR h(2r)L < 4o0. Set
Alr) = [y h(2r)% for 0 <r < R. Then

0(z,7)er ) is a nondecreasing function of r € (0, R). (5.31)

Remark 5.32.— Tt is tempting to try to prove Propositions 5.16, 5.24,
and 5.30 without using the rectifiability of E. It would be enough to prove
that

: ") apray

HY(E N B(z, p1) < h(2p) (20)" + /
P1 = P2 JEAB(z.p2)\B(zp1) @

(5.33)
(or the corresponding variant in the case of Proposition 5.30) instead of
(5.2) (i.e., without the cosine), and then continue as before. To do so, we
would need to change the argument near (5.5), when we compute the effect
of D¢ on the tangent plane. We observed that Dé(y).v = [ro/(r2 —r1)]v in
the radial direction and D¢(y).v = [p(r(y))/r(y)]v in the other direction,
so we expect that ¢ will at most multiply the Hausdorff measure of E by
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[ro/(ro—7r1)][@(r(y))/r(y)]?~! at y, with the effect of replacing 3(y) in (5.5)
with [re/(r2 — r1)] and eventually leading to (5.33). But the author is not
aware of a generalization to unrectifiable sets of the obvious estimate on
Hausdorff measure of affine images (of rectifiable sets) that would allow to
conclude here. We could also try to replace the Hausdorff measure with a
more friendly variant. Anyway, this may not be so useful, because the cosine
that shows up in Lemma 5.1 will really be used in the next section.

6. Minimal sets with constant density

In addition to the monotonicity of density proved in the last section, it
will be useful to know that when E is a minimal set and

0(r) = r_QHd(B(O,r)) (6.1)

is constant on some interval (a,b), then E* coincides on B(0,b) \ B(0,a)
with a minimal cone (i.e., a minimal set which is a cone) centered at the
origin.

THEOREM 6.2.— Let E be a reduced minimal set of dimension d in
B(0,b) C R™. This means that E is a reduced almost-minimal in B(0,b), as
in Definition 4.3 or 4.8 (also see Definition 2.12), with the gauge function
h =0. Assume that we can find a € [0,b) and a constant 0y > 0 such that

O(r) =6y fora <r <b. (6.3)
Then there is a reduced minimal cone C centered at the origin such that

EN[B(0,b)\ B(0,a)] = CN[B(0,b)\ B(0,a)]. (6.4)

Recall that our two definitions of minimality are equivalent. We shall not
need to know this, because it will be just as simple to prove the theorem
for both notions. Of course Theorem 6.2 also applies if £ is minimal in a
domain that contains B(0,b).

Observe also that if we did not assume that F is reduced, we would still
get that E* N [B(0,b) \ B(0,a)] = CN[B(0,b) \ B(0,a)] (instead of (6.4));
this is easy, because E* is a reduced minimal set, with the same density, by
Remark 2.14 and (2.13), so we can apply Theorem 6.2 to it.

Let E be as in the theorem. We first look at Proposition 5.16 to see if we
can derive extra information because (6.3) holds. Set A = B(0,b)\ B(0,a) =
7-1((a,b)), where 7 denotes the radial projection defined by 7 (y) = |y|. We
want to prove that

cosO(y) = 1 for H-almost every y € EN A, (6.5)

where cos0(y) is as in Lemma 5.1.
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Let v be the finite Borel measure on (a,b) defined by
v(S) = / cos 0(y)dH?(y) (6.6)
Enm—1(S)

for S C (a,b). Notice that v < u, where p is as in (5.17) and corresponds
to replacing cos0(y) with 1. By (6.3), u([a, 5)) = 6o(8 — @) for a < a <
B < b, so du = pdx on (a,b). Then v is absolutely continuous too. Let
f denote its density (with respect to the Lebesgue measure). Notice that
f(r) = limy_g+ 1v([r — ¢t,7)) almost-everywhere, as in (5.18). We apply
Lemma 5.1 with po = r € (a,b) and p; = r —t, as we did for (5.20), and we
get that

I(r—1) < %Hd(EmB(x,r)\B(x,r—o) (6.7)

instead of (5.20) (just because h = 0 here). Then we let ¢ tend to 0 and
get that [(r) < 5 f(r) (instead of (5.21)). We also have that f(r) < I'(r),
because I'(r) is the density of  and v < p. In addition, I(r) = r0(r) = 796,
by (6.1) and (6.3), so I'(r) = dr?=16y = di(r)/r. Altogether

I(r) < gf(r) < gl'(r) =I(r) almost-everywhere on (a,b), (6.8)
and in particular f(r) = I'(r) almost-everywhere on (a,b). Recall that f is
the density of the absolutely continuous measure v, so

b b
v((a,b)) = / F(r)dr = / V(r)dr = p((a,b)), (6.9)
and (6.5) follows by comparison.

In geometrical terms, (6.5) just says that for H%almost-every point y €
E N A, the tangent plane to E at y goes through the origin. This looks like
pretty strong evidence that E coincides with a cone in A, but apparently
we need some nontrivial amount of additional work to get the result. In
particular, we shall use the minimality of £ again.

Denote by mg the radial projection onto the unit sphere. Thus 7g(y) =
y/ly|. We claim that
H(rg(ENA)) =0. (6.10)

This is an easy consequence of (6.5). Indeed recall from Section 2 that F
is both rectifiable and locally Ahlfors-regular, so by Exercise 41.21 on page
277 of [D2]) it has a true tangent d-plane at almost every point. [We don’t
really need to know this here, but this will make the discussion simpler.]

By rectifiability, we can cover E'N A, up to a negligible set N such that
H?(N) = 0, by a countable collection of d-dimensional surfaces T'; of class
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C*. For almost-every point y of EN ANT;, the tangent d-plane to E at y
is the same as the tangent d-plane to I'; at y, because we may assume that
y is a point of positive upper density of ENT;), and then (6.5) says that
this d-plane goes through the origin. So y is a critical point of g on I';, and
Sard’s theorem (applied to 7g on T;) says that HY(rs(E N ANT;)) = 0.
Since H(m5(N)) = 0 because 7g is Lipschitz on A, we just need to sum
over i to get (6.10).

PROPOSITION 6.11.— Let y € EN A be such that E has a tangent d-
plane P at y which goes through 0. Then E contains the radial line segment
L=Anng"(rs(y)) through y.

Let us first check that Proposition 6.11 implies that
E coincides on A with a cone; (6.12)

we shall only see later that this cone is a reduced minimal set.

Call E; the set of points y € EN A that satisfy the conditions of Propo-
sition 6.11; by the discussion above (the proof of (6.10)), almost-every point
of EN A lies in Ey. In particular, Fy is dense in EN A. Call C the cone over
Ei; then ENAC E; C C. Conversely, CN A C E, by Proposition 6.11 and
because E is closed. So (6.12) follows from Proposition 6.11.

The proof of Proposition 6.11 will take some time. Let y € E* N A,
P, and L be as in the proposition, and suppose in addition that L is not
contained in E. We want to construct a deformation of E and eventually
get a contradiction with its minimality.

We need lots of notation before we start. Since L is not contained in E,
we can pick € L\ E. Let g9 be small, to be chosen near the end. Then
pick a small radius r, such that

dist(z, P) < eglz —y| for z € EN2B,, (6.13)

where we set By, = B(y,ry) and 2B, = B(y, 2r,). Notice that (6.13) holds
for r, small enough, because P is tangent to E at y. We choose r,, < b/100
and so small that 2B, is contained in A and does not contain x.

Now let 7, be a small radius, smaller than r, and such that if B, =
B(z,ry), then
2B, C A\ [EU2B,]. (6.14)

We shall also need to take r, small enough, depending on r,, for the final
estimate to work.
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Without loss of generality, we may assume that coordinates were chosen
so that L is contained in the positive first axis, and P is the horizontal
d-plane where z441 = -+ = x,, = 0. We know that L C P, by (6.5), so this
is coherent. We shall identify R™ with L’ x P’ x @, where L’ is the line that
contains L and the first axis, P’ is the orthogonal complement of L' in P
(so P’ corresponds to x1 = 441 = -+ = 2, = 0), and @ is the orthogonal
of P in R™. Thus @Q is (n — d)-dimensional.

We shall often use this identification to denote points of R"™ by z =
(21,22,23), with 21 € L', 29 € P’ and 23 € Q. Also, we identify L’ with R,
so there is an order on L', and we assume that 0 < x < y in L’; the other
case would be treaded similarly.

So we want to construct a deformation f and use it to reach a contra-
diction. We start with a first deformation f; that tries to send to P points
that lie near L and roughly between z and y. The effect of this map will
be to free from F\ P a small tunnel near L. This map f; will be composed
with other maps f;, j > 2, that will be defined later; the main goal is to
make most of &N B, disappear, by retracting it on a boundary; the tunnel
will be used as a clean path that leads from z to y.

LEMMA 6.15. — We can find € € P'NB(0,7,/100) and p € (r;/2,2r,/3)
such that EN A does not meet the cone over Se¢ , =z + &+ [Q NIOB(0, p)].

Thus S¢ , is a (n — d — 1)-dimensional sphere centered at  + . When
d=mn—1, S, is just composed of two points that lie on different sides of
P. See Figure 5 for two special cases when n = 3.

To prove Lemma 6.15, pick any small constant 7 > 0 and set Z, =
{(21,22723) ens(ANE); z > T}, where g still denotes the radial pro-
jection on the unit sphere. We know from (6.10) that H%(Z,) = 0. Then
define ¢, : Z; — P’ x R, by ¢, (21, 22, 23) = (r22/21,x|23]/21). Notice that
1, is Lipschitz (with a bound that depends on 7, but this does not matter)
S0 Hd(’l/)T(ZT)) =0.

Recall that P’ xR is d-dimensional, so we can pick £ € P'NB(z,r,/100)
and p € (r;/2,2r;/3) such that (&, p) lies in no ¥, (Z; ). Let us check that the
cone over St , does not meet ENA. Otherwise, we can find z = (21, 22, 23) €
ENAand A > 0 such that Az € S¢,. This last forces A2y = = > 0
(we identify x with its first component), so z; > 0 and wg(z) lies in Z;
for 7 small enough. Next . (ms(z)) = ¥, (2/]z]) = (v22/z1,x|23]/21) =
(Az2, A|z3]) because A\z; = z. But Az € S¢ ,, 50 Azo = £ and A|z3]| = p, hence
Y- (ms(2)) = (&, p), which is impossible by choice of £ and p. So the cone
over S¢ , does not meet £/ N A; this proves Lemma 6.15. O
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Q SE N Does not meet E

Does not meet E

Figure 6. — n=3,d=1

Choose a pair (&, p) as in Lemma 6.15. For a < s <t < b, set
V(s,t)={z€R"; s <z <t} (6.16)

With this notation, Se , is contained in the vertical hyperplane V' (z, x). Pick
a1 and by on the first axis, with a < a; < b; < b, so that

Ew U Ey C V(al, bl) (617)

Set S , = {z € V(z,2); dist(z,S¢ , < 2¢} for £ > 0. Also call C. the cone
over Sgp. If r,, and e are small enough, C. NV (aq1,b1) is a compact subset
of A. Then, by compactness and because the cone over S¢ , does not meet
EN A, we can choose € so small that

Ce NV(ay,b1) does not meet E. (6.18)

Of course € may be very small, so we shall need to be careful and avoid
letting our final estimates depend on €. Also choose ¢ smaller than r, /100
to avoid possible geometric complications.

Our first map f; will act inside vertical hyperplanes V (s, s), and we first
want to describe how it works in V(z,x). The reader may refer to Figure
7, which is a picture in V' (z,z). The dimensions of the picture correspond
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ton =3 and d = 2; in general, V(z,x) is n — 1 dimensional, P’ is (d — 1)-
dimensional, and @ is (n — d)-dimensional, but the picture is simple in P’,
and things will be invariant under rotations in x + @, so Figure 7 still gives
a fair idea of what happens.

Set J = P'NB(z+¢&,7,/10) and S = 2+ £+ QNOB(0, p+¢) (a sphere
concentric with S¢ ,, but just a bit larger), and then denote by T the convex
hull of J U S’. Thus

T ={(x,22,23); |22 — £| < (p+¢& — |z3]) 7 /(10p + 10¢) }. (6.19)

Set f(z) = z in V(z,z) \T. For z € T\ C., write z = (z, 22, 23), call
z* = (z,&, pzs/|z3|) the closest point of S¢ ,, and then let f(z) be the radial
projection of z onto P’ UAT, with origin z*. That is, f(z) lies on P/ UIT, z
lies on the segment [z*, f(z)], and the open segment does not meet P’ UJT.
Obviously fis continuous across 07

The reader may be worried about the Lipschitz-continuity of ]? inside
T\ C., so let us say a few words about that. Let us first check that

|z3| < p—e when (x,292,23) € T\ Ce, (6.20)

which is already almost obvious from Figure 7. Otherwise, |20 —&| < (p+e—
|z5|)7/(10p + 10e) < 2er,/10p < 4¢/10, by (6.19) and because p > r,/2.
Recall that 2* = (z,€, pza/|2s]), 0 |2 — 212 = |25 — € + (p — |28])? <
16e2/100 + (p — |23])? < 16e%/100 + €2 < 4e?. This is impossible because
z ¢ Cg; (6.20) follows.

x+Q

Pl

Figure 7. — A picture in V(z, )
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We may now compute the radial projection of z onto P’, again with
origin z*. This point should be of the form 2z’ = z* + A(z — 2*), with A > 1.
Since the last coordinate z§ + A(z3 — z3) vanishes and 25 = pz3/|23|, we get
that A = p/(p — |z3]), which is indeed defined by (6.20) and larger than 1.
In addition, A and 2z’ are Lipschitz functions of z € T'\ C.. Now the radial
projection of z onto 0T, again with origin z*, is also Lipschitz on T\ C.. And
S0 is fv(z), because the infimum of two Lipschitz functions A is Lipschitz.

Since f is continuous across 87T, f is Lipschitz on V (z,z) \ C.

Extend f to the whole V(z, ), so that it is Lipschitz and f(T) C T. [If
this last condition is not satisfied, we can always compose the restriction of
f to T with a Lipschitz retraction onto T'.] Finally extend f to V (a1, by),
by homogeneity: set

f(z1,22,23) = % f(x, z0n /21, 232/ 21). (6.21)

Notice that fmoves the points inside vertical planes V (s, s).
We are now ready to define f;. Set

xozxf% and yO:er%y, (6.22)

and then let 1) be the continuous cut-off function such that

P(t) = 0 out of (xg,y0), ¥(t) =1 on [z,y], and

6.23
1 is affine on the two remaining intervals. ( )

Finally set
f1(z) = (1) f(2) + (1 = (z1)) z for z € R", (6.24)

where z; still denotes the first coordinate of z. Notice that z € V(a1,b1)
when ¢(z1) # 0, by (6.17).

Let us record a few properties of f; before we compose with a second
deformation. As promised, f; only moves the points inside vertical planes
V (s, s). Notice also that

f1(z) =z out of TNV (x0,y0), (6.25)
where T' denotes the cone over T, and that
f1 (fﬁV(J;O,yo)) C fﬁV(J;O,yo). (6.26)
We also want to see where the set £y = f1(F) lies. Let us check that
Eq ﬁfﬂV(m,y) C [Bfuﬂ NV (z,y), (6.27)

- 109 -



Guy David

where .J is the cone over .J (also notice that OT is the cone over the boundary
of T in V(z,z)). Indeed, let w € E; NT NV (x,y) be given, and let z € E
be such that f(z) = w. By (6.25), z € T. Also, z € V(x,y) because fi
moves points vertically. By (6.23) and (6.24), w = f(z). By (6.21), f(z) =

2L f(xz/21). By (6.18), z and 2z/2; lie out of C¢, and then f(zz/2) is the
projection on 9T U J of some point z*; (6.27) follows.

Near z, things are also easy. Indeed TN V(zg,x) C B, by construction,
and B, does not meet E by (6.14), so

EiNT NV (zg,x) =0 (6.28)
(again recall that f; only moves points on planes V (s, s), and inside T ).
Near y, we want to use the fact that
dist(z, P) < eglz — ¥ (6.29)
for z € EN2B, (by (6.13)) to show that
dist(w, P) < 2eg|lw —y| for w € E1 N B, (6.30)

Let w € By N By, be given, and let z € E be such that w = f;(z). Notice
that z € V(y — ry,y + ry) because fi; moves points vertically. If f1(z) = z,
then dist(w, P) = dist(z, P) < eolw — y| by (6.29). Otherwise, z € T by
(6.25). If r, is small enough (depending on z, y, and r,, but this is all
right), 7NV (y — ry, Yy +1y) C 2By, so z € 2B, and (6.29) holds.

Set 2/ = xz/z, and let us first worry about f(2'). Recall from (6.18)
that z and 2’ lie out of C¢; then 2z’ € T\ C¢, and (6.20) says that |z5| < p—e.

The point z* used to compute f(z') lies “above” 2, and so

dist(f(z'), P) = | f(2')s] < |24 = dist(2, P). (6.31)

Let us also check that

F(z') = 2| < Gdist(2/, P). (6.32)
If dist(2', P) > p/2, then (6.32) holds because the diameter of T" is less than
3p (recall that p > r,/2 > 5diam(J)/2). Otherwise, set z* = (z, &, pz4/|24]),
as in the definition of f(z’), and observe that f(z/) — z* = Az = z*%), for
some A > 1. In addition, A < p/(p — |24]), which corresponds to the radial
projection of 2z’ onto P; see the computation above (6.21). Then

- . 2t
F)— < (1)) =] < 18]

BT |2*—2'| < 6]25] = 6dist(2’, P) (6.33)
— 173
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because p — |z5| > p/2 and |z* — 2’| < diam(T") < 3p. So (6.32) holds in all
cases.

By homogeneity, (6.32) yields |f(z) — z| < 6dist(z, P). Then
|f1(z) — z| < 6dist(z, P) < 69|z — ¥, (6.34)

because f1(z) lies on the segment [z,f(z)], and then because (6.29) holds
for z. Similarly, dist(f(z), P) < dist(z, P) by (6.31) and homogeneity, and
then

dist(f1(z), P) < dist(z, P) (6.35)

because f1(z) lies on [z, f(2)].

Next [fi(2) —yl = |z —y| — [fi(2) — 2| = (1 — 6eo)|z — y|, by (6.34).
Therefore

dist(f1(z), P) < dist(z, P) < eo|z — y| < 2e0|f1(2) — ¥ (6.36)

by (6.35) and (6.29). Recall that w = f1(2); hence (6.36) proves (6.30).

To summarize, By N7T'N V(z,y) is contained in the union of the flat floor
J and the triangular tunnel 9T, by (6.27). In addition, there is no piece of

Ey at the end of T near z (by (6.28)), and near y we know that FE; stays
very close to P (by (6.30)), so the end of the tunnel near y is not completely
blocked by E; either.

We are now ready to construct a second deformation f>, to be composed
with fq. Its goal is to project Ey N B, onto P. We take

fa(z) =z for z € R™\ By, (6.37)

and inside B, we want f> to look like a radial projection onto P U 0B, It
will act a little like f; above, but we won’t need to move points in vertical
planes. On the other hand, we want to keep the invariance under rotations

in Q.

Set Sy = (y/x)Se,p, = y+(y/x){+QNIB(0, p1), where we set p1 = yp/z.
The precise choice of sphere will be useful later. Also set S, 1 = {z €
R™; dist(z,Sy) < p1/100}. Notice that S, and S, 4 both lie well inside B,
because p < r, and we take 7, much smaller than r,. See Figure 8.
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Figure 8

For z € By \ Sy,+, denote by 2¥ the closest point of Sy. Thus A =
(y, (y/x)&, p123/|23]). Then let fo(z) be the radial projection of z onto 0B, U
P, centered at zf. Let us check that fo is Lipschitz on By\ Sy+.Let 7>0
be very small. In the region where |z3| < p; — 7, the radial projection of z
onto P is well defined, and Lipschitz (we even checked below (6.20) that it
is equal to z# + \(z — 2F), with A\ = p1(p1 — |23])~". Then f, is Lipschitz
on this region. In the region where |z3| > p1 — 7, and if 7 is small enough,
the projection of z onto P is either not defined, or else lies out of B,. Then
f2(2) is the projection onto 0B,, and it is Lipschitz on the region. Notice
also that f2(z) = z on 9By, so it is continuous across 0B,, and Lipschitz on
R™\ Sy +.

We now extend fy to the whole R™, so that it is Lipschitz (probably

with a very bad constant) and maps B, to itself (otherwise, compose its
restriction to B, with a Lipschitz retraction onto B,).

We need to know where the set Eo = fo(F7) lies. Notice that
E3\ B, =FE1\ B, and E>N B, = f2(E1 N By) (6.38)
by (6.37) and because fo(B,) C B,. Set
H = {z e R"; dist(z, P) < 2g0|z — yl}; (6.39)

thus (6.30) says that E; N B, is contained in H. It will be good to know
that L
EyNB, C By\ S, (6.40)

and for this it is enough to check that S, ; does not meet H. Let z =
(21, 22,23) € Sy,4+ be given; then ||z3| — p1| < dist(z,S5,) < p1/100, so
dist(z, P) = |23 = 99p1/100. On the other hand, |z — y| < dist(z, Sy) + p1
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+1(y/x)E —y| < p1/100 + p1 +yr. /100z < p1/100+ p1 +yp/50x < 2p1 (see
the statement of Lemma 6.15 and recall that p; = yp/z). So z lies out of
H; (6.40) follows.

Next we check that
E;NB, C PU[OB, NH]. (6.41)

Let w € E2N B, be given, and let z € E; be such that w = f2(z). By (6.37),
z € B,. By (6.40), z lies out of Sy 1, so w is the radial projection of z onto
PN oB,, with origin 2¥ as above. In particular, w € P U 0B,, and we just
have to check that w € H if w ¢ P.

First assume that z, 2%, and y are not collinear, and let V denote the
plane that contains them. Also assume that P NV is a line; then H NV is
a thin double cone centered at y that contains P N V. Now 2z* lies out of
H (because 2* € S, C S, +), and z € H by (6.30). So the half line [2%, 2)
starts out of H, then gets in H before it hits z (or at the same time), and
it does not leave H before it meets P. This last may not happen, but if it
happens, it happens after [2%, 2) hits z (the open line segment (2%, z) does
not meet P by definition of z*). In both cases, w = f(z) lies in H.

If PNV is not a line, it is reduced to {y} (because z* lies out ou P). Then
the line through 2z and z* does not meet P (recall that z, 2, and y are not
collinear). By definition of 2# = (y, (y/x)&, p123/|23]), this can only happen
if |z3] = p1. In this case, dist(w, P) = dist(z, P) < 2e9|lz — y| < 2eo1y,
because z € H N B,,. In addition, w € B, (because it does not lie in P),
hence |w —y| =7, and w € H.

Finally suppose that z, 2, and y are collinear. In this case z lies between
2% and y (because otherwise z would not lie in H; already z* does not), and
w =y (because y € P and [2*,y] does not meet OB,). This completes our
proof of (6.41).

Let us also check that E5 does not block our access to the tube f, ie.,
that R
EyN B, NV(x,y) does not meet int(T)\ P. (6.42)
Let w € E2 N B, NV (x,y) be given, and suppose it lies in int(7) \ P. Let
z € By be such that f2(z) = w. Then z € By, because otherwise w = z by
(6.37), and (6.27) says that this is impossible. In particular, w is obtained
from z by the usual radial projection process with z#. Then z ¢ P, because
otherwise w = z, and we assumed that w ¢ P.

Since w € V(z,y) and 2* € V(y,y), 2 lies in V(z,y). Then (6.27) says
that z lies out of int(7T). Call w’,2’, and z* the radial projections of w, z,,
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and 2% on V(z,z). Thus w' € int(7T), 2’ ¢ int(T), and 2* = (x,&, pz4/|24])
lies in int(7"). This is impossible, because T is convex (see near (6.19)) and
2z’ lies on [2*,w]. So (6.42) holds.

Let us summarize the situation now. Set
Z =T NV(zo,y)] UB,. (6.43)

Recall from (6.25), the fact that Tn V(y,y0) C By if 75 is small enough
(see (6.22)), and (6.37) that

f2(2) = fi(z) =z for z e R"\ Z. (6.44)

Let us also check that
fao f1(2) C Z. (6.45)

First take z € T N V(x0,9), f1(z) € T NV (xo,y), by (6.26) and because
f1 moves points vertically. If fi(z) lies in By, f2 0 fi(z) € B, C Z because
f2(B,) C B,. Otherwise, fao fi(z) = fi(z) € T NV (zg,y) C Z, by (6.37).
Next suppose that z € T N V(y,yo); then fi(z) € TN V(y,y) C By by
(6.26), because f; moves points vertically, and because r, is very small.
Then fy 0 f1(z) € By C Z, as before. Finally, if z € B, \ [f N V(xo,v0)],
f1(2) =z by (6.25), and fy 0 fi1(2) = fa(z) € By C Z; (6.45) follows.

We now verify that
EyNZc PUDT NV (z,y)\ B, UOB, N H\ (int(T) NV (z,y))]. (6.46)

Indeed there is no part in V(x,z) because of (6.28) and (6.38). The part
of BN Z\ P that lies in V(x,y) \ By lies in 9T, by (6.27) and (6.38). The

rest lies in By, hence in dB, N H by (6.41), and out of int(7) NV (z,y) by
(6.42).

This is somewhat better than before; we now have a nice floor P N Z,
and we managed to surround its interior with a tunnel that leads from z to
y and a big cavity B, \ P.

Our third mapping f3 will contract most of the floor P N Z onto its
boundary; this will be good, because it will make a big part of the floor
vanish. More precisely, set ' = PN Z N V(x,b). See Figure 9. Thus F is
the union of J N V(z,y) and PN Ey, so it looks like a long d-dimensional
cylinder attached to a much larger d-ball. [Recall that J is the cone over the
(d—1)-ball J = P'NB(z+&,7,/10); see above (6.19).] There is a bilipschitz
mapping ¢ from F to the cylinder C' = [z,y] x J x {0}, and which fixes the
points of the end F NV (x,z) = {z} x J x {0}.
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To contract C' to a piece of its boundary, we use the mapping ¢ which
to z € C associates the radial projection of z onto the box [[z,y] X 0J X
{0}] U [{y} x J x {0}] (open at one side) with center (zq,&,0). [We don’t
care about the precise value; the point is that x¢y < z, so ¢ is Lipschitz.
The contraction that we use on F is 90~ o p o, It is Lipschitz on F, even
though with a very large constant. We want to set

f3(z) =¢ togpoi(z) forze F (6.47)

and
f3(z) =2z for ze R*\ Z, (6.48)

so let us check that this defines a Lipschitz function f3 on F U (R"\ Z).
The main point is that f3(z) = z on the part of F' that touches R"\ Z;
the rest of the verification is straightforward. Indeed, we want to check that
|f3(z2) — f3(z1)| < C|za2 — z1] when z; and 25 lie in F U (R™\ Z). This
is trivial if z; and z both lie in F or in R\ Z, so we may assume that
z1 € F and 23 € R*\ Z. But, due to the simple geometry of Z, we can find
z3 € FNOZ such that |z3 — 21| < C|za — 21|, and then |f5(2z2) — f3(z1)| <
|f3(22) — f3(23) + | f3(23) — f3(21)] < [23 — 22| + Clzg — 21| < |23 — 21| +
|21 — 22| + C|z5 — z1] < C'|22 — 21|, as needed.

Z\F (does not meet E,)

Figure 9. — A picture in P

Extend f3 to the rest of Z, so that
f3 is Lipschitz on R™ and f3(Z) C Z (6.49)

(the existence of a Lipschitz extension is a well-known general fact, and we
can arrange that f3(Z) C Z by composing the restriction of f3 to Z with
a Lipschitz retraction onto Z (such a retraction exists because there is a
bilipschitz mapping of R™ that maps Z to a cylinder).

Set E3 = f3(F>), and let us check that
EsNZC 2, U Zs, (6.50)
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where R
Zy=V(z,y)yNnOT\ By, and Zy =0B, NH. (6.51)

Let w € E3N Z and let z € Ey be such that w = f3(2). Notice that
z € Z because f(z) = z for z ¢ Z. Next, z lies out of V(x,x), because
Ey NV (2g,2) = By NV (w0, 2) by (6.38), and By N Z NV (20,2) C EyNT N
V(zg,z) = 0 by (6.43) and (6.28).

First suppose that z € P. Then z € FF = PN Z NV (z,b), and (6.47)
shows that w = f3(z) € v ([[z,y] x 8J x {0}] U [{y} x J x {0}]). This
last set is the closure of OF \ V(x, z) (where OF denotes the boundary of F
in P), and it is contained in Z; U Zs.

Now suppose that z ¢ P; then (6.46) says that z € Z, so w = f3(z) = z
by (6.48), and w lies in the set in Z; UZ, by (6.46) again. This proves (6.50).

Let us also record the fact that

fsofao fi(z) =zfor 2 ¢ Z, and f3o0 fr0 f1(Z) C Z. (6.52)

When d = n — 1, this is enough to conclude because H" *(E3 N Z)
< H" (21U Z3) < Cegrd + Cy yrdé™! (maybe see the proof of (6.80) if you
are worried about the second term), and for this case the reader may set
fa(z) = f5(2) = z for all z, Z* = Z, and go directly to the line below (6.89)
for the final accounting that leads to a contradiction.

For the general case, we still need to compose f3 o fo o f; with two last
mappings f4 and f5, whose effect will be to project the potentially large sets
E3N Zy and E3 N Z5 onto d-dimensional skeletons of cubes. In both cases,
we shall use a standard Federer-Fleming argument.

Some amount of notation concerning dyadic cubes will be needed. Here
dyadic cubes are closed cubes obtained from [0,2*]" for some k € Z by a
translation in 2¥Z". For such a dyadic cube @, we shall denote by S;(Q)
the d-dimensional skeleton of @), i.e., the union of the d-dimensional faces

of Q.

Also let j € N be given; in this paper j will be chosen once and for all,
sufficiently large for some geometric conditions explained below to hold, but
for all practical purposes it is a geometric constant that depends only on
n. We denote by A;(Q) the set of dyadic cubes of sidelength 2k=J that are
contained in @, and then by Sy ;(Q) the union of all the d-dimensional faces
of dyadic cubes R € A;(Q). In other words, Sy ;(Q) = UReAJ(Q) S4(R).
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We shall use the following lemma, which is part of Proposition 3.1 on
page 13 of [DS]. We also refer to [DS] for additional background on dyadic
cubes and skeletons.

LEMMA 6.53. — Let @ be a dyadic cube in R™, and let F' C @ be closed,
with HY(F) < +oc. Then there is a Lipschitz mapping ¢ : R* — R™ such
that

po(z) =2z forze R™\ Q. (6.54)
(pQ(F N Q) C Sdhj (Q) U 8@, (655)
wo(R) CR for Re Aj(Q), (6.56)
and
H%po(FNR) <CHYFNR) for ReA;Q). (6.57)

The constant C depends only on n and d, not on Q, j, or F.

We want to start with the function f; that will take care of E3N Z;. Let
k € Z be such that
/32 < 2%/ <1, /16. (6.58)

Let Dy, denote the set of dyadic (closed) cubes @ of R™ with sidelength
2% such that dist(Q, Z;) < 2¥+1y/n. For each Q € Dy, we apply Lemma
6.53 to @ and the set F' = E3 N Q, and get a mapping ¢q.

We compose all the mappings ¢qg, @ € Dy, (in some randomly decided
order) and get a mapping ¢g. Notice that for a given z € R™, at most one ¢g
may move z, the one (if it exists) for which z lies in the interior of Q. Even
then, pg(z) € Q, and by (6.54), the other ¢/, Q" # @, do not move z or
©vo(z). Because of this, ¢¢ does not change if we compose the g, Q € Dy,
in any other order.

Set E30 = ¢o(E3). It should be a little better than E5 near Z; because
we were able to send lots of points on the Sy ;(Q), but there might still
be some part of ¢g(E3) left on the boundaries 9Q. To fix this, we shall
compose with variants of ¢y for which the boundaries 0Q lie in different
places. Denote by wvg,v1,- v, the vectors of R™ whose coordinates are
either 0 at 2°~1. Thus m = 2" — 1. To make the notation coherent, do this
so that vy = 0.

We now construct ¢,. For each @ € Dy, we apply Lemma 6.53 to @ + v;
and the set F' = F3 N [Q + v1]. The fact that @ is not a dyadic cube itself,
but just a translation of such a cube by vy, does not matter, but we shall use

the fact that the cubes R € A;(Q + v1) are still dyadic cubes of sidelength
2k=J,
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Call g1 the map given by Lemma 6.53. Then compose the new g 1
in any order, and get a new mapping ¢;. Finally set E31 = ¢1(E3,0).

We iterate this construction in the obvious way: once we have ¢;_; and
E3 ;1 for some [ < m, we apply Lemma 6.53 to the @ + v;, @ € Dy, with
F = E3;_1 N [Q + v]. This gives a mapping ¢g ;. We compose all these
mappings to get ¢, and set F3; = ¢1(F31-1).

We end with ¢,,, and set
fa=¢mo---¢o and Ey = f4(E3) = E3 . (6.59)
Our next goal is to control E, away from Zs, as follows.
LEMMA 6.60.— Let R be a dyadic cube of sidelength 2°=3 such that
dist(R, Z1 U Zo) < 1r./2 and dist(R, Zo) > 2. (6.61)

Then
HYRNE,) < C2M, (6.62)

Let us first see how H%(E3,; N R) evolves with time. Set F5 _; = Fj
and g0 = @g to make the notation uniform. Recall from (6.57) with
F = E3’l,1 n [Q + ’Ul] that

Hp@u(RNE3;-1)) < CHY RN E3;_1) (6.63)

for 0 < I < m and Q € Dg. This is only useful when @ is the cube such
that @ 4 v; contains R, because for the other cubes @', (6.54) says that
g i(2) =z on R. Thus

HY (¢ (RN FE3;1)) <CHYRN E3;_1). (6.64)

Observe also that ¢;(R’) C R’ for every dyadic cube R’ of sidelength
2k=7 because (6.54) and (6.56) say that this is true for every ¢g ;. Thus, if
z € R and ¢;(2) lies in R, R’ meets R. That is,

RNEs;=RN¢(Bs; 1) C | oulR N Es ), (6.65)
R'eN(R)
where we denote by NV (R) the set of dyadic cubes R’ of sidelength 2¥~7 that
touch R. Consequently,

HYRNEs) < Y. HY¢(R'NEs;—1))<C Y HYR'NEs),
R'EN(R) R'EN(R)
(6.66)
by (6.64). Iterations of this yield
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HYRNE;)=HYRNEsy,)<C >  HYRNEs), (667
R/GNm+1(R)

where the set A;(R) of neighbors of order [ of R is just defined by induction
by N1(R) = N(R) and Ni41(R) = Upep,(r) N (R'). An obvious induction
yields ‘

dist(R', R) < (I —1)287/n for R' € Ni(R), (6.68)

S0, if 2y is any point of R,

U B < B(z,(m+2)2" 7 vn) =B(z, (2"+1) 2"/ y/n) C B(20,2"?)
R'€ENmi1(R)
(6.69)
because m = 2™ — 1, and if j is chosen large enough.

When R lies far enough from Z; N Zs, all this will lead to (6.62) rather
directly. Let us first check that for a dyadic cube S of sidelength 287

Hd(EgﬂS) < C02%4 when dist(S, Z; U Z3) < r, and S does not meet Z; U Zs.

(6.70)
Indeed S does not meet E3 N Z by (6.50), and then SN E; C SN E by
(6.52). So (6.70) follows from the local Ahlfors-regularity of E (Lemma 2.15
above, but only the easier upper bound and in the easier special case of
locally minimal sets); this is why we assumed that dist(S, Z; U Z3) < 74, to
make sure that S C B for some small ball B such that 2B C A C B(0,b).
See in particular (6.14), the definition of A above (6.5), and the statement
of Theorem 6.2.

Now we can already check (6.62) when
2k < dist(R, Z1 U Zy) < 1y /2. (6.71)

Indeed, by (6.69) and (6.58), all the cubes S € N, +1(R) satisfy the condi-
tion in (6.70), and (6.62) follows from (6.67). We are thus left with the case
of cubes R such that dist(R, Z; U Z3) < 2¥ and hence, by (6.61)

dist(R, Z,) < 2%. (6.72)
Pick zp € R, denote its coordinates by 29, 1 < ¢ < n, and then choose
g; € {0,271} so that 20,; —€; lies at distance at least 2k=2 from 2*7. Recall

that there is a v; such that v; = (e1,--+,&,), and then every coordinate of
2o — vy lies at distance at least 28=2 from 2FZ. Now

dist(z0, v + 0Q) > 2572 for Q € Dy, (6.73)
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because the points in the faces that compose 9@ have at least one coordinate
in 2~7Z.

Now let S denote any cube of A, +1(R), and let Q be such that Q + v
contains S. Observe that
dist(Q, Z1) < |v| +dist(S, Z1) < |ui| + 2872 + dist(20, Z1)
< |u| + 282 + diam(R) + dist(R, Z1) (6.74)
<2kt /m 282 p 2k—i /m - dist(R, Z1) < 28 y/n

by (6.69) and (6.72) in particular. So @Q € Dy (see the definition below
(6.58)), and (6.55) says that

(pQJ(EgJ_l N S) C (,0Q71(E37l_1 N [Ul + Q]) C o+ [Sd,j(Q @] 3Q] (675)

)
Now S € Nyi1(R), so S C B(z,2572) by (6.69), and (6.73) says that
S does not meet v; + 9Q. Recall from (6.56) that g ;(S) C S; then
0Q1(E31-1NS) C o+ 84;(Q), and H(pqi(E3-1 N S)) < 025 Now

He(¢(E3,-1NS)) < C2M (6.76)

too, because by (6.54) all the other ¢g/; that compose ¢; leave the points
of S alone. We shall remember that (6.76) holds for all S € N;,,11(R).

We may now conclude as before, with repeated uses of (6.64). That is,
HYRNE,) = HYRNEs3,,) =HY RN ¢n(E3m-1))

< Y HY¢m(SNEsm1)<C > HYSNEsm1)
SEN1(R) SEN1(R)

=C Y HYSNém1(Fsm-2))

SeN1(R)
<C Y HY¢m 1(SNEsm 2))

SEN2(R)
< C? Z Hd(S N Eg,m_g)

SeN2(R)
< CZSENm—H~1(R) Hd(¢l(5 n E3,l—1)) < C2M
(6.77)
by (6.76). This completes our proof of Lemma 6.60. O

Let us record a few facts about f4 before we move to f5. Recall that if
R is a dyadic cube of sidelength 277, then all the mappings that compose
fasend R to R, so f4(2) € R for z € R. Consequently,

|fa(2) — 2| <279 /n for z € R™. (6.78)
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Also set Z} = {z € R"; dist(z, Z1) < 2""2\/n}. Notice that Z; contains all
the cubes Q + v;, Q € Dy. [See below (6.58) for the definition of Dy.] Then

fa(z) =z for z ¢ Z7 and f4(Z7) C Z7 (6.79)

because the ¢; only act nontrivially on the cubes @ + v;, and preserve them.
Let us also check that

H({z € Ban Z7 ; dist(z, Z2) > 2F11}) < Cpy rd 1, (6.80)
where C, , depends on z, y, but not on r, and k.

Call Y the set on the left-hand side of (6.80). Cover Y with dyadic
cubes R of sidelength 2*~7. Notice that (6.61) holds when T meets Y,
so HY(E; N R) < C2% by Lemma 6.60. Recall from (6.51) that Z; =
V(z,y) N oT \ By is contained in a thin tube of width Cr, around the
segment [z,y|, where C' may depend on z and y (typically, through the
ratio |y|/|x|). Then Z;, and also Y, can be covered by less than C|a —y|/r,
cubes R as above (recall from (6.58) that 7, and 2¥ are comparable); each
cube contributes at most C2*¢ < Crd by (6.62), so (6.80) follows. The reader
should not be shocked by the crude estimate above; we shall compensate by
taking r, really small.

Lemma 6.60 only controls By = f4(Es3) far from Z5, and indeed Ej
could still contain a big piece of Z; = 0B, N H. So we shall compose with a
very last mapping f5. The strategy is the same as for Z;, but this time we
shall work at the scale 2¢, where t € Z is such that

211 L epry, < 2F, (6.81)

instead of 2*. Notice that we shall choose r, very small, depending on 7,
and g, so we can assume that k is much smaller than t.

Denote by D; the set of dyadic cubes @ of sidelength 2¢ such that

dist(Q, Z2) < 2" '/n (6.82)

We shall repeat exactly the same construction as before. Denote by
W,  + + Wy, the 2™ vectors with coordinates in {0, 2!~1}. We inductively build
successive mappings ¢;, 0 < [ < m, and each one is obtained by com-
posing Lipschitz functions ¢; g, @ € D;. We start with £y _; = E4, and
later set Es; = ¢1(E4,;—1). Each ¢; ¢ is obtained by applying Lemma 6.53
to @ + w; and the set F' = E4 ;1 N [Q + w;]. All this defines the map-
pings ¢1,0 and ¢; by induction. At the end, we set fs = ¢p, 0+ ¢o and
Es = f5(E4) = ¢m(F4,m—1). Here is the analogue of Lemma 6.60.
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LEMMA 6.83.— Let R be a dyadic cube of sidelength 2'=7 such that
dist(R, Z3) < ry/2. Then

HYRNEs) < C2, (6.84)

We shall start with the easier cases where we can prove that
HYEsn S) <2 for S € Npyi(R), (6.85)

where A, +1(R) still denotes the set of dyadic cubes of sidelength 2¢=7 that
are neighbors of (n + 1) order of R.

Indeed, once we have (6.85), we can obtain (6.84) by the same argument
as before: the analogue of (6.67) holds and yields (6.84).

Let us first take care of the contribution of E in (6.85). Choose zp € R
and let S € N,,11(R) be given; the proof of (6.69) says that S C B(zo, 272).
Since we want to apply the local Ahlfors-regularity of E, we should check
that B(z9,2!7!) C B(0,b) (because E is minimal in B(0,b)). And indeed
B(z0,2!71) C 2B, because dist(R, B,) < dist(R, Z2) < r,/2 and both 2¢
and diam(R) are much smaller than r, , and 2B,y C A C B(0, b) by definition
of r, (below (6.13)). The (easier) upper bound in Lemma 2.15 says that

HYENS) < HYEN B(z,2"7%)) < C2'%, (6.86)
so it will be enough to control SN Ey \ E.

We start with the case when dist(R, Z; U Z3) > 21, Recall that S C
B(z0,2'72), so dist(S, Z; U Z3) > 2%, In particular S does not meet the set
77 of (6.79), and (6.79) says that E4 NS = E3N S. In addition, E5 N S
does not meet Z; U Zs, so (6.50) says that it does not meet Z. By (6.52),
EsNnS=E3NS\ZC E. Altogether, E; NS C E, and (6.85) follows from
(6.86).

We may now assume that dist(R,Z; U Z5) < 2!*! and our second
case will be when dist(R, Z) > 2T Let 2 € E; N S be given. Then
dist(z, Zo) > dist(29, Z2)—2!72 > dist(R, Z) —diam(R) —2!=2 > 2! because
S C B(20,2!72). If z € Z7, it lies in the set of (6.80); therefore,

EsNSNZF<Cpyri™ (6.87)

and we can assume that z ¢ Z5. Then z € E3, by (6.79). If z € Z, (6.50) says
that z € Z; U Z,. This is impossible, because Z; C Z; and dist(z, Z2) > 2°.
So z ¢ Z. Let w € E be such that z = f3 0 fy o fi(w). By (6.52), w € Z,
and then z = w. So z € E, and (6.86) already takes care of it. This proves
(6.85) and (6.84) in our second case.
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We are left with the case when dist(R, Z;) < 2! In this case we
cannot prove (6.85), but instead we proceed as in the last case of Lemma
6.60 (when (6.72) holds). The point is that R is so close to Z; that it lies
in the middle of the grid D;, and there is an [ < m such that none of
the S € Nyy1(R) meets a face w; + 9Q, Q € D;. Then the corresponding
images ¢;(E4,;—1 N.S) are contained in d-dimensional grids Sy, ;(Q), whose
H?-measures are controlled. The proof is the same as before, and completes
our proof of Lemma 6.83. O

Set Z3 = {z € R™; dist(z, Z2) < 272\/n}. Notice that Z3 contains all
the cubes Q + w;, @ € D;; the argument here and below is just the same
as for Z{, near (6.79). Then

fs(z) =zfor z ¢ Z3 and f5(Z5) C Z3 (6.88)
because the ¢; only act nontrivially on the cubes @) +w;, and preserve them.

Recall from (6.51) that Zs = 0B, N H, where H is a small neighborhood
of the d-plane P, as in (6.39); then we can cover Zy by less than C’sgdH
balls of radius egry. By the same argument, and because (6.81) says that
2" and egr, are comparable, we need less than Ceg 4+l dyadic cubes of
sidelength 2¢=7 to cover Z3. All these cubes R, if they touch Z3, are such that
dist(R, Z2) < ry/2, so Lemma 6.83 says that HYRNEs) <021 < C’egr;l.
Altogether,

HYEsN Z3) < Ceorl. (6.89)

We are ready for the final comparison. Set f = f5 0 fyo f30 fa o f1, and
then ¢;(2) =tf(2) + (1 —t)z for 0 < t <1 and 2z € R3. The maps ¢; satisfy
the properties (2.2)-(2.4).

Set Z* = Z U Z; U Z3. Notice that
f(z)=zforz¢ Z*, and f(Z*) C Z* (6.90)

by (6.52), (6.79), and (6.88). So, if we define the W; and W as in (2.5),
we get that W is contained in the convex hull of Z*, and (2.6) holds (with
U = B(0,b)) because Z* C B(0,b).

We can apply (4.9) or (4.4) (depending on which definition of minimality
we use), with h(0) = 0. Let us first see how to derive the final contradiction
if we use (4.9). We get that HY(E \ E5) < HY(Es \ E) (because here F =
p1(E) = f(E) = Ej5), or equivalently

HYENZ*) < HY(EsN Z%), (6.91)
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because F and Es coincide out of Z*. Let us check that
HYEsNZ*) < Cegr + Coyri™t. (6.92)

Let z € E5 N Z* be given. The case when z € Z3 is taken care of by (6.89).
If z € Z; \ Z3, (6.88) says that z € Ey4; then dist(z, Z2) > 2!72\/n because
z ¢ Z3, so z lies in the set of (6.80); (6.80) takes care of this case. So we may
assume that z € Z*\ Z7 U Z;. By (6.88) and (6.79), z € Es5. Also, z € Z,
so (6.50) says that z € Z; U Zy. This case is impossible, because Z; C Z7;
(6.92) follows.

On the other hand,
H*(ENZ*) > H*(ENBy) > C 'rl, (6.93)
by Lemma 2.15, because y € E, E is reduced, and 2B, C B(0,b).

Incidentally, (6.93) would be easier to prove here because we have (6.13).
Or we could have used the fact that the upper density of E at almost
every point is larger than some positive constant, restricted to such an y in
Proposition 6.11, and then chosen r, specifically so that (6.93) holds.

We get the desired contradiction with (6.91) or (6.92) by choosing &g
small, and then r, very small (depending on z, y, and r).

The reader may be worried about the case when d = 1; this case is
sufficiently simple to be treated directly, but let us say a few words about
it for the sake of completeness. In this case, P’ = {0} and lemma 6.15 says
that there is a p € (r./2,2r;/3) such that the cone §p over the (n — 2)-
dimensional sphere S, = x4 [QNJB(0, p)] in the vertical hyperplane z+ @,
does not meet A N E. At the same time, (6.13) says that the (n — 1)-
dimensional cone ¥ centered at y and defined by dist(z, P) = 2|z — y|
does not meet E N By \ {y}. We choose r, so small that S'\p meets X well
inside B,. Denote by € the region of V(x,y) bounded by §p U X; thus Q
is the intersection of V(z,y) with a thin double-cone centered at 0 and y.
Notice that QN V (z,z) does not meet E, by (6.14). It is easy to contract {2
onto the line segment [z, y] by radial vertical motion, and since E does not
meet JS) except at y, we can make sure that the contraction f is Lipschitz
and does not move the points of E'\ Q. In addition, f(ENQ) does not meet
B, (again by (6.14)), so we can contract the whole piece f(ENQ) C [z, ]
to the point y along [z, y]. The final contradiction is now obtained as in the
general case.

Return to the case when d > 1. If we use (4.4) (instead of (4.9)), we get
that
HYENW) < HYf(ENW)), (6.94)
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with W = {w € R?; f(w) # w}. Recall that f(z) = z out of Z* (by (6.90)),
so W C Z* and

HYf(ENW)) < HYf(ENZ*)) < HY(BEsN Z*) (6.95)
(by (6.90) again). Notice that
|f5(2) — 2| <279/n for z € R™, (6.96)

by the proof of (6.78). Then E5 = f5 o f4(Es3) does not meet B(y,r,/2),
by (6.78), (6.96), and because E3 does not meet B, (by (6.50) and the
definition (6.43)). Hence ENB(y,r,/2) C ENW \ Es, just because f(z) # z
it z€ E'\ Es5, and

HY(EN Bly,r,/2) < HYENW) < HUF(ENW)) 697

S HYBEsNZ*) < Cegry 4 Coyy i, '
by (6.94), (6.95) and (6.92). On the other hand, H*(ENB(y,r,/2)) > C~'rd
by Lemma 2.15, so we also get a contradiction when we use (4.4) in the
accounting.

This completes our proof of Proposition 6.11. As was explained before,
(6.12) follows and so E coincides with a cone inside A. O

We return to the proof of Theorem 6.2. So far we proved that there is
a cone C centered at the origin, that satisfies (6.4). We still need to check
that C is a reduced minimal set. Notice that it is reduced, by (6.4) and
because E is reduced. [See Definition 2.12 for the definition.] Suppose it is
not minimal. Then we can find a competitor F' = ¢1(C) where {¢;} satisfies
(2.2)-(2.6) with U = R?, and such that

H*(F\C) < H*(C\F). (6.98)

Observe that we use Definition 4.8 for minimality, but Proposition 4.10 tells
us that we could also have used Definition 4.3 (or even Definition 4.1, since
here h(r) = 0).

Recall from (2.6) that the set W of (2.5) is bounded. Since C is a cone,
we may always dilate everything by a small constant (this does not change
(6.98)), so we may assume that W C B(0, a).

We want to use F' and the ¢; to construct a deformation of F and
contradict its minimality. First observe that C N B(0,b) is a deformation
of E in B(0,b). Indeed, pick any b € (a,b), and set g(x) = 0 for x €
B(0,a), g(z) = Ylel=a) 2 for 4 € B(0,v') \ B(0,a), and g(z) = x for

b'—a |z|
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x € B(0,b) \ B(0,v). Then set fi;(z) = tg(z) + (1 —t)x for 0 < ¢t < 1.
It is easy to see that the g; satisfy (2.2)-(2.6) with U = B(0,b), and that
g1(E) =CNB(0,b) (by (6.4)). We now put our two deformations together.
That is, we set ¢(z) = gor(z) for 0 < ¢ < 1/2 and Yy (z) = @ar—1(g1(z)) for
1/2 <t < 1, and get a new family that satisfies (2.2)-(2.6) with U = B(0, b).
By minimality of F,

H*(1(B)\ B) > HX(E\ ¢1(E)). (6.99)
But 1 (E) = FNB(0,b), so (6.99) just says that H?(E) < H?(FNB(0,b)).

Recall from (6.3) that H?(E N B(0,r)) = Ogr? for a < r < b. Also,
H%*(CNA)=H*EnNA) by (6.4), so H>(CN B(0,r)) = fgr? for r > 0 and
H?*(CN B(0,b)) = H*(E). Altogether, H*>(C N B(0,b)) = H*(E) < H*(F N
B(0,b)), which contradicts (6.98). This completes the proof of Theorem 6.2.
]

7. Almost constant density

In this section we use Theorem 6.2 to show that if E is a reduced almost-
minimal set of dimension d in B(0,b) C R™, with sufficiently small gauge
function, and if 0(r) = r~¢H?(ENB(0, r)) varies sufficiently little between a
and b, then E is very close to a reduced minimal cone in A = B(0,b)\ B(0, a).

We also have a (simpler) result when a = 0 (Proposition 7.24), and we
shall see in Proposition 7.31 that every blow-up limit of a reduced almost-
minimal set of dimension d in U C R" is a reduced minimal cone.

PROPOSITION 7.1.— Let n, d (the dimensions), a, and b be given, with
0<a<b<+oo. For each T > 0, we can find € > 0 so that the following
holds. Let E be a reduced almost-minimal set of dimension d in B(0,b) C
R™, with gauge function h, and assume that h(2b) < e. Also assume that
0(b) < 0(a) + . Then there is a reduced minimal cone C centered at the
origin such that

dist(z,C) <7 forxz € ENB(0,b—7)\ B(0,a+7), (7.2)

dist(z,E) < 7 forz € CNB(0,b—7)\ B(0,a+ 1), (7.3)
|HYE N B(z,r)) — HY(CN B(x,7))| <7

for x € R™ and r > 0 such that B(xz,r) C B(0,b—7)\ B(0,a+ 1),
(7.4)
and
0(r) —rPHYC N BO,r)| <7 fora+T<r<b—T. (7.5)
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See Definition 2.12 for the notion of reduction, and observe that if E is
not reduced, Remark 2.14 allows us to apply Proposition 7.1 to E*. Our
statement allows C = @, but only if §(r) is very small (by (7.5)). Notice that
(7.5) forces O(r) to be very close to the constant density for C. This is a
constraint on 6(r), but also can be a way to determine C in terms of 6(r).

We shall prove the proposition by compactness. Fix n, d, a, and b, and
consider a sequence {F,} of reduced almost-minimal sets on B(0,b), with
gauge functions h,, such that e, = h,(2b) tends to 0. It is a standard fact
about the Hausdorff distance that we can extract a subsequence {ny} so
that the sets E,, converge to a limit F' C B(0,b), as in the beginning of
Section 3 (see for instance [D2], Proposition 34.6 on page 214).

Set hy = sup,,»; hn for I > 0. Notice that Ry is nondecreasing (just like

the h,), and lim,_¢ Ty (r) = 0, because each h,, tends to 0 and h,(r) < &,
for r < 2b. Then Lemma 4.7 (applied to the E,, ) says that for each I, F is

almost-minimal in B(0,b), with gauge function h;. But since we can take [
as large as we want and h;(2b) tends to 0, we get that

F is a minimal set in B(0,b). (7.6)
We also get that
HYFNV)< lim nf HYE,, NV) (7.7)

for every open set V' C B(0,b), by (3.4) in Lemma 3.3 (applied with U =

B(0,b), M =1, § = 2b, and h = h;(2b) for some large [). We also need an

inequality in the other direction, so we apply Lemma 3.12 to E,, , with the

same choice of U, M, ¢, and h, and then let [ tend to 4o0; this yields
limsupy,_,, o HY(E,, NH) < HY(FNH)

(7.8)
for every compact set H C B(0,b).

Notice that H*(FNOB(x,r)) = 0 for almost-every r € (a,b); (7.7) and (7.8)
yield

limsup HY(E,, N B(x,r)) < HY(F N B(z,r)) = HY(F N B(z,r))

k—-+o00 (7~9)
< liminf HY(E,, N B(z,7))

k— o0
for such r, so that

HYFNB0,r) =limg_ oo HY(E,, N B(0,7)) (7.10)
for almost-every r € (a,b). .
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Set i (r) = r—*HY(E,, N B(0,r)) for r < b, and suppose in addition that
0r(b) < Or(a) + eg. Pick o/ and ¥, with a < @’ < b < ¥, such (7.10) holds
for @’ and b’. Then
HYFNB0,Y))= Jim HYE,, N B(0,1)) < lim nf HY(E,, N B(0,b))

— pdim < b lim;

Pl ) < O nOu(a) + 2
= b? lkimJirnf Or(a) = bla™? lkim+inf HY(E,, N B(0,a))
<bta—d Jim HYE,, NB(0,d")=bla"*HY(F N B(0,d")).

— 00
(7.11)
We let i tend to b and get that

6(b) = b= HYFNB(0,b) < a ‘HYFNB(0,d")) = a"%a')?(a’). (7.12)

Recall from Proposition 5.16 and (7.6) that 6 is nondecreasing on (a,b),
so O(at) = limy 4+ 0(a’) exists, and (7.12) says that 6(b) < 6(a™t). But
6(b) = 0(a™) by Proposition 5.16, so 6(b) = 0(a™) and 6 is constant on
(a,b). By Theorem 6.2, there is a reduced minimal cone C centered at the
origin such that

FnA=CnA. (7.13)

In particular, (7.2) and (7.3) hold for E,, and k large enough (and with
any 7 > 0 given in advance).
It will be good to know that
HY(CNoB) =0 for every ball B, (7.14)

but since this is easy to believe, we shall only check it in Lemma 7.34, at
the end of the section. Now let a ball B be given, with B C B(0,b — 7/2) \
B(0,a +7/2). By (7.14), (7.13), (7.7), (7.8), and the proof of (7.10),

. 1irf HYE, NB)=HYFnB)=HYCNB), (7.15)

so the analogue of (7.4) for E,, and B holds for k large.

We are now ready to prove Proposition 7.1. Let a, b, and 7 be given, and
suppose that we cannot find ¢ so that the proposition holds. Then we can
find E,, C B(0,b) that satisfies the hypotheses with &,, = 27", but not the
conclusion. We extract a convergent subsequence, as above, and get a set
F such that (7.6)-(7.13) hold. Let us show that (7.2)-(7.5) hold for k large;
this will prove the desired contradiction.

We already know that (7.2) and (7.3) hold for k large. For (7.4) we
only know that it holds for k large when x and r are fixed, so we need a
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little bit of uniformity. By (7.14), H4(C N B(z,r)) is a continuous function
of x and r, so we can find a finite collection of balls B;, ¢ € I, such that
B; c B(0,b—7/2)\ B(0,a+7/2) for i € I, and such that whenever B(x,r)
is a ball such that B(z,r) C B(0,b —7)\ B(0,a + 7) (as in (7.4)), we can
find 4, j € I such that

B; C B(z,r) € B; and H*(CN B, \ B;) < 7/5. (7.16)

We also know from (7.15) that for k large enough,
|\HYC N B;) — HYE,, N B;)| <7/5 foricl. (7.17)

Now let B(z,r) be as in (7.4), and let 4, j € I be such that (7.16) holds.
Then

HYCNB;) < HY(CNB(x,r)) < HY(CNB;) < HY(CNB;) +7/5 (7.18)
and, for k large (depending on I, but not on B(z,r)),

HYCNB;) —7/5 < HY(E,, N B;) < HY(E,, N B(x,r)) < H(E,, N B;)

< HYCNBy)+7/5 < HYCNB;) + 271/5, .19)

7.19

by (7.17) and (7.16). Thus |[H(C N B(z,7)) — HY(E,, N B(x,7))| < 7, by
(7.18) and (7.19), so (7.4) holds.

We are left with (7.5) to prove. Call 6y the constant density of C; that
is, g = r~4H(C N B(0,r)) for r > 0. Notice that H¥(C NdB(0,r)) = 0 for
a<r<b,so

lim HYE,, NB(0,7) = HY(F N B(0,r)) = HY(C N B(0,7)) = for?,

k—+4o00
(7.20)
by (7.7), (7.8), and (7.13). As before, we need some uniformity, so we pick
a finite (but large) collection {r;}ier in (a,b). We know that for k large
enough,
ir HY(E,, N B(0,7;)) — 6| < 7/2 foricI. (7.21)

Let r € [a+ 7,b — 7] be given. If our collection {r;} is dense enough we can
find 4,5 € I such that r; < r < r; and r;/r; is as close to 1 as we want.
Then for k large

Ox(r) = r~“HY(E,, NB(0,r)) < r *HYE,, N B(0,r;))
<9 (0o +7/2) < 0o+,
by (7.21). Similarly,
Or(r) > r_de(Enk NB0,r;)) > r_drg(eo —7/2) <60y —, (7.23)

(7.22)
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and (7.5) holds for k large. This completes the proof of Proposition 7.1 by
contradiction. O

Proposition 7.1 easily extends to the case when a = 0. Let us give a
slightly more invariant statement for this to simplify later uses.

PROPOSITION 7.24.— For each 7 > 0, we can find € > 0 so that the
following holds. Let E be a reduced almost-minimal set in the open set U C
R™, with gauge function h. Let x € E and r > 0 be such that B(z,r) C U,
h(2r) <e, and

0 < inf O(x,t , 7.25
(@7) 0<t<r/100 (@,8) +¢ (7.25)
where we set O(x,t) =t~ HY(EN B(x,t)). Then there is a reduced minimal
cone C centered at x, such that

dist(y,C) < 7r fory € ENB(z, (1 —7)r), (7.26)

dist(y, F) < 7r fory e CNB(z, (1 —7)r), (7.27)
and
|HY(E N B(y,t)) — HY(C N B(y,t))| < 7r?

fory e R™ and t >0 such that B(y,t) C B(z, (1 —7)r).
(7.28)

By scale invariance, is enough to prove this when £ =0, r =1, and F is
almost-minimal in (an open set U that contains) B(0,1). We can proceed
as in the proof of Proposition 7.1 (with ¢ = 0 and b = 1), up to (7.10)
included. Then pick a; € (0,1/100) and & € (ag,1) such that (7.10) holds
for a; and b'. By (7.25), 0;(1) < 6k(a1) + €k, so
HY(F N B(0,b)) = kglfoo HYE,, nB(0,V)) < 1kim+n£ HYE,, N B(0,1))

= liminf 0 (1) < liminf = lim inf
lim in 01 (1) lim inf [0k (a1) + €k] lim inf O (a1)

——+00
= ay liminfy_ o HY(E,, N B(0,a;))

= a7 HYF N B(0,a1)),
(7.29)
by (7.10). We let &’ tend to 1 and get that

HYFNB(0,1) <ay*HYF N B(0,a1)). (7.30)
Now F' is minimal in B(0, 1), by (7.6), so Proposition 5.16 says that 6(r) =
r~@He(F N B(0,r)) is nondecreasing in (0,1). Then (1) = lim,_ 6(r) >
f(a1). But (7.30) says that (1) < 6(a1), so 6(r) is constant on [aq, 1], hence
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also on (0, 1] because we can take a; as close to the origin as we want.
Theorem 6.2 says that F' is a reduced minimal cone, and we can continue
the argument as in Proposition 7.1. g

Let us also give a baby version of Proposition 7.24.

PROPOSITION 7.31.— Let E be a reduced almost-minimal set in the
open set U, and let x € E be such that

O(x) = l_ir% r*de(E N B(x,r)) exists. (7.32)

Then every blow-up limit of E at x is a reduced minimal cone F centered
at the origin, and HY(F N B(0,1)) = §(x).

See Definition 2.12 for “reduced”, and Definition 4.8 or 4.3 for almost-
minimality. We do not care about the precise values of the gauge function
h(r) here, we just need it to tend to 0 when r tends to 0, but of course
(7.32) is easier to obtain when h is small, by Proposition 5.24. A blow-up
limit of F at x is any closed set in R™ that can be obtained as the limit (as
in (3.1)) of a sequence {r; '(F — z)}, with limg_ 4 7% = 0.

To prove the proposition, assume that the sequence {rk_l(E —x)} con-
verges to some limit F'. Notice that for every small a > 0, Fj, = r,;l(E — )
is, for k large enough, a reduced almost-minimal set with gauge function
h(t) = h(at). Then Lemma 4.7 says that F' is a reduced almost-minimal set,
with gauge function h. But since we can take a as small as we want, and
lim,_, h(t) = 0 for each ¢, F is a reduced minimal set in R™.

We also get that
HYFNB,r)) = kliI-lr-l HY(F, N B(0,r)) for almost every r > 0, (7.33)

by the proof of (7.10). But H*(F, N B(0,r)) = ry *H*(EN B(z,rr)), which
tends to 740(z) by (7.32). Thus HY(F N B(0,7)) = r%0(z) for almost every
r > 0. Theorem 6.2 says that F' is a cone, and Proposition 7.31 follows.
O

Propositions 7.1 and 7.24 will help us find many places where E looks
a lot like a minimal cone. We shall then use a variant of Reifenberg’s topo-
logical disk theorem to get a local parametric description of E.

We end this section with the proof of (7.14).

LEMMA 7.34.— Let C be a closed cone in R™ (centered at the origin),
and assume that H4(C N B(0,1)) < +o0o. Then HY(C NOB) = 0 for every
ball B.
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Let 0 < a < b < +00 be given, and set A = {x € R"; a < |z] < b}; it
is enough to show that H4(C N AN dB) = 0. Denote by S = dB(0,1) the
unit sphere, and set o(r,0) = rf for r € [a,b] and § € S. Notice that ¢ is a
bilipschitz mapping from [a,b] x S to A, and p~1(CN A) = [a,b] x T, where
T =5NC. Then

H%([a,b] x T) = H(p 1 (C N A) < CHYC N A) < +oo. (7.35)
Let us first check that
HYT) < CHY(Ja,b] x T) < 400, (7.36)
where C' depends also on a and b, but we don’t care.

Let € > 0 be given. By (7.35), there is a covering of [a,b] x T by balls
B; = B(zj,r;), 1 € I, with r; < e for ¢ € I and

> rd <CHY([a,b] x T) +e. (7.37)
i€l

By compactness, we may assume that I is finite. For t € [a, )], set P, =
{t} x S. Set B;; = B; N P, and denote by I, the set of i € I such that
B; ¢ # 0. Notice that the balls B;; = B; N P, i € I; form a covering of T
by balls of radius at most ¢, so

HINT) < camr Y diam(Bi )" ' < C Y H*'(Biy) =C Y H*'(Biy)
i€l 1€l icl
(7.38)
where H4~1(T) is the usual infimum over coverings that is used to define
HY=1(T). We average this over [a, b] and get that

HENT) <O [l > HH(Big)dt = (JZ/ HY (B, ,)dt
i€l el (739)
<CY r! <CHY[a,b] x T) + Ce
el

by (7.37). Then we let € tend to 0 and we get (7.36).

By (7.36), we can apply Theorem 2.10.45 in [Fe], which says that there
are positive constants Cy and Cs such that

CiHY U x V) < HY (U)H*Y (V) < CLHYU x V) (7.40)

for U C [a,b] and V C T measurable. In other words, the restriction of H¢
to [a,b] x T is comparable to the product of the Lebesgue measure on [a, b]
with the restriction of H4~! to F.
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Now let B be any ball; notice that OB never meets a radial line more
than twice, which means that for v € T, =1 (C N dB N A)) does not meet
[a, b] x {v} more than twice. Then

HYCNOBNA) <CHY ¢ ' (CNIBN A))

< o/ HY([a,6] x {0} (V¢~1(C N OB N 4))dH" ()
veT

=0
(7.41)
because ¢ is bilipschitz and by Fubini. Lemma 7.34 follows. O

C. MINIMAL CONES OF DIMENSION 2

In this part we study the reduced minimal cones E of dimension 2 in
R™. The goal is not to obtain a finite list as when n = 3, but a fairly simple
description of K = EN0B(0,1) as a finite collection of geodesic arcs of
circles in 9B(0, 1), with lengths bounded from below, and that meet only
by sets of three with 120° angles. See Proposition 14.11.

We start with a description of the tangent cones to E, where we show
that if « lies in K = E N 0B(0,1), every blow-up limit of K at z is a
one-dimensional reduced minimal set. See Theorem 8.23 for a more precise
statement where K is approximated by minimal sets in small balls centered
at x. This description is based on the fact that if £ x R™ is a reduced
(m + d)-dimensional minimal set in R” x R™, then E is a d-dimensional
minimal set in R™. See Proposition 8.3.

With this and the simple version of Reifenberg’s topological disk theorem
which we describe in Section 12, we could easily obtain information on the
bi-Héder structure of E, but since it is preferable to use C'!' information, we
will show that K satisfies a weak form of almost-minimization (see Definition
9.1 and Proposition 9.4), and then follow some of the general theory to prove
that these weak almost-minimal sets of dimension 1 have some form of C!
regularity. This is done in Sections 11-13, and for the local description of K
by curves we use a simple version of Reifenberg’s Topological Disk Theorem
(Proposition 12.6).

In the mean time we show in Section 10 that the reduced minimal sets
of dimension 1 are cones. See Theorem 10.1.

We state and prove the description of K = E N 9dB(0,1) when E is
a reduced minimal cone of dimension 2 in Section 14. The fact that K
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is composed of C!' curves comes from the description of the weak almost-
minimal sets given in Sections 11-13, and then a construction of harmonic
competitors for a cone, which is done in Section 13, allows us to check that
all the little arcs that compose K are arcs of great circles of 9B(0,1).

8. Minimality of a product and tangent sets

We start our study of minimal cones with what would be the most
natural attempt to get a nice description of the d-dimensional minimal sets
by induction on d. It will be easy to control the minimal sets of dimension 1.
Then assume that we have a reasonable description of the minimal sets of
dimension d; we can try to use this to get information on minimal cones of
dimension d + 1, because we shall see in this section that blow-up limits of
these cones are products of a minimal set of dimension d by a line. In turn
a good control on the minimal cones may lead to valuable information on
minimal sets of the same dimension, by the results of Section 7. We shall
only be able to make this plan work for 2-dimensional minimal sets, but we
shall write down the first stage in full generality.

In this section, we first show that if the product E x R™ is a reduced
minimal set of dimension d + m, then F is a reduced dimensional minimal
set of dimension d. We shall then use this to show that if the cone over K
is a reduced minimal set of dimension d + 1, then the blow-up limits of K
are minimal sets of dimension d, and even that K is close to minimal sets
of dimension d in small balls.

Let us recall what we mean by minimal sets. This is the same as almost-
minimal sets as in Definition 4.3 or 4.8, with h(d) = 0 for all J, but since
the definition simplifies slightly, let us state it again for future reference.

DEFINITION 8.1.— The closed set E C R™ is a minimal set of dimension
d if, whenever ¢ : R™ — R™ is a Lipschitz function such that o(x) = x out
of some compact set of R™, then

HY(E\ ¢(E)) < H'(o(E) \ ). (8.2)
We say that E is reduced when H*(E N B(z,r)) >0 for x € E and r > 0.

See Definition 2.12 for the original definition of reduced sets. Concern-
ing our new definition of minimality, it is easily seen to be equivalent to
Definition 4.3 with the gauge function h = 0. The point is that if ¢ is as in
Definition 8.1, we can set ¢:(z) = tp(z) + (1 — t)x for 0 < ¢t < 1; the family
{¢+} satisfies (2.2)-(2.6) for some § > 0, and then (8.2) is the same as (4.9)
with h(d) = 0. Let us also recall that Definitions 4.3 and 4.8 are equivalent,
by Proposition 4.10.
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The first result of this section is a simple observation on the structure
of some minimal product sets.

PROPOSITION 8.3.— Let m, n, and d be integers, and let E x R™ be
a reduced (d + m)-dimensional minimal set in R"T™. Then E is a reduced
d-dimensional minimal set in R™.

Let ¢ : R™ — R™ be a lipschitz function such that ¢(z) = 2 out of some
compact set; we want to show that (8.2) holds. Our plan is to use ¢ to
construct a Lipschitz function f : R*™™ — R"™™ and apply the minimality
of E x R™.

Let R > 0 be large, to be chosen near the end, and choose a smooth
radial cut-off function ¢ on R™, with

Y(y)=1 for |y|<R,
0<Y(y) <1 for R<|y|<R+1, (8.4)
Y(y)=0 for |y|>R+1,

and [V (y)| < 2 everywhere. Then define g : R™ x R™ — R" by
9(@,y) = V(y)e(x) + (1 —¢(y))z for z € R" and y € R™ (8.5)

and set, f(z,) = (g(z,),). Notice that g(z,y) = &+ (y) (p(x) — z), and
since ¢(x) — x is bounded,

g and f are Lipschitz, with bounds that do not depend on R. (8.6)
Set W# = {(x,9) € R* x R™; f(x,y) # (z,y)}. If (x,y) € W, then

Y(y) # 0 and ¢(x) # x. That is, W C W x B(0, R+ 1), where W = {x €
R™; ¢(x) # x}. In addition, if B is a ball that contains W U ¢(WW), then

WHU f(WH) C 2, where we set © = B x B(0,R+1). (8.7)
By assumption, E* = E x R™ is minimal, and (8.2) says that
HT™(ER\ f(EF) < HU™(f(E) \ EF). (8.8)

By (8.7), both sets are contained in ¥; we add H™(E* N f(E*) NX) to
both sides and get that

HP™(EFNY) < HY™(f(EFNY)). (8.9)

We shall need to be a little careful when we compute Hausdorff measures
of product spaces, because the Hausdorff measure of a product is not always
exactly the product of the Hausdorff measures. Fortunately, E* is rectifiable
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(with dimension d+m), by Section 2 (or directly [Al2]), so it will be possible
to use the following variant of the coarea formula, which we borrow from
[Fe], Theorem 3.2.22. We change the notation a little, and reduce slightly
the generality.

LEMMA 8.10.— Let d,m,n be nonnegative integers, let Z C R™ be a
rectifiable set of dimension m + d, with H™T4(E) < 400, and let 7 : Z —
R™ be Lipschitz. Then

77 (y) is a d-dimensional rectifiable set for H™-almost every y € R™,
(8.11)

and

/ZAameﬂ(z)deer(z) :/ . {/ B 1AnZ(Z)de(z)}de(y)
m v e (8.12)

for every Borel set A C R™, where the approximate Jacobian apJ,,m of
dimension m is defined (almost-everywhere) by apJmm(z) = || Am Dr(2)||;
see 1.8.1 in [Fe].

We apply Lemma 8.10 to Z = Ef N'Y, and where 7 is the restriction to
Z of the second projection 7 : R**™ — R™. Here 7 is even linear, and since
7 is 1-Lipschitz and the tangent plane to E' always contains the m-plane
{0} x R™ where Dr is the identity, the approximate Jacobian apJ,,7 is
equal to 1.

Also, 771(y) = EN B for y € B(0, R+ 1) C R™, and ) otherwise, so
(8.11) says that
E N B is rectifiable, (8.13)

and (8.12) with A = ¥ says that

HP™(EFNY) = HY(ENB) H™(R™ N B(0, R+ 1)). (8.14)

Similarly set X1 = B x B(0, R), and observe that f(x,y) = (¢(z),y) for
(x,y) € X1, by (8.5) and because 9(y) =1 for y € B(0, R). Then

F(E*NS1) = fF](ENB)xB(0, R)] = ¢(ENB)xB(0, R) = [p(E)NB]xB(0, R)

(8.15)
since ¢(E N B) = ¢(E) N B because by definition of B, ¢(B) C B and
o(x) = x out of B.

Notice that f(FE*) is rectifiable, because E* is rectifiable and f is Lip-
schitz. Apply Lemma 8.10 to the product set f(E* N¥1) = [p(E) N B] x
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B(0, R) (which is rectifiable because it is contained in f(E*)), and with the

same projection 7 as before. The proof of (8.14) yields
HAT((E OB) = B () 0Bl x BO.R)

= H(p(E) N B) H™(B(0, R)). '

Set == EfN(2\ %) =[ENB] x[B(0,R+1)\ B0, R)]. Now
H™(f(2)) < CHY™(E)
=CHYENB)H™(B(0,R+1)\ B(0,R)) < CR™!
(8.17)
because f is Lipschitz and by Lemma 8.10 (applied to the rectifiable product
set Z; the proof is again the same as for (8.14)). Here C' depends on the

Lipschitz constant for ¢ through |V f|, and on E'N B. This is unusual, but
the main point is that C' does not depend on R, by (8.6).

Return to the right-hand side of (8.9). Let z lie in f(E* N X), and let
(z,y) € E* NY be such that z = f(z,y). If y € B(O,R+ 1)\ B(0, R),
then (z,y) € E and z € f(Z). Otherwise, ¥(y) = 1, g(z,y) = ¢(z), and
z = (p(2),y) € [o(E)NB] x B(0, R). Thus f(E*NX) C f(2)U[p(E)NB] x
B(0, R), and (8.9) yields

HH™(EFNY) < HH™(f(EFNY))

HE™(f(2)) + HP ™ ([p(E) N B] x B(0, R))
CR™ ' 4+ H*™(f(E* N%y))

< CR™ '+ HY(p(E) N B) H™(B(0, R))
by (8.17), (8.15), and (8.16). Now apply (8.14), divide by H™(B(0, R+ 1)),
and use (8.18) to get that

/

N

(8.18)

N

HYENB)=H™(B(0,R+1)) 'H"™(E*N%) < HY(p(E)NB) + CR™.

(8.19)
Then let R tend to +o0, remove from both sides H(E N ¢(E) N B), and
get (8.2).

We still need to show that E is reduced. So let z € E and r > 0 be
given. The same computations as above show that

H™(E*N[B(z,r)x B(0,1)]) = HYENB(z,r)) H™(B(0,1)NR™). (8.20)

The left-hand side is positive because E* is reduced, so H*(ENB(z,7)) > 0,
as needed. This completes our proof of Proposition 8.3. (I

Remark 8.21.— The proof of Proposition 8.3 relies on the fact that we
work with minimal sets, so that we were able to use the Lipschitz norm of
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@ in the argument above, compensate by taking R enormous, and get away
with it. There will be an argument of the same type in the next section,
but we will then be working with almost-minimal sets, and have to pay
by including the Lipschitz properties of ¢ in the definition of weak almost-
minimal sets.

Remark 8.22.— Probably the proof of Proposition 8.3 allows us to show
that if a product Ef = E x F of a d;-dimensional closed set E C R™
with a de-dimensional closed set F' C R™2 is a (dj +dz)-dimensional minimal
set in R™*"2 and if some mild assumptions on the behavior of H% (E; N
B(0, R)) for R large are satisfied, then each E; is a minimal set of dimension

I don’t know whether the converse is true, i.e., whether products of
minimal sets are necessarily minimal. There is an argument in [D2] for the
product of a minimal set with R"2 (see page 530 and Exercise 76.16 in [D2]),
but in the different context of Mumford-Shah minimal sets in codimension
1; the argument does not apply here, even for Ef = E x R"2, because the
sections @1 (E)N[R™ x {y}], y € R™2, are not always competitors for E x {y}
in R™ x {y}.

Note that by contrast, products of area-minimizing normal currents are
not always area-minimizing; see Remarks 1.2 in [Mol].

THEOREM 8.23. — Let the integers 0 < d < n be given. For each € > 0,
we can find ro € (0,1) such if E is a reduced minimal cone of dimension
d+1inR", z is a point of K = ENOB(0,1), 0 < r < 1o, and P denotes
the tangent hyperplane to 0B(0,1) at x, then there is a reduced minimal set
L of dimension d in P such that

dist(y, L) <er forye KN B(z,r) and

8.24
dist(z, K) <er for z€ LN B(x,r), (8.24)

and
HYLNB(y,t —er)) —ert < HY(K N B(y,t))

8.25
< HYLN B(y,t+er)) + erd (8.25)

for every ball B(y,t) contained in B(z,r).

We start with a few comments before the proof. The definition of minimal
sets was recalled (and slightly simplified) in Definition 8.1. A minimal cone
is simply a minimal set which happens to be a cone centered at the origin.
The two possible definitions of reduced minimal sets in P (where we see
L as a subset of P, or directly as a subset of R™) are equivalent. Indeed
it is obvious that if L is minimal in R™, then it is minimal in P because
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every deformation in P is a deformation in R™. Conversely, suppose that
L is not minimal in R™. Let ¢ : R® — R™ be Lipschitz, with p(z) = =
out of a compact set, and such that HY(E \ ¢(E)) > H%(p(E) \ E). Set
@ = mo p, where m denotes the orthogonal projection on P. Let B be a
large ball centered on P such that ¢(z) = z out of B and ¢(B) C B. Thus
E, p(E), and @(F) coincide out of B. In addition,

HY($(E)N B) = HY(n(p(E)) N B) = H(n(p(E) N B))

< HYp(E)NB) < HY(ENB), (8.26)

so F is not minimal in P either.

Observe also that Theorem 8.23 contains the slightly easier observation
that any blow-up limit of K = EN9JB(0,1) at a point z € K is a reduced
minimal set of dimension d in the tangent plane to 9B(0,1) at z. For a
direct proof of this observation, simply follow the proof of the theorem up
to (8.30).

Our estimate (8.25) looks a little ugly, compared for instance to its
analogue (7.28); the point is that we don’t know that H*(L N 9B(y,t)) = 0
(as happened with Lemma 7.34). Incidentally, if ¢ < er, simply understand
B(y,t — er) as the empty set (and the first half of (8.25) is trivial). We
do not really need (8.25) for the rest of this text (we use it for (14.2), but
we could also use (8.24) and a compactness argument using Lemma 3.12
there, and the argument would be a tiny bit simpler), but we decided to
include (8.25) for the sake of completeness and to avoid potential unpleasant
surprises later. We shall start with the simpler proof of (8.24) anyway.

We now prove the theorem, by contradiction and compactness. Suppose
that we can find € such that no ryp works. Then for each integer k£ > 0, the
statement fails with 7o = 2% and there is a reduced minimal cone Ej, a
point 7, € Ky = Ej, N 9B(0,1), and a radius r, € (0,27%) such that no
minimal set Ly, satisfies (8.24) and (8.25). We want to derive a contradiction.

Set A= (1,0,---,0). By rotation invariance, we can assume that z; = A
for every k, and then P is always the same vertical plane through A. Set F} =
. (Ex—A), so that now {Fy} is a sequence of reduced minimal sets through
the origin. We can extract a subsequence, so that after extraction {Fj}
converges to some closed set F' C R™. See (3.1) for the definition, and recall
that the existence of converging subsequences is a standard consequence
of the fact that the Hausdorfl distance on the set of compact subsets of a
compact metric space makes this set compact too. Then Lemma 4.7 (with
the gauge function h = 0) says that

F' is a reduced minimal set of dimension d + 1. (8.27)
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Next denote by Py the hyperplane parallel to P through the origin and
by D the first axis (the vector line perpendicular to Pp). Let us check that

F =D x F* where F* = F N P,. (8.28)

Let y € F be given, and let us verify that y + D C F. Since the F}, tend to
F, we can find y € F} so that {yx} tends to y. Set z; = rryx + A; notice
that z; € Fj by definition of F}, and that zj tends to A because rj tends
to 0. Fix A € R, and set vy, = (14 Arg)zx. Then v € Fy, for k large, because
E}, is a cone, and so wy = rk_,l(vk — A) lies in F},. But

wy = r,;l((l + Arg)zy — A) = r;l((l + Arg)(reye + A) — A)

8.29
= r,jl(rkyk + M2yk + ArgA) = yi + AA + Argy, (8.29)

so wy tends to y + AA (because y; tends to y and 7, tends to 0), and
y+ AA € F because F is the limit of the Fj. Thus y + D C F when y € F
this proves (8.28).

We deduce from (8.28), (8.27), and Proposition 8.3 (with m = 1) that
F* is a reduced minimal set of dimension d in P,. (8.30)
[This is where a proof of our description of blow-up limits of K would end.]

Set L, = r,F* + A; this is a reduced minimal set of dimension d in
P. Let us check that for k large, Ly satisfies (8.24) with respect to Ky =
E,NdB(0,1).

First let y € Lj, N B(A,7;) be given, and set z = 7, '(y — A). Thus
z€ F*NB(0,1) ¢ FNB(0,1). Let v € F}, minimize the distance to z; thus
|v — z| < e, where ¢, measures the distance from Fj to F' in B(0,2), say,
and the sequence {gj} converges to 0. Set w = ryv + A. Then w € Fy, and
|w—y| = rglv—z| < rreg. Also, y € PNB(A, 1), so [y —1| < Cr? (because
P is tangent to 9B(0,1) at A), and |w—1| < |w—y|+|y — 1| < ryer + Cri.
Now o € Ky, and |17 — y] < |w — 1 + [w — y| < 2rper + Cr?, which is
less than ery, for k large. This proves the second half of (8.24).

Now consider y € Kj N B(A,ry), set z = ;' (y — A), and observe that
z € F, N B(0,1) because y € Ej. We can find v € F such that |v — z| < e,
with e, as above. Observe that dist(y, P) < Cr? because P is tangent to
0B(0,1) at A, so dist(z, Py) < Cry and dist(v, Py) < Cry + €. Recall from
(8.28) that F' = D x F*¥ so the point v’ at the intersection of v+ D and P
lies in ¥, and of course |v/ —v| = dist(v, Py) < Org +ep. Now w = rpv’ + A
lies in Ly, and |w — y| = rg|v’ — 2| < rp(Cry + 2ex) < erg for k large. Thus
(8.24) holds for k large. Our proof of Theorem 8.23 would end here with a
contradiction if we did not include (8.25) in the statement.
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By assumption, there is a ball By = B(yk,tx) C B(A,rg) such that
(8.25) fails, i.e.,

HY(Ly, 0 By, tr, — er)) > HY(K, N By) + erd (8.31)

or
HY(Ly N By, tx, +eri)) < HY(Ky N By,) — erf. (8.32)

We want to produce a contradiction. Set

ze=1; " (ye — A), pr=r"tx, and B}, = B(z,pr) =1}, (B — A).
(8.33)
Notice that B; C B(0,1) because By, C B(A,ry). Since we may replace
{E)} with a subsequence, we may assume that {B},} converges to some ball
B(z,p) C B(0,1). That is,

{2k} converges to z and {p;} converges to p > 0. (8.34)

We want to use the results of Section 4 to estimate the measure of some
sets, but we need a small amount of space to move around. So let 7 > 0
be very small (to be chosen later). We shall start with upper bounds for
HY(E), N By). Identify D with the real line, set I = [0,1] C D, and apply
Lemma 3.12 to the sequence {F} of (d + 1)-minimal sets, in the compact
set

Dy =1x B(z,p+7). (8.35)
We can take M =1 and h =0 in (3.13), and we get that
limsup H™Y(F, N D) < H*Y(F N Dy). (8.36)
k—+4o00

By (8.27), F is rectifiable, and we can apply Lemma 8.10 (or Theorem 3.2.22
in [Fe]) to the product FND; = [I x F*NB(z, p+7)], in the same conditions
as above. This yields

H™YFND,) = H'(I) H(F*NB(z, p+7)) = HY(F*NB(z,p+7)). (8.37)
Let us check that for k large,
HYF*NB(z,p+ 7)) <rpHY Ly N B(yk, t, +er1))- (8.38)

Indeed B(z,p +7) C B(zi, pr + ¢€) for k large, by (8.34) and if we choose
T < e. Set ¥(x) = A+ rpx for a moment; we know that Lj = (F*), and
U(B(zk, pr + €)) = B(yk, tk + eri) by (8.33). So

V(F*NB(z,p+7)) CY(F*NB(zk, pr +€)) = L, V' B(yg, tr +r), (8.39)
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and (8.38) follows. We deduce from (8.36), (8.37), and (8.38) that for k
large,

HYY(F,NDy) <7+, “HY(Ly, N B(yg, tx +er1)). (8.40)
We also need to compare H 1 (F, N Dy) with HY(K};, N By). Set
Ep={M;1+7r, <A< 141, —7r, and v € K N By} (8.41)
and E} = r, '(E; — A). We claim that for k large,
E} C F, N Dy. (8.42)

Indeed let A and v be as in the definition of E}; we want to show that
w = r,;l()\v — A) lies in Fj, N Dy. First, Av € E}, because v € Kj, C Ej and
E} is a cone, so w € Iy, = r,jl(Ek — A). We still need to check that w € D;.

Write v = A+ (yr — A) + (v — yg), and also denote by 7 the orthogonal
projection onto Fy. Observe that

m(yx — A) = (g — A)| < Cralys — A < O, (8.43)
because y, € B(A, ) and P is tangent to 0B(0, 1) at A, and similarly
|m(v —yr) — (v —yi)| < Crilv — yi| < Crity (8.44)
because v € By, = B(yx, tx) and both points lie in Ky C 9B(0,1). Then
w =71 (M —A) =7 (A= Do+ (v— A)]
= A= Do+ (ys — A) + (v — )] (8.45)
=2+ { = Dot (v =),
because z;, = ;. ' (yr, — A) by (8.33). Then
w — 2k —r,;l[()\ - DA—7(v— yk)H
<T,§1[()\— Djv—A|+|7(v—y) — (v—yk)|] (8.46)
<|lv—=Al+Cty, <7+ Cty,

because 1 < A < 1+ rg, by (8.44), and because v € B, C B(A,r) by
definition of By, = B(yx, tx). Set w’ = z+7; "(A=1)A+r, '7(v—y). Then

lw—w'| < |z — 2| + 7 + Cty. (8.47)
Observe that z € Py, for instance because it is the limit of the z, =

7' (yr — A) and by (8.43). Thus the projection of w’ on D is 7, '(A—1)A €
[7,1 — 7], and by (8.47) the first coordinate of w lies in I for k large.
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Similarly, 7(w') = z + ry 'w(v — yg), and v o — yi| < v e = pr
because v € By, and by (8.33), so m(w’) € B(z,px). Since py tends to p,
we deduce from (8.47) that w(w) € B(z,p + 7) for k large. Altogether,
w € Dy = I x B(2,p+ 7) (compare with the definition (8.35)), and we
completed our proof of (8.42).

Next we evaluate H+1(EY). Recall that E} = ' (E} — A), so
HYYEY) = r " HIY Y (EY). (8.48)

Notice that Ej, C Ej, which is rectifiable, so we may apply Lemma 8.10
with m =1, Z = Ej, and to the Lipschitz function ,(z) = |z|. Here (8.12)
can be written as

/ ,‘ apJim.(z) dH" (2) = A { /lm_A 1p () de(x)}dHl()\). (8.49)

The approximate Jacobian is apJ;m,.(z) = 1, because 7, is 1-Lipschitz, and
the tangent plane to Ej at x always contains the radial direction where
the differential D, has a norm exactly equal to 1. Thus (8.49) and (8.41)
say that

HY(EL) :/ HY(\(K}, N By))dH(\)
1477 <A<+, —7T7)

= / AN HY(K, 0 By) dHY(N) (8.50)
1+7r<A<I+ry—TrE

> (rp — 27r) HY( Ky N By).
Altogether,
(r, — 27r) HY( Ky N By) < HTY(E}) = r{ T HITY(EY)
< r{P HY(FL N Dy) (8.51)
< ,’f T+ reH (L, N B(yk, ti + eri))
42

for k large, by (8.50), (8.48), (8.42), and (8.40). Thus

HY(K;, N By) < (1 - 27)" (17 + HY(Ly 0 By, t + 2]

8.52
< HYLy 0 By, tr + eri)) + erf, 52

because H¥(Ly N By, tr + erg)) < Cr? (recall from (8.30) that Ly =
A+ 7, F! is a d-dimensional minimal set, and use Lemma 2.15), and if 7 is
small enough. We just proved that (8.32) fails for k large.

Now we want to show that (8.31) fails too. The argument will be quite
similar to the one above. This time we set I = (0,1) C D and
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Dy =1 x B(z,p—7). [If p < 7, then p; < € and hence ¢, < ery for k
large, and (8.31) fails trivially.] Apply Lemma 3.3 to the open set Dy and
the sequence {F} of (d + 1)-minimal sets. We get that

HYYFNDy) < lim inf H™Y(F, 0 Dy). (8.53)

— 400

As for (8.37), F is rectifiable and we can apply Lemma 8.10 to the product
FNDy=1x[F'NnB(z,p—7)]. We get that

H™YFNDy) = HYF*NB(z,p—1)). (8.54)
Next we check that for k large,

HYF* N B(z,p—7)) = ry “HY(Lx N By, ty — 7). (8.55)
Observe that for k large, B(z, p—7) contains B(z, pr —¢), by (8.34). Again
set (x) = A+ rpx for ¥ € R™; thus Ly = (F*) and ¢(B(zk, pr — €)) =
B(yg, tr. — erg) by (8.33). So

Y(F*NB(z,p—7)) D Y(F N B(zk, px —€)) = Li, N B(yg, tx, — e7), (8.56)
and (8.55) follows. Then

H"Y(F.NDs) > HYY(FNDy)—1 = vy *HY(LiNB(yx, tr,—erg))—7 (8.57)
for k large, by (8.53), (8.54), and (8.55).

We again compare H"!(Fy, N D) with HY (K}, N By). We still set E} =
. (E}, — A), but this time with the larger

E,’C:{)\v;1777%g)\<1+rk+7rkandv€KkﬂBk}. (8.58)
We claim that then
FxNDy C E} for k large. (8.59)

Let = € Fj, N Dy be given; we need show that w = A + rpx lies in E. We
already know that w € Ej, so w/|w| € K, and it is enough to show that

w/lw| € By and 1—7rp < |w| <147 +7r% (8.60)

Write £ = oA + z + v, where aA is the projection of z on D. Thus 0 <
a < 1,and also v € PyN B(0,p — 7) (because © € Dy and z € Fy). Now
w=A+ryz=1+ary)A+ry(z+v) so

lw| =1+ ary + O(r7) (8.61)
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by Pythagoras (recall that z + v € Py). Then
w/|lw| = (1 —arg)w+O0@E) = A+ rp(z4+v) + O(r}) (8.62)
and
|w/|w|—yk| < relz—2zi | +rr|v| FO(rE) < rlz—zk]|+re(p—T7)+O0(r7) (8.63)

because yr = A + ripz;, and v € B(0,p — 7). In these estimates, the error
terms O(r3) are less than CrZ, with C independent of . If k is large enough,
(8.61) implies that 1 — 77 < |w| < 1+ rg + 71 (because 0 < a < 1), and
(8.63) says that |w/|w| — yx| < ti = rrpr (because z tends to z and py
tends to p, by (8.34)). This proves (8.60) and (8.59).

We still have that HYTY(E)) = r,* "HY(E}) as in (8.48), and
Lemma 8.10 now leads to

H™Y(B) = / HY(A\(K), 0 By)) dH())
1=TrE <SASI+r+77%

= / N HY(K), N By) dHY(\) (8.64)

1—7r <AL+ +77g

< (rp +27r1) (1 + 7 4+ 7)) CHY(K), N By).
as in (8.49) and (8.50). Thus

HYK, N By) > (1 — Cry — Cr)ry \HI(E})
_ ( —Cry — 7_) deJrl(E//)
> (1 Oy, — Cr)r H*\(F 1 Dy) (8.65)
> (1—Cri, — CT)HY(Ly, N By, ty, — erg)) — 718
> HY(Ly, N Blyg, ty — er3,)) — er

by (8.59) and (8.57), because H(Lj N B(yx,tx — erx)) < Cri by Ahlfors
regularity of the minimal set Lj, (see the proof of (8.52)), if 7 is small enough,
and for k large. That is, (8.31) fails for k large.

We finally managed to show that (8.31) and (8.32) fail for k large; this
contradiction with the definition of our sequence {K}} completes the proof
of Theorem 8.23. O

Theorem 8.23 gives some information on the local behavior of K =
EN9dB(0,1) when E is a reduced minimal cone of dimension d + 1. For
instance, if we have a good control on the minimal sets of dimension d,
we can try to use a generalization of Reifenberg’s topological disk theorem
to get local bi-Hélder parameterizations of K. This may not be enough to
control K precisely, but it could give some useful topological control.
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We shall be interested in the case when d = 1; then we’ll see in Section
10 that minimal sets of dimension 1 are lines and sets Y, and a simple case
of the generalized Reifenberg theorem shows that K is locally bi-Holder
equivalent to a line or a Y. See Section 15 for the existence of generalized
Reifenberg parameterizations, Section 12 for the simpler special case when
d =1, and Section 16 for similar arguments in dimension 2.

But we also want to know more about K when d = 1. In particular,
we want to check that it is composed of a finite collection of arcs of great
circles, and for this it will be simpler to have a Lipschitz control, rather
than merely bi-Holder.

So we shall start with another approach, where we show that K satisfies
a weak almost-minimality property, and first prove reasonable properties
for weak almost-minimal sets. This will give slightly more precise results
than Theorem 8.23, at least when d = 1, and maybe the method can be
used in slightly different contexts. But to be fair, one could also start from
Theorem 8.23, use Proposition 12.6 to show that K is locally bi-Holder
equivalent to a line or a Y, and then find more direct ways to show that
K is composed of arcs of great circles in the regions where it looks a lot
like a line. Some arguments of this type will be used in the next paper
[D4], to deduce the C'-regularity of almost-minimal sets of dimension 2 in
R? from a local biHolder description, and they would be simpler for one-
dimensional sets.

9. Weak almost-minimality of K = EN9dB(0,1)

Let E be a reduced minimal cone of dimension d + 1 in R™, and set
K = EnNoB(0,1). We want to show that F is weakly almost-minimal, as
in the next definition. Later on we shall use this property to study £ when
d=1.

The following definition is a little awkward, because it is a compromise
between what we can easily prove for K and what will be needed in later
arguments. We state the definition for subsets of 9B(0, 1), but we could also
work directly in R™, or in some affine subspace, with only minor modifica-
tions.

DEFINITION 9.1.— Let K be a closed subset of 0B = 0B(0,1) C R™.
We say that K is a weak almost-minimal set of dimension d, with gauge
function h if, for each choice of x € OB, r € (0,1), and a Lipschitz function
f:0B — 0B such that

Wy = {y € 0B; f(y) # y} C B(z,r) and f(Wy) C B(z,r), (9.2)
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we have that
HYK N B(x,r) < HY(f(K)NB(z,7)) + (1 + M%) h(r)rd, (9.3)

whenever there is a partition of K N B into a finite number of pieces where
f is M-Lipschitz.

As before, our convention is that a gauge function is a nonnegative non-
decreasing function h, with lim,_,g h(r) = 0. There are two differences with
the definitions of Section 4. The small one is that we work on 0B instead
of an open set in R™. This is just because our examples will live on the
sphere, but the same definition would work in R™ or in some other smooth
manifolds.

The main difference is that here we pay an additional price that depends
on the Lipschitz properties of f. The story about the partition of K N B is
a mostly a way to avoid discussing local Lipschitz constants or gradients.
Note that M may be significantly smaller than the Lipschitz norm of f, or
even of its restriction to K N B; we shall use this advantage in some proofs.

We would have a slightly weaker notion of weak almost-minimal set if
we replaced M? in (9.3) with some larger functions of M; I don’t think that
this would make much difference in the properties of weak almost-minimal
set that will be proved below. Also M*! would be a little easier to get in
the proof of Proposition 9.4. On the other hand M? looks more natural, so
we shall keep it in the definition.

PROPOSITION 9.4. — Let E be a reduced minimal cone of dimension d+1
inR™, and set K = ENOB(0,1). Then K is a reduced weak almost-minimal
set of dimension d, with gauge function h(r) = Cr.

Let us first check that K is reduced. Recall from Definition 2.12 that
this means that
HYK N B(z,r)) >0 (9.5)

for x € K and r € (0,1). Let us check this brutally. We apply Lemma 8.10
(i.e., Theorem 3.2.22 in [Fe]) with Z = EN B(z,r/2), m =1, A = Z, and
for w the radial projection defined by m(z) = |z|. The rectifiability of F was
discussed in Section 2, in a more general context. So (8.12) yields

/Z apJim(z)dH¥ (z) = /

{ / de} dp. (9.6)
p Znm=1(p)

The approximate Jacobian apJi7(z) is easily computed to be 1, because 7 is
1-Lipschitz and the tangent plane to E always contains the radial direction
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where the Lipschitz constant for 7 is exactly 1. Thus (9.6) says that

HHYENB(x,r/2) = H*Y(Z) = /Hd(Zﬂﬂ_l(p)) dp
(9.7)

= [, HYE N B(xz,7/2) N 0B(0, p)) dp.

In addition, the only contribution in the right-hand side comes from 1 —
r/2 < p < 1+ r/2, for which E N B(z,r/2) N dB(0,p) is contained in
p- (KN B(x,r)) because E is a cone and K = EN9JB(0,1). Thus
HY(E N B(x,r/2)) < / HY(K N B(z,r) pldp.  (9.8)
1—r/2<p<l+4r/2

The left-hand side of (9.8) is positive because E is reduced, hence H¢(K N
B(xz,r)) > 0, (9.5) holds, and K is reduced.

We now prove that K is weakly almost-minimal. Let 2 € 9B, r € (0, 1),
and f : 0B — OB be as in Definition 9.1, and let us use f to define a
competitor for FE.

Let 9 : [0,400) — [0, 1] be such that

Y(t) =0 for 0<t <,

1
<w: h7+E<K1a% (9.9)
w(t) = > 1,

1) is continuous, and ) is linear in the two missing interval.

Write every point of R™ as z = py, with p = |z| and y = y/|y| (the choice
of y when z = 0 does not matter), and set

p(z) =(p)pf(y) + (1 = b(p))py for z € R™. (9.10)
Since F is minimal and ¢ is Lipschitz, Definition 8.1 yields
HHE\ o(E)) < H(p(E) \ B). (9.11)
Let us compute what this means in terms of K and f(K). Observe that
p(z) =z for z € R"\ B(0,1) and ¢(B(0,1)) C B(0,1), (9.12)

so ¢(E) coincides with E out of B(0,1) and there will be no contribution
to (9.11) coming from R™ \ B(0,1). The most interesting contributions will
come from the annulus

A= {ZER”'7+—<|Z|<17—. (9.13)
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Let us again apply Lemma 8.10 to the mapping 7 : z — |z|, from Z = ENA

to I =[5+ 15,1 — 75]. We get (9.6) as before, again with apJym(z) =1, so

HFYENA) = H*Y(Z) = /Hd(Zﬂw_l(t))dt: /Hd(EmaB(o,t))dt
I I

= [,Ht K)dt = /td HYK)dt = aHY(K),
1

(9.14)
because 771(t) = dB(0,p) C Afort € I, and E is a cone. The precise value
of aw = [ t?dt won’t matter much.

Observe that 1(|z]) = 1 when z € A, so p(z) = pf(y). Thus
W(ENA)NIB(0,p) = pf(K) for pe I, (9.15)

and it is empty otherwise. The same computation as for £ N A, but with
the other rectifiable set o(E N A), yields

Hd“(ap(EﬂA)):/IHd(go(EﬂA)ﬂ&B(O,t))dt:aHd(f(K)). (9.16)

We shall also need to estimate the contributions of the two annuli

n]‘ 1 r n
Av={zeR" S <l<g+qg) and Ao ={zER"; 1—— [l <1}

(9.17)

Set Z; = {z € ENA;; p(2) # z}. We want to estimate the Lipschitz
properties of ¢ on Z;, and these will depend on the Lipschitz properties of f
on KN B(x,r). Let us assume, as in Definition 9.1, that we have a partition
KNB(x,r)=U,;K; of KN B(x,r) into a finitely number of sets K; where
f is M-Lipschitz. Note that we may assume that the K; are Borel sets,
because f is automatically M-Lipschitz on the fj, which enables us to first
replace K; with Kj, and then build a Borel partition out of the covering.
If z € Z;, y = z/|z| lies in K, because z € E and F is a cone, and f(y) #y
because ¢(z) # z (see (9.10)). Then y € KN B(z, ), by (9.2). Thus the sets

i={z€Z;y=2/2| € K;} (9.18)
form a partition of Z;. Let us check that
¢ is (25 + 2M)-Lipschitz on each Z; ;. (9.19)

It will be enough to control g(z) = ¢(z) — z = p(p)(f(y) — y). We write
that

9(21)—9g(22) = pr¥(p1) (f (Y1) —y1) —p2to(p2) (f (y2) —y2) = A1—Az, (9.20)
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with Ay = [p19(p1) — p22p(p2)](f(y1) —y1) and Az = patp(p2)[(f(y2) —y2) —
(f(y1) —w1)]-

Since [V (pib(p))| < 9(p) + plt'(p)| <1+ 12, we get that

11
|Aq] < 7\p2—p1|\f(y1)—y1| < 22|p2 — p1l, (9.21)

because y1 and f(y1) lie in B(z,r), by (9.2). Also, z; and z2 both lie in Z; ;,
so y1 and ¥ lie in K;. Then

|Ao| < |(f(y2)—y2)—(f(y1)—y)| < lya—y1|+[f(y2)—f(y1)| < (A+M)|y2—w1],
(9.22)

by definition of M and the K;. Altogether

19(21)—9(22)| < [A1]+]A2] < 22|pa—p1|+(1+M)[y2—y1| < (24+2M)|20—2 |
(9.23)
and (9.19) follows because ¢(z) = z + g(z).

An immediate consequence of (9.19) is that
H™ Y p(Z; 7)) < C(1+ M) HY(Z, ;). (9.24)

This would be enough to prove (9.3) with M¢ replaced by M?*!, but since
we decided to go for the more restrictive definition, we shall need to improve
(9.24) a little bit. Observe that Z; ; is rectifiable, because it is contained in E
and by the rectifiability results of Section 2, so we can use the area formula
(see for instance Corollary 3.2.20 in [Fe]). That is,

H™(p(Z;5)) < / Jo(2) dH (). (9.25)
Zi

Our improvement on (9.24) will come from a better control of the (d + 1)-

dimensional Jacobian J, due to a better control on the derivative of ¢ in

the radial direction.

It may comfort the reader to notice that since E is Ahlfors-regular and
rectifiable, it even has a true tangent (d + 1)-plane at z for H9*+1-almost
every z. This plane z + P(z) contains the radial direction because F is a
cone, and if z+Q(z) denotes the d-plane in P(z) perpendicular to the radial
direction, it is easy to see that K has a tangent plane at y = z/|z|, which
is y + Q(z). Note that we already knew from the first part of Lemma 8.10
(applied as before to the radial projection 7) that K is rectifiable.

The derivative of g(z) = pw(p)(f(y) — y) in the radial direction is
bounded by

[(p) + o' (P)If(y) —yl < Cr M f(y) —yl < C, (9.26)
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by (9.2). The derivative in all the tangential directions is bounded by
25+ 2M, because we restrict our attention to Z, ; and by (9.19). So J,(z) <
C(1+ M)®. Indeed, after some manipulations, we can compute J,(2) as a
determinant of Dy in some set of bases, and if we start the basis of P(z)
with a radial vector, the first row of the corresponding matrix has bounded
terms, while the terms in the other rows are bounded by C(1 + M). Thus
(9.25) yields

H"(p(Zi3)) < C(L+ M) H™(Z, ). (9.27)

Incidentally, we have been trying to avoid talking about approximate
differentials of f and ¢ on K and E, but the natural way to deal with
(9.25) would use these. Our discussion leads to J,,(2) < C|Dpep(2)|¢, where
|Dre(z)| is the norm of the approximate differential of the restriction of
¢ to E (which exits H9 !-almost everywhere on E). Then the proof of
(9.19) yields |Dge(z)| < C + |Dk f(y)|, where |Dg f(y)| is the norm of the
approximate differential of the restriction of f to K. Thus a more precise
version of (9.27) is that

H((Z) < C [ (14 Dxpl)l ) am* ). (029

Notice that we don’t need to cut K N B(z,r) or the Z; into pieces in this
context, because |Dgo(y)| is local.

We return to (9.27) and estimate H4"'(Z; ;). Recall from (9.18) that
Z; ; is contained in the cone over K; C K N B(x,r). It is also contained in
the thin annulus A; of (9.17), so U;Z; ; is contained in a ball B; of radius
2r. Then

S HW(Z ;) = HYY(U; Ziy) <HTHENB) < Crttt o (9.29)
J
because the Z; ; are disjoint and contained in E, and by the easiest part of
Lemma 2.15 (the Ahlfors-regularity of the minimal set E).
We are almost ready to return to (9.11). Set
S=ENB(0,1/2) U [Uicq1,2 EN A\ Z)], (9.30)

and check that ¢(z) = z on S. When z € B(0,1/2), this comes directly
from (9.10) and the fact that ¢(p) = 0 by (9.9). On EN A; \ Z;, this is the
definition of Z; (just below (9.17)). Next

©(E)NB(0,1) = o(ENB(0,1)) C ¢(S) Up(ENA)U[U; 9(Z)] ©:31)
JU Ui '

=SUP(ENA)U[U; 9(Z)]
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by (9.12), because ENB(0,1) = SU(ENA)U[U;Z;], and because p(z) = z
on S. So
H™ (o(E)NB(0,1)) < HH(S)+H™ (p(ENA))+C(1+M) %t (9.32)
by (9.27) and (9.29). Similarly,
H™YENB(0,1)) > H™(S) + H*Y(EN A)

(
because these sets are disjoint. On the other hand, H¥(E \ p(E)) <
H4*Y(p(E) \ E) by (9.11), and since p(FE) coincides with E out of B(0,1)
by (9.12), we get that

HPYENB(0,1)) < H (p(E) N B(0,1)) (9.34)
by adding H4*(E N p(E) N B(0,1)) to both sides. Altogether,
H®YENA) < HYY(ENB(0,1)) — HY(S)
< HM(o(E)N B(0,1)) — H*L(S) (9.35)
<H
9.

9.33)

(
Hl(p(ENA))+C(1+ M)dri+t
by (9.33), (9.34), and (9.32). By (9.14) and (9.16), this implies that
aHYK) < aHY(f(K)) + C(1 + M)%rd+t, (9.36)

9/10

with o = /tddt > / tdt (recall that I = [3 + £, 1 — ], see above
I 6/10

(9.14)). This is just the same thing as (9.3), with h(r) = Cr. Proposition

9.4 follows. O

Remark 9.87.— We can improve slightly our estimate of H9t1(¢(Z2;)),
by using (9.28) instead of (9.27). The same computations as above then
lead to

HY(K) < HY(f(K)) +C (1 + D)) dH ™ (2),  (9.38)
Z1UZs

where we still use the convention that y = z/|z|. Recall from just above

(9.18) that if z € Z3 U Zs, then f(y) # y. In particular, y € K N B(x,r), by

(9.2). Also, z € A; U Ay. We can apply Lemma 8.10 to Z = Z; U Zy (which

is rectifiable because it is contained in E) and the radial projection 7 from

ZtoJ=3,5+ 5] U[1l— 15, 1]. This time we use sets A C Z to show that

-z,
both sides of (8.12) define equal measures, and we get that

/Z (1+ [Drp()|?) dHH1(2)

A et ase) o
(9.39)
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where we omitted the approximate Jacobian from the left-hand side because
it is equal to 1, as for (9.6) and (9.14). Recall that 7—1(p) = 9B(0, p) and
that Z is contained in the cone over Wy = {y € 0B(0,1); f(y) # y} C
K N B(zx,r). Thus

/ (1+ D)) dH(z) < / (1+ [ Do) dHA(2)
z€ZNm—1(p) p

Wy
= / (1+ D)) dH ().
Wy
(9.40)
We integrate this over J and get that
HY(K) < HY(f(K)) + Cr /W (1+ Do) dHYy),  (9.41)
f

by (9.38) and (9.39). This is slightly more precise and elegant than (9.36),
but will not be used here.

10. One-dimensional minimal sets in R"

Here we want to describe the reduced minimal sets of dimension 1 in
R™. The main result (Theorem 10.1) is not new, see [Mo3]. We still give a
direct proof, mostly for self-containedness.

There are two simple examples minimal sets of dimension 1 in R", the
lines and the Y-sets. In this section, a Y-set will be a union of three half
lines contained in an affine plane, with the same endpoint, and that make
angles of 120° at that point.

It is fairly easy to see that lines and Y-sets are indeed minimal. See
[D2], Lemma 59.1 on page 392, but here is a rapid sketch of the argument
for the typical case when Y is a Y-set centered at the origin. Let Z = (V)
be a deformation of Y, choose R so large that Y = Z out of B(0, R), and
denote by aq,as,as the three points of Y N 9B(0, R). The images under ¢
of the three segments of Y N B(0, R) are three arcs that connect ¢(0) to the
a;j. Then (if H'(Z N B(0, R)) < +0o0) we can find a point z € Z N B(0, R)
and three simple arcs in B(0, R) N Z that go from z to the a;, and whose
interiors are disjoint. Replacing these by line segments makes Z shorter,
and a variational argument shows that the optimal case is when z = 0 and
Z=Y.

To the mild surprise of the author (but again this was known), there
is no other one-dimensional reduced minimal set, even in large ambient
dimensions.
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THEOREM 10.1.— FEvery nonempty reduced minimal set of dimension
1 in R™ is a line or a Y -set.

The rest of this section is devoted to the proof. Even though a direct
approach would be possible, it will be easier for us to apply some general ar-
guments, and in particular use blow-down limits. We start with the simpler
case of minimal cones.

LEMMA 10.2. — FEvery nonempty reduced minimal cone of dimension 1
is a line or a Y -set.

Let E be a reduced minimal cone of dimension 1 (centered at the origin),
and set K = ENOB(0,1). Notice that K is finite, because otherwise H*(EN
B(0,1)) is infinite. Write K’ = {a1,- -, an}, and denote by L; the half line
through a;. Let us first show that

Angle (L;, L;) > 2% for i # j. (10.3)

Choose i # j so that @ = Angle(L;, L;) is minimal, and suppose that
0 < 2T. We want to get a contradiction by replacing [L; U L;] N B(0,1) with
a bhorter fork Fy defined as follows. Set z; = t(a;+a;) for 0 <t < 1071, say,
and Fy = [0, 2] U [z, a;] U [2¢, a;]. A simple differentiation of £(t) = H'(F})
at t = 0 shows that H'(F;) < H*([L, U L;] N B(0,1)) for ¢ small (because
0 < %’r) We choose t so that this holds, and set

E=[E\ ([L; UL;]NnB(0,1))] U F,. (10.4)

Notice that H*(E N B(0,1)) < H'(E N B(0,1)) and the two sets coincide
out of B(0,1),s0o HY(E\ E) < HY(E\ E).

We want to construct a Lipschitz mapping ¢ : R® — R™ such that
w(x) = x out of B(0,1) and p(E) C E. Since E is minimal, Definition 8.1
will allow us to apply (8.2) to ¢, and get that HY(E\¢(E)) < H'(p(E)\E),
hence H'(E \ E) < HY(E \ E). This is just the opposite of what we have,
so we shall get the desired contradiction as soon as we have ¢.

Let L denote the half line through a; + a;, and set C, = {y e R";
dist(y, L) < aly|}, with a = dist(a;, L). That is, C, is the smallest revo-
lution cone around L that contains L; and L;. Notice that since |a; — a;]
is minimal, dist(a;, L;) > dist(a;, L;) for I # i. Also, a; and a; are fur-
thest possible in C, N 9B(0, 1), so the only point of C, N9B(0,1) such that
dist(y, L;) > dist(a;, L;) is y = a;. Put in other words, a; ¢ C, unless [ = j.
Let us choose o/ > « so close to a that no a;, I # 1, j, lies in C, either.
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Set ¢(y) =y for y € R™\ [Co»NB(0, 1)]. Thus we still need to define ¢ on
Cor N B(0,1), and we start with (L; U L;) N B(0,1). Define ¢ on L; N B(0,1)
so that it is Lipschitz and maps L; N B(0,1) into £; N B(0,1), with ¢(0) =0
and () = « near a;. Proceed similarly with L;. Because there are small
security cones around L; and L; that are contained in C.s, our map ¢ is
Lipschitz on [R™ \ [Cor N B(0,1)]] U L; U L;. We simply use the Whitney
extension Theorem to extend it to the rest of R”, so that it stays Lipschitz.

Notice that ¢ does not move the half lines L;, [ # 4, j; then ¢(E) C E,
where FE is as in (10.4). This completes our construction of ¢, and we have
noted earlier that the ensuing contradiction proves (10.3).

Next we claim that if j, k,[ are distinct, the three lines L;, Ly, L; lie in a
plane, and L; U L, U L; is a Y-set. Denote by P the plane that contains L;
and Ly, and identify P with C. By symmetry, we may assume that a; = e'?
and ay = e~ with 0 < 0 < 7/2. By (10.3), § > 7/3. Denote by & the
orthogonal projection of a; on P; then (10.3) says that (£, a;) = (a;,a;) <
cos(2m/3) = —1/2, and similarly (£, a;) < —1/2. Since ¢ lies in the closed
unit ball, this forces the half line through & to make angles at least 27 /3
with L; and L;. The only possibility is that § = 7/3, { = —1 and a; = —1.
Our claim follows.

We are now ready to prove the lemma. If EN9B(0,1) is empty, then F
is empty. Next EN0B(0,1) cannot be reduced to one point, because a half
line is not minimal (we can contract it along its end to make it shorter). If it
has exactly two points, it is easy to check that E is a line (otherwise, deform
E N B(0,1) into a segment with the same endpoints, and you’ll save some
length). If it has more than two points, choose two of them (say, a; and a;);
the argument above shows that all the other points aj lie just opposite to
a; + aj, so there is only one of them, and E is a Y-set. This proves Lemma
10.2. O

Now we want to deal with the general case of Theorem 10.1. We shall use
results of the previous parts to save time, but more direct proofs would be
possible (and also the theorems that we use are easier for one-dimensional
sets).

So let F be a nonempty reduced minimal set of dimension 1. Let us
assume for simplicity that the origin lies in E, and set 6(r) = r 'HY(E N
B(0,r)). By Lemma 2.15, 6 is bounded. By Proposition 5.16,  is nonde-
creasing, so O, = lim,_ 4, 0(r) exists and is finite.

Let 7 > 0 be small, and let ¢ > 0 be as in Proposition 7.1, with ¢ = 1
and b = 2. Then let R > 1 be such that (r) > 0. —e for r > R. For r > R,

- 155 -



Guy David

apply Proposition 7.1 to 7! E; the density assumption is satisfied because
000 —€ < 0(r) < 0(2r) < 0. The conclusion is that there is a minimal cone
C centered at the origin, that is close to E' = r~'E in various respects, but
in particular such that

lp~tHY(E'NB(0, p))—p 'H(CNB(0,p))| < 7 for 14+7 < p < 2—7, (10.5)
as in (7.5). Take p = 3/2; we get that
0(3r/2) = p~*H*(E' N B(0,p)) < p 'HY(C N B(0,p)) +7 <3+ 7 (10.6)

by Lemma 10.2. Denote by N(t) the number of points in £ N 9B(0,t). By
[D2], Lemma 26.1 on page 160, or [Fe], Theorem 3.2.22,

/3T/2 N(z)dx < HY(ENB(0,3r/2)) = (3r/2)0(3r/2) < 3(3+7)r/2 (10.7)
0

so we can find p € (r/10,3r/2) such that N(p) < 15 3(3;27)7” < 4 (if T is
small enough). That is,

EN9dB(0,p) has at most three points. (10.8)

LEMMA 10.9.— If E is a reduced minimal set that contains the origin,
and p > 0 is such that (10.8) holds, then E coincides with a line or a 'Y -set
in B(0, p).

Theorem 10.1 will follow as soon as we prove this lemma. Indeed, we
found arbitrarily large radii p such that (10.8) holds, hence such that E
coincides with a line or a Y-set in B(0, p). It is easy to see that F is then a
line or a Y-set.

Our proof of Lemma 10.9 will take some time, in particular because we
want to be able to use the same construction with weak almost-minimal
sets.

Before we really start, let us construct retractions hr onto some simple
sets F'. Our first case is when F' = YNB, where Y is a Y-set and B is a closed
ball that contains the center of Y. Let P denote the plane that contains Y.
We first construct a retraction hy : P — Y. Denote by Ly, Lo, L3 the three
half lines that compose Y, and by V; the connected component of P\ Y
opposite to L;. For y € V;, hy(y) is the projection of y onto L; U Lj, along
the direction of L;, where L; and Lj, are the two other half lines. In other
words, hq(y) is the intersection of L;U Ly with the line through y parallel to
L;. It is easy to see that h; is 2-Lipschitz on V;. For instance, observe that
we can split V; into two equal sectors where h; is the oblique projection onto
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the line L; or Ly, along a direction that makes an angle /3 with that line.
Then h; is also 2-Lipschitz on P, because the various definitions coincide
with the identity on Y.

We compose hy with the retraction hy from Y to F', which maps y € F
to itself, and maps y € Y \ F to the point of Y N 9B that lies on the same
branch of Y as y. Obviously ho is 1-Lipschitz. Finally set

hp =hyohjomp (10.10)
on R”, where mp denotes the orthogonal projection onto P. Then

hp is a 2-Lipschitz retraction of R™ onto F. (10.11)

We also need to construct hp when F' = BN (LU Lsy), where Ly and Lo
are half lines with the same endpoint and that make an angle at least 27 /3
at that point, and B is a closed ball that contains that point. Let us first
define a retraction h; on the plane P that contains Z (if L1 U Ly is a line
L, choose any plane that contains L; anyway hy o mp will end up being the
orthogonal projection onto L). Call D the line in P that goes through the
common endpoint of Ly and Lo and lies at equal distance from L, and Lo
and, for y € P, let hq(y) be the intersection of Ly U Ly with the line through
y parallel to D. Now h; is still 2-Lipschitz on P, because D makes an angle
of /3 or more with the lines that contain L; and Ls. We then define hp
as before, by (10.10), and (10.11) holds for the same reasons.

Let E be as in Lemma 10.9. We want to treat a few cases at the same
time, so some notation will be useful. Set B = B(0, p), and denote by a;,
1 <7 < N, the points of ENJB. Let us still keep the number N of points
in EN9JB open, except that (10.8) says that N < 3.

Then denote by E; the connected component of £ N B that contains
a;. Call M the number of components that we get, and renumber the a; so
that the E;, 1 < j < M, are disjoint, and each ay, k > M, lies in some E;
such that j < M. Notice that the E; are compact, so

dist(E;, B;) > 0 for 1 <i,j < M,i # j. (10.12)

When M > 1, we shall also need to dispatch the rest of £ N B among the
E;, as follows.

LEMMA 10.13.— We can find a partition of E N B into sets E;-, 1<y
< M, such that Ej C E} for j < M and

dist(E}, E}) >0 fori,j < M,i# j. (10.14)
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We leave the proof of Lemma 10.13 for the end of the section, because it
is a pure fact about connected components, and it does not interfere with
the rest of the proof.

Let us return to the proof of Lemma 10.9. For 1 < j < M, denote by F}
the shortest connected set that contains all the points of ;N 9B. We claim
that if £; N OB has three points, i.e., if £NJB has three points which lie in
the same component of £ N B, then F is either the intersection of B with
a Y-set whose center lies in B, or else we can rename the three points a; so
that F' = [a1, a2] U a2, ag], and these segments make an angle at least 27/3
at as.

To prove the claim, we consider any connected set G with finite length
that contains the three a;. By Proposition 10.37 in [D2] (for instance), we
can find a simple arc v in G from a; to ag, and a simple arc «; in G from
asz to a;. We denote by z the first point of «; Ny when we start from a3 and
run along ~y;. Possibly z is one of the a;, but this is all right. Call g; the arc
of ~v from ay to z, go the arc of v from z to as, and g3 the arc of ~; from
a3 to z. These three arcs are disjoint, except for z, and they are contained
in G. Then H'(G) > H'(Ujg;) = >, H'(g;) = H'(Ui[as, z]), because the
g; are disjoint. So it is enough to minimize length among sets of the form
Uilas, z]. By differentiating in z, it is easy to see that Hl(Ujgj) is minimal
only when U,g; is contained in a Y'-set centered at z, or else z is one of the
a;. In this last case, if for instance z = ag, it is easy to show directly that
the segments [a1, z] and [z, a3] make an angle at least 27/3 at z (otherwise,
a Y-set would be shorter). This proves our claim. Notice that in both cases,
we constructed a Lipschitz retraction hg; onto Fj.

When F; contains exactly two points a;, F} is the line segment between
these points, and we also constructed hp, above (this is the case when Ly
lies opposite to Ly). Finally, when E; N 0B is reduced to a;, F; = {a;} and
we simply take hp; constant equal to a;.

We are now ready to define a competitor ¢(E). First set

o(y) =y fory € R™\ B(0, p). (10.15)

We would have liked to set ¢(y) = hr, on E7, but then ¢ would not neces-
sarily be Lipschitz, because E N B(0, p) may approach the a; tangentially,
and the definitions of ¢ from inside and outside B would not match well.
So we shall need a small cut-off function . For this reason we introduce a
small positive number ¢, set d(y) = dist(y, £ N IB), and then
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Uv(y) =0 for 0 <d(y) <e,
Y(y) =eld(y)—1 fore <d(y) < 2, (10.16)
Yly) =1 for d(y) > 2¢
Next set
ei(y) =y +¢)lhe,(y) —y] for y € R, (10.17)
and
o(y) = pj(y) forye EL. (10.18)

Notice that ¢;(y) = y on Fj, which contains all the points of £} N dB,
because F} contains all the points of F; N0B, and E; \ E; does no meet 0B
(every point of E N OB lies in some E;). Thus the two definitions of ¢(y)
coincide on E N JB. Let us check that for each j,

@; is 10-Lipschitz. (10.19)

Fix j, and start the verification in the small balls By = B(ag, 2¢) centered
at the points of £ N 0B. Notice that |hr,(y) —y| < 6¢ for y € By, because
hp, is 2-Lipschitz and hp; (ax) = ax (see (10.11)). Then

[WW)hr () =yl — @) () — ]l
< () = v@)he, () = yl| + o) he, () = y] = [he, (y) = y]| (10.20)
<e My —y||hr (y) —y| + 30 )y — | <9y — ¥
for y, ¥ € By, again because hy,; is 2-Lipschitz. Thus v (y)[hr, (y) — y] is
1

9-Lipschitz on By, and ¢; is 10-Lipschitz there. Out of the By, ¥(y) = 1 by
(10.16), so @;(y) = hr,(y), which is 2-Lipschitz. This proves (10.19).

Next we check that ¢ is Lipschitz on [R™ \ B(0, p)] U [E N B(0, p)], i.e.,

that
lo(x) —@(y)| < Clz —y| (10.21)

for some (very large) C. If = and y lie out of B(0, p), this is clear because
of (10.15); so let us assume that y € B(0,p). Notice that y € E’ for some
j < M, by Lemma 10.13, so ¢(y) = ¢;(y) by (10.18), hence ¢(y) lies in the
segment [y, hr, (y)] by (10.17). In particular, we just checked that

o(y) € B = B(0,p) foryec EN B(0,p) (10.22)
because F; C B.

If = lies out of B(0,2p), (10.21) holds because |p(z) — o(y)] =
[z =W < |z -yl + 1y — o) < & —yl+2p < 3z —y|. Next as-
sume that © € B(0,2p) \ B(0,p). If y lies in one of the B(ay,e), then
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Y(y) =0, o(y) =y, and (10.21) is trivial. Otherwise, y lies in the compact
set K. = ENB\U,B(a,¢). Notice that K. does not meet R™\ B(0, p), be-
cause ENOB reduces to the ag, so |y —x| > d. = dist(K.,R™\ B(0, p)) > 0,
and | (x) — p(y)| < 4p < 4pd- 'y — 2| because p(x), ¢(y) € B(0,2p), s0
(10.21) holds.

We are left with the case when z,y € ENB(0, p). Then z also lies in some
E}. If i = j, we just use (10.18) and (10.19). Otherwise, |p(z) — ¢(y)| < 2p,
and |y — x| > dist(E}, E}) > 0 by Lemma 10.13, so (10.21) holds in this last
case as well.

Let us now use the Whitney extension theorem and extend ¢ to the rest
of R™, so that it stays Lipschitz. For Lemma 10.9 and Theorem 10.1, we
don’t really need that

»(B(0,p)) C B (10.23)

because there will be no gauge function to pay for, but let us require this
anyway, for later uses of the argument. This is easy to arrange; simply
compose the restriction of ¢ to B(0, p) with the radial contraction on B
defined by f(z) = z for z € B, and f(z) = z/|z| otherwise. This does not
change the values of p(y) when y € E N B(0,p), by (10.22), and ¢ stays
Lipschitz on R™ because ¢(y) =y = f(y) on 0B.

Our argument so far would work with minor modifications for weak
almost-minimal sets. We shall return to this soon, but for the moment let
us do the accounting in the situation of Lemma 10.9 and Theorem 10.1,
where F is a reduced minimal set. Since ¢ is Lipschitz and p(z) = x out
of B, we can apply (8.2), which says that H'(E \ ¢(E)) < H'(¢(E) \ E).
Since F and ¢(F) coincide out of B (by (10.15) and (10.22)), we get that

HYENB) < H'(p(E)N B) = H'(¢(E N B)) (10.24)
(by (10.15) and (10.22) again). Let y € EN B be given. Thus y lies in some

B If y lies out of the B(ay, 2¢), ¥(y) = 1, and p(y) = ¢;(y) = hr;(y) € F;
(by (10.11)). Hence

HY(p(ENB)) < > H'(F)+Y_ Y H'(¢;j(Ejn BN Bax, 2)))

j<M J k
<Y HY(F +IOZZH1 E;nBNBlar,2e)) (10,25
j<M J .
= 3" HY(F)+10Y_ HY(ENBN Blay, 2¢))
J<M k

by (10.18) and (10.19). Hence
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YENB)< Y H'Y(F;)+10Y H'(ENBNB(ax,2))  (10.26)
j<M k

by (10.24). We may now let £ go to 0, and we get that

YENB)< ) H'(F (10.27)
J<M

because £ N 0B is finite. Now recall that F} is the connected set that con-
tains the points of F; N B for which H'(F}) is minimal (the description
above gives the uniqueness). In particular, H'(F;) < H'(E;) because E;
is connected. The E; are distinct and contained in £ N B by construc-
tion, so (10.27) says that H'(E;) = H'(F}), whence E; = F;. In addition,
H'(E;\ Ej) = 0.

Suppose for a moment that E} \ Fj; is not empty. Then we can find
y € E;\ Ej and 7 > 0 so small that B(y,r) does not meet the closed
sets E; = Fj, nor R™ \ B(0, p) (because y € E N OB is impossible). Then
ENB(y,r) is contained in the union of the E% \ E;, so HY(ENB(y,r)) =0,
which contradicts our assumption that E is reduced. So E; \ E; is empty,
and £ N B is the union of the F}.

If F1NOB contains three points, then there is no other Fj (by (10.8)), and
ENB = F1NB. In addition, the origin lies in F; because we assumed that it
lies in E. If F; does not come from a Y-set, it is of the form [a1, as]Ulas, as].
Assume for instance that 0 € [a1,as]. Then [a1, az] is a diameter of B, and
then its angle with [ag, as] it less than /2. We saw that this is not possible
(by minimality of Fj). So E coincides with a Y-set in B, and we are happy.

If Iy N OB contains two points a; and as, Fy either does not exist
(if N=2) or is reduced to one point, and ENB(0, p) = F1NB(0, p) = (a1, az2).
This case is fine too. The same thing happens if some other F; N JB has
exactly two points.

The other cases where no E; contains more than one point of 0B are
impossible, because then the F; are reduced to one point, and the origin
cannot lie in F.

This completes our proof of Lemma 10.9 and Theorem 10.1, modulo
Lemma 10.13 which we prove now. O

Proof of Lemma 10.13.— For each small n > 0, denote by G, the set
of points y € E N B that can be connected to E; by an n-string in £N B,
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i.e., a finite sequence {yx} in EN B, with yo = vy, |yx — yr—1| < 7, and the
last yy, lies in E;. Let ¢ < M be given, with ¢ # j, and let us check that for
7n small enough, G, does not meet Ej;.

Suppose not. We can find a sequence {n;} that tends to 0, and for each
l an n-string {yx} in E N B that goes from some z; € E; to some w; € E;.
Set T'; = Ugs1[yk—1, yk); thus T'; is compact, connected, and contained in B.
Replace {n;} with a subsequence for which {z;} converges to some z, {w;}
converges to some w, and {I';} converges to some compact set I C B.

Notice that y € E; (because E; is closed), z € Ej, and also I' C E,
because each point of I'; lies within 7; of F, and F is closed. In addition,
we claim that I' is connected.

Again, suppose this is not the case. Split I' as I' = G; U G4, where the
G; are disjoint nonempty closed subsets. Set d = dist(G1, G2) > 0, and take
[ so large that every point of T'; lies within d/3 of T', and every point of T
lies within d/3 of I';. For m = 1,2, set Gy, = {y e Iy; dist(y, G) < d/3}.
First, Gy, is closed. It is not empty, because G,, contains some y, then
there is a y’ € I'; such that |y’ — y| < d/3, and obviously ¥’ € Gy . Also,
dist(Gi1,Gr2) > d/3 by definitions, and finally I’y = G;1 U G2 because
every point of I'; lies within d/3 of ' = G; U G2. All this contradicts the
connectedness of I';, and our claim that I" is connected follows.

We managed to find a connected set I' C £N B that contains z € F; and
w € Fj;, but this contradicts our assumption that E; and E; are different
connected components of £ N B. Thus G}, does not meet Ej; for n small.
Then dist(Gj,,, Giy) = 1, because otherwise we could put two n-strings
together to go from FEj; to Ej;.

Now choose 7 so small that all the G;, lie at distance > n from each
other, and set E} = G, for j > 1 and E} = EN B\ U;j>1Gj . These sets
are disjoint because the G, don’t meet. It is obvious that EJ’ D Ej for
j > 1, and for j = 1 this is true because G, does not meet the other G; .
Their union is £ N B by definition of E{. We still need to check (10.14). Let
us even check that dist(E;, E%) > n for i # j.

When ¢ and j are larger than 1, this comes directly from our choice of 7. If
i = 1, we simply observe that if y € E], then dist(y, E) = dist(y, Gj,) =1
because otherwise y would lie in G ,. This completes our proof of Lemma
10.13. Lemma 10.9 and Theorem 10.1 follows as well. U
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11. Local regularity for 1-dimensional weak almost-minimal sets

We still want to describe the two-dimensional minimal cones in R™, and
to this effect we shall need information on the reduced weak almost-minimal
sets of dimension 1. In this section we let £ C 0B(0,1) C R™ be a closed
set, and we assume that

FE is a reduced weak almost-minimal set of dimension 1, (11.1)
with gauge function h '

[see Definition 9.1 for weak almost-minimal sets, and Definition 2.12 (or
(9.5)), for the notion of reduction], and we try to derive some amount of
regularity from mild assumptions on E N dB(x, p). The proof will be very
close to what we would do for almost-minimal sets (a case that was treated
in [Mo3]). The main result of this section is the following.

PROPOSITION 11.2. — Let E C 0B(0,1) C R™ satisfy (11.1), and sup-
pose that ENOB(z, p) has at most three points. Also suppose that r + h(r)
is small enough (depending only on n). Then for y € E N B(x,p/10) and
0 <r < p/10, we can find a one-dimensional minimal cone Z that contains
y (i.e., a line or a Y-set through y) such that

dist (2, Z) < C[r + h(10r)]"/?r for = € EN B(y,r)

11.3
and dist(z, E) < C[r + h(10r)]*/?r for = € Z N B(y,r). (113)

Observe that we do not require Z to be centered at y when it is a Y,
and the type of Z may depend on y and r (but in fact not wildly). If
E, x, and p are as in the proposition and h(p) is small enough, it follows
from Proposition 12.6 (the one-dimensional case of the generalization of
Reifenberg’ theorem that will be stated in Section 15) that E is biHolder-
equivalent to a line or a Y-set in a ball that contains B(y, p/20).

In the case when E = K U 9B(0,1) for a reduced minimal set K of
dimension 2, we could also get the biHo6lder equivalence from Theorem 8.23
and Theorem 10.1, but in this case Proposition 9.4 says that (11.1) and then
(11.3) hold with h(r) < Cr; we shall see in Proposition 12.27 that (11.3)
then gives a C' control of E near y. This better control will make it easier
to prove that F is composed of arcs of great circles which only meet with
120° angles; see Section 14.

Let us return to the general case where (11.1) holds, forget about Propo-
sition 11.2 for the moment, and see what the proof of Lemma 10.9 yields in
this context. We let z € 0B(0,1) and p € (0,1/2) be given, and start with
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the only additional assumption that

ENJB(z,p) is finite. (11.4)

As before, we denote by a;, j < N, the points of £ N 0B (z,p) (if EN
OB(z,p) # 0), and by E; the connected component of a; in E N B(z, p).
We number the points a; so that the first E;, j < M, are distinct, while
each Ey, k > M, coincides with some previous E;. And we denote by F} the
shortest connected set in R™ that contains all the points of E; N 0B (x, p).

LEMMA 11.5.— There is a constant C' > 1, that depends only on n,
such that

HYENB(x,p)) < Y H'F;)+Ch(p) + pl p. (11.6)
J<M

Let us repeat the construction of the function ¢ as in Lemma 10.9,
except that we replace the origin with x, and we only define ¢ on 9B(0,1).
We cannot use ¢ directly, because of the constraint that competitors lie in
0B(0,1), so we shall need to project back onto dB(0,1).

Denote by £ the point of R™ such that the cone centered at & over
0B(z,p)NOB(0,1) is tangent to B along dB(x, p) NIB(0,1). That is, £ lies
on the line through 0 and x and z—¢ is orthogonal to z—x for z € 0B(z, p)N
0B(0,1). Notice that z lies on the half line [0, —x) because we may assume
that p < 1. Set n(z) = z for z € 0B(0,1)\B(z, p) and, for z € B(z, p), denote
by n(z) the radial projection of z onto B(0, 1) N B(z, p) centered at £&. That
is, n(z) is the only point of 0B(0,1) N B(x, p) that lies on the line through
0 and z. Observe that n is 2-Lipschitz on [0B(0,1) \ B(x, p)] U B(z, p); we
shall not need to define it on a larger set.

We set f(y) = n(p(y)) for y € 9B(0,1). Observe that we still have that

fy) =w(y) =y fory € dB(0,1)\ B(z,p) (11.7)

by (10.15), and ¢(y) € B = B(z,p) for y € B(x, p), by (10.23), so that in
particular f(y) is well defined, and

f(B(z,p)) < Blx, p) N OB(0,1). (118)
The composition with 1 does not radically change the Lipschitz proper-
ties of ¢, so f is Lipschitz (by (10.21)), and
the restriction of f to each E} is 20-Lipschitz, (11.9)
by (10.19) and (10.18).
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Let us apply the weak almost—minimality of F, as defined in Defini-
tion 9.1. The set Wy = {y € 9B(0,1); f(y) # y} is contained in B(z, p) by

(11.7), and f(W;) C B(x,p) by (11.8). In addition, we have a partition of
E N B(z,p) into sets EY, as in Lemma 10.13, and f is 20-Lipschitz on each
E} by (11.9). Thus we can take M = 20 in (9.3), which yields

H'(ENB(z,p)) < H' (f(E) N B(z,p)) + Chip)p. (11.10)

We want to estimate H'(f(E) N B(z,p)). We get no contribution from the
complement of B(x, p), by (11.7). So it is enough to control the sets f(E)
(because E N B(x, p) = U, EY).

Recall that E N dB(x,p) is composed of a finite number of points a.
Observe that

STSTHY (B N Blar,20)) < 203 ST HY(E] 0 Blag, 2))
Jj k ik

< 20)  H'(EN Blay, 2%))
k

by (11.9). When y € Ej lies out of the B(ay,2¢), we know that ¢(y) =
hr,(y) € F;, where Fj still denotes the shortest connected set that contains
the points of E; N0B(x, p). Then f( ) € n(Fj). Altogether,

H'(f(E) N B(z,p)) ZH )HZZHl(f(EJ’.mB(ak,Qs))
i k

(11.11)

ZH +202H (E N Blay, 2¢))

(11.12)
by (11.11). We replace in (10.10), let £ tend to 0, and get that

HYEN B(z,p)) ZH )+ Ch(p)p
(11.13)

<D H'F) + Clh(p) + plp

because 1 barely deforms Fj (recall that the center £ of the radial projection
is far from x, and that F} lies in the convex hull of the points a; of £ N
OB(z, p), hence close to the surface B(0,1)). This proves Lemma 11.5.
O

LEMMA 11.14.— There is a constant Cy > 1, that depends only on n,
such that if (11.1) holds, then
HY(EN B(zo,r)) > 1/2 forxzg € E

(11.15)
and r > 0 such that r + h(r) < Cy .
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Indeed suppose that z¢ € F and r > 0 are such that H!(EN B(xg,7)) <
r/2. Pick any x € dB(0,1) N B(xo,r/4), and set §(y) = |y — z| for y € R™;
then H'(§(E N B(xg,r))) < 7/2 because ¢§ is 1-Lipschitz, so we can find
p € (r/4,3r/4) such that p ¢ §(EN B(xp,r)). Since B(x, p) C B(xg,r), this
means that 0B(x, p) does not meet E.

Thus we can apply Lemma 11.5, with no set F}, and get that

< Clh(p) +plp (11.16)
< Clh(r)+r]r<r/8

HYE N B(x,r/4)) < H'(E N B(z, p))

because h is nondecreasing (it is a gauge function) and if h(r) 4+ r is small
enough.

We can iterate this argument, this time keeping the same point x, and
we get that

HY(EN B(x,47%r)) <47 fork>1 (11.17)

and even, by (11.16) again,
HY(EN B(x,47* 1)) < Clh(47Fr) + 47 %) 477, (11.18)

Then, if ¢ is small and k is chosen such that 47572 <t < 47%1 we get
that

t1HY(EN B(z,t)) <t 'HY(ENB(z,4%1))

<
< Ct7Hh(A "r) + 47 Fr] 4 Fr (11.19)
< 4C[h(16t) + 16t].

We proved that
tlin(l)t_lHl(EﬁB(ac,t)) =0 (11.20)

for every x € 9B(0,1) N B(xg,7/4). That is, B(x,r/4) contains no point of
positive density for FE. But it is a simple and standard result that as soon
as HY(E) < +o00, H'-almost every point of E has positive upper density;
see for instance [Ma], Theorem 6.2 on page 89 or Lemma 19.1 in [D2]. Thus
HY(E N B(zg,7/4)) = 0, and = ¢ E because E is reduced. Lemma 11.14
follows. |

We start the local study of E that will lead to Proposition 11.2 with the
simpler case when (11.1) holds and E N dB(x, p) has two points.

LEMMA 11.21.— There is a constant Cy > 1 such that the following
holds. Let E C 0B(0,1) satisfy (11.1), and let x € 9B(0,1) and p € (0,1/2)
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be such that ENOB(z, p) = {a1,a2}, ENB(x,p/2) # 0, and r+h(r) < Cyt.
Then

HY(E N B(z,p)) < a2 — ax| + Clp + h(p)] p, (11.22)
where C is as in (11.6),

dist(y, [a, as]) < Calp + h(p)][V2p fory € B B(x,9p/10),  (11.23)
and

dist(z, E N B(x, p)) < Cilp + h(p)]Y?p for z € [a1, az). (11.24)

Let E, x, and p be as in the lemma. First observe that if we take C; > Cy,
we can apply Lemma 11.14 to the pair (zg, p/2), where x is any point of
E N B(z,p/2), and get that

H'(E N B(z,p)) > H'(E N B(xo,p/2)) > p/4. (11.25)

Denote by E; the connected component of E N B(z, p) that contains
ai. First suppose that E; does not contain as. Then Lemma 11.5 applies,
with Fy = {a1} and Fy = {as}, and (11.6) says that H'(E N B(z,p)) <
C[p+ h(p)] p. This is impossible (if p+ h(p) is small enough), by (11.25). So
E; contains ag, we can Lemma 11.5 with F} = [a1, as], and we get (11.22).

Next let y € Eq be given, set d = dist(y, [a1, az]), and denote by Z the
shortest connected set that contains y, a1, and as. Thus

HY(Z) < H'(E1) < |az — a1] + Clp+ h(p)] p, (11.26)

by (11.22). If Z = [a1, ag] U [a;,y] for some i, we get that d < |y — a;] <
Clp+h(p)] p, by (11.26). If Z = [a1,y]U[y, az], (11.26) and Pythagoras yield
d < Clp+h(p)]*/?p. The last case is when Z = [y, z]U[a1, 2]Uaz, 2] is a piece
of Y-set, but then dist(z, [a1,az2]) < Cp + h(p)]"/?p because H'([ay,z] U
[az, 2]) < H'(Z) and by (11.26), and |y —z| = HY(Z) — H'([a1, z]U]az, 2]) <
HY(Z) —|az — a1| < Clp+h(p)] p. In this last case too, d < C[p+ h(p)]'/?p.
So we proved that

dist(y, [a1,a2]) < Cilp + h(p)]/?p for y € E;. (11.27)

This proves (11.24), because if z € [a1, as] is given, the hyperplane through
z which is orthogonal to [a1, as] meets E; (because F7 connects aj to as),
and the intersection lies within C;[p + h(p)]/?p of z by (11.27).
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We still need to prove (11.23). Let y € E N B(x,9p/10) be given, and
set § = Min(dist(y, F1), p/10). Thus B(y,d) C B(z,p) \ E1, and

HY(EN B(y,8)) < H'(ENB(x,p)) — H'(E1)
< HYEN B(x,p)) — |az — a1 (11.28)
< Clp+h(p)]p,

because E; is connected and contains a; and as and by (11.22). On the
other hand, Lemma 11.14 says that H'(E N B(y,d)) = /2 (if C1 = Cp), so
§ < Clp+h(p)] p. In particular, 6 < p/10, so dist(y, E1) = 6 < Clp+h(p)] p
and then dist(y, [a1,az]) < C[p + h(p)]'/?p by (11.27). This proves (11.23)
(with a slightly larger C7); Lemma 11.21 follows. |

Lemma 11.21 can be iterated to give more information. The following
lemma gives a proof of Proposition 11.2 in the special case when ENB(z, p)
has at most two points.

LEMMA 11.29.— Let E C 9B(0,1) C R™ satisfy (11.1), and suppose
that E N IB(z,p) has at most two points. Also suppose that r + h(r) is
small enough (depending only on n). Then for y € E N B(x,p/10) and
0 <r < p/10, we can find a line L that contains y such that

dist(z, L) < C[r + h(10r)]*?r for z € EN B(y,r)

11.30
and dist(z, E) < C[r + h(10r)]*/?r for = € LN B(y,r). ( )

Let E, z, p, and y be as in the lemma. Then we are in the situation of
Lemma 11.21 (because E N B(x, p/2) contains y). By (11.22),

HY(E N B(y,90/10)) < 2p+ Clp+ h(p)] p < 21p/10, (11.31)

so we can find r € (p/10,9p/10) such that E N 0B(y,r) has at most two
points (otherwise H'(E N B(y,9p/10)) \ B(y, p/10)) = 24p/10 by the same
computation as for (10.7)). In fact, £ N dB(y,r) has exactly two points,
because otherwise Lemma 11.5 says that H'(E N B(y,r)) < C[r + h(r)]r,
which contradicts Lemma 11.14. So we can apply Lemma 11.21 again to the

pair (y,).

Let us iterate this with the same y. We get a sequence of radii rg,
with 7o = r and r; € (rk—1/10,97,_1/10) for k& > 1, such that Lemma
11.21 applies to the pair (y, 7). For each k, we get a line segment I} with
extremities on dB(y, k), such that

dist(y, I.) < Ci[ri + h(ry)]*?ry, for y € EN B(y,9r.,/10)

11.32
and dist(z, EN B(y, 1)) < Ci[ry + h(rg)]/?ry for z € I. ( )
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The sequence {ry} is dense enough; we get that for 0 < ¢ < 8p/10, we
can find a line L such that

dist(z, L) < C[t + h(10t)]*/?t for z € EN B(y,t)

11.33
and dist(z, E) < C[t + h(10t)]'/%t for z € LN B(y,t). ( )

Notice that dist(y, L) < C[t 4+ h(10t)]'/?t because y € F, so the line L’
through y and parallel to L also satisfies (11.33) (with a larger constant).
This proves Lemma 11.29. O

In the case of Lemma 11.29, the classical topological disk theorem of
Reifenberg, in the simple case of sets of dimension 1, says that E is a Holder
curve near z. If in addition h(t) < Ct* for some a > 0, say, then (11.30)
implies that F has a tangent everywhere on B(z, p/10), and the direction of
this tangent is Holder continuous, so that F is in fact a C*®/2 curve near z.

Let us now turn to the case when (11.1) holds and E N 9B(x, p) has
three points, and discuss the analogue of Lemmas 11.21 and 11.29. Assume
that (1.1) holds, that

E N B(x,p/10) # 0, (11.34)

and that
ENoB(z,p) = {a1, a2, a3} (11.35)

Recall that Ej; is the component of a; in E N B(x, p). If the three E; are
different, Lemma 11.5 applies with F; = {a;}, and yields H'(ENB(z,p)) <
C'[h(p) + p] p- This is impossible, by (11.34) and Lemma 11.14. So we may
assume that Fq contains a7 and as.

If E; does not contain as, we can apply the proof of Lemma 11.21,
with Fy = [a1,az2] and F» = {a3}, and get the conclusions (11.22)-(11.24),
and then (11.31)-(11.33). In particular, the conclusions of Lemma 11.29 and
Proposition 11.2 are valid.

So let us assume that F; contains the three a;. Let F; be the shortest
connected set that contains the three a;. We know from Lemma 11.5 that

HY(EN Blx.p) < H'(Fy) + C[h(p) + l p (11.36)
and we claim that this implies that
dist(y, Fy) < C'[h(p) + p]/2p for y € E;. (11.37)

Let G1 be a connected set that contains y and the three a;, and whose
length is minimal. Thus (11.36) says that

HY(Gy) < HY(Ey) < H'Fy) + Ch(p) + pl p. (11.38)
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Let us describe G as we did for F; in Lemma 10.13. As before, we can
find a simple arc 7, C G; from a; to as, then a simple arc v C G; from
a3 to some point z; € 1 (where 27 is the first point of 73 N2 when we run
along 7y, starting from as3), and then a simple arc 73 that starts from y and
hits 1 U~2 at some point z5 (and not before). We do not exclude the cases
when z; is one of the a; or zo = y. Set 7 = U1<i<37i. Since G; has minimal
length and v connects y and the three a;, Gi; = . In addition, the arcs of
v between two consecutive nodes or endpoints are line segments. That is,
Gy = 7 is composed of five or less line segments. The question is how far
from Fy can it get, knowing (11.38).

Set Go = G1 \ [y, 22[. Observe that Gy still connects the three a;, and
HY(G2) = HY(G1) — |y — 22|. By minimality of Fy, H'(F}) < HY(G2), so
ly — 22| = H'(G1) — H(G2) < H'(G1) — H'(F1) < [h(p) + p] p, by (11.38).
Thus (11.37) will follow as soon as we check that

dist(z2, F1) < C [h(p) + p]*?p. (11.39)

Recall that z; lies in 7y, U7s. First suppose that zo € 5. Thus G5 is composed
of the four arc segments [a1, z1], [ag, 21], [21, 22], and [z2, az], where we do not
exclude the possibility that some of these segments are reduced to one point.
If we replace [z1, 22) U [22, as] with [z1, a3] in G2, we get a shorter connected
set G3 that contains the three a;, and so H*(Gs2) — H'(G3) < HY(G2) —
H'(Fy) < [h(p) + p] p, by (11.38). Thus dist(z2, [21, as]) < C [h(p) + p]"/?p,
and it will be enough to show that

dist(z, Fy) < C[h(p) + p]*/?p. for z € G3. (11.40)

In the other case where z3 € 1, G is either composed of the four segments
[a1,22], [22, 21], [21,a2], and [z1, ag] (if z2 lies between a; and z; on 1), or
[a1, 21], as,21], [71, 22], and [22, as] (if 22 lies between z; and ag). In both
cases we set G3 = Uj[a;, 21] as before, and it is still enough to prove (11.40).
Notice that

H'(Gs) < H'(Gh) < H'F) + C [h(p) + ] p (11.41)

by (11.38). Also, Fi = Uj[aj, 2], for some z that may also be equal to one
of the aj, and it is enough to show that

2= 21l < C[h(p) + p]'*p. (11.42)
Suppose that z1 # 2, set v = (21 —2)/[21 — 2], and set f(t) = >_, |z +tv—a;]
for ¢ > 0. Let us also assume that z + tv # a; for ¢t # 0, so that we can

differentiate f.
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Let us compute some derivatives. Set 7;(t) = |z + tv — a;| and u;(t) =
(z +tv—a;)/rj(t). Then r}(t) = (v,u;(t)) and u}(t) = v/r;(t) — (2 +tv —
a;) 15 ()7 (v, u; (1)), so

ri(t) = (v, uj(t) = ()7 = (v, 2 + to — az) 7 (£) 70, u; (1)

=77 (1 = (v,u;())?)

(where we used again the definition of wu;(t)). Thus f'(t) = >, (v,u;(t))
and f7(t) = 32, r;(t) 7 (1 — (v,u;(t))%) > 0.

Notice that f has a minimum at ¢ = 0. Then the half derivative f’'(0)
of f at 0 is nonnegative. As long as

> (1= (v,u,(t))?) > 1072 (11.44)

J

(11.43)

for 0 <t < to, we get that f”(t) > (200p) " (because r; < 2p, since all our
points lie in B(z, p)). Then

f(t) = (200p) "'t for 0 <t < to. (11.45)

If (11.44) fails for some o, the three (v, u;(to))? are close to 1, which means

that the three u;(to) are close to v or —v. Recall that f'(t) = >_. (v, u;(t)),

and f’(t) = 0 (because f'(04+) > 0 and f” > 0), so at least two of the u; (o)
are close to v. This is even more so for t > tg (we move z + tv away from
the corresponding two a;), so f/(t) > 1/2 for t > to, which is even better
than (11.45) if t < 2p.

We may now integrate (11.45) or the better estimate between 0 and
t1 = |21 — 2| and get that f(t1) — f(0) > (400p)~#3. But

Flt) = £0) =D a1 —al = > |z — a4
J j (11.46)

— H'(Gs) — H'(FL) < Clh(p) + plp

by (11.41), so |z1 — z|? = t2 < C[h(p) + p] p?, and (11.42) follows. This
completes our proof of (11.37).

Observe that HY(E N B(z,p)) < HY(Fy) + C[h(p) + plp < HY(Ey) +
C'[h(p) + p] p, by (11.36) and because E; also connects the three a;, so
HYENB(z,p)\ E1) < Clh(p) + p| p. Then

dist(y, Fy) < C'[h(p) + p]/?p for y € EN B(x,9p/10) (11.47)

by (11.37) and Lemma 11.14; the proof is the same as for the proof of (11.23)
at the end of Lemma 11.21. Next

dist(y, E N B(x, p)) < dist(y, E1) < C [h(p) + p]*/%p fory € Fy, (11.48)
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because E; connects the three a; and is contained in a small strip around
Fy, by (11.37). [Cut the strip transversally by a segment of length C [h(p) +
p]l/ 2p, and observe that if the segment did not meet E, it would separate
some a; from the other ones.]

Finally notice that since F meets B(z,p/10) by (11.34), F} gets very
close to B(x, p/10). If h(r) is small enough, this actually prevents F from
being a simple union of two intervals [a;, a;], because one of them would be
close to a diagonal, and then they would make an angle smaller than 27 /3.
So Fy is the intersection of B(x, p) with a Y-set.

We just finished a verification of the analogue of Lemma 11.21, and we
are ready to complete the verification of Proposition 11.2 in the present
remaining case. Let y € E N B(z, p/10) be given; as for (11.31),

H'(EN B(y,9/10)) < H'(E N Bz, p))

<
< H' (F) +C[h(p) + pl p, (11.49)
< 3p+ Clp+ h(p)] p < 31p/10,

by (11.36) and if h(r) is small enough. Then we can find r € (p/10,9p/10)
such that E N dB(y,r) has at most three points (otherwise H'(E N B
(y,9p/10) \ B(y, p/10)) > 32p/10, by the same computation as for (10.7)).
If ENOB(y,r) has two points, we can apply Lemma 11.21 again to the pair
(y,7), and conclude as in Lemma 11.29. Otherwise, the pair (y,r) satisfies
(11.34) and (11.35), and we can iterate our argument (with the same y).

In all cases we can find a sequence of radii 75, with rg = r and r, €
(rg—1/10,97r,_1/10) for k > 1, so that for each k, we can apply Lemma
11.21 or the discussion above to the pair (y,r). By (11.23) and (11.24) or
(11.47) and (11.48), there is minimal cone Zj (a line or a Y-set) such that

dist(z, Zx) < C1[re + h(r)]Y/?ry, for z € EN B(y, 97, /10)
and dist(z, EN B(y,r)) < Ci[re + h(rg)]/ry, (11.50)
for z € Z N B(y, k).

If Z;, does not go through y, we can replace it with a translation of Zj,
without affecting (11.50). We also get a similar result (with a constant
(4 ten times larger) for every r € (0, p/10), by the same argument as for
(11.33). [Apply (11.50) to 7%, where r < 75, < 10r.] This completes our proof
of Proposition 11.2. O

Remark 11.51.— Tt is very likely that we can use Lemma 11.5 to prove
a rapid decay estimate on the density of E when E N dB(z,p) has more
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than four points. Indeed, if E N 0B(x,p) = {a1,---,an}, with N > 4, the
length of the shortest connected set that contains the a; is at most T7Np,
where the constant 7 < 1 depends on the dimension, and can be taken very
small when N is large.

Once we get such a decay, we can probably find an effective radius rg > 0
(that depends on the dimension) such that for y € E and 0 < r < rg, we
can find p > r so that EN9dB(x, p) has at most three points. Then there is
also an effective radius 1 > 0 such that for € F, F is biHolder-equivalent
to a line or a Y in a ball that contains B(y, 7).

12. A baby extension of Reifenberg’s theorem

If we want to deduce a good description of EN B(x, p/10) from the con-
clusion of Proposition 11.2; the simplest is to use a slight improvement of
Reifenberg’s topological disk theorem, in the special case of one-dimensional
sets, but where we only assume that F is close enough to lines or Y-sets.
The statement below is a special case of the generalization of Reifenberg’s
theorem from [DDT] that will be described in Section 15, but for the con-
venience of the reader, we shall try to give a short account of how it could
be proved.

In this section, £ C R™ is a compact set. Denote by ) the set of
nonempty one-dimensional minimal cones in R™. That is, Y € Y if Y is
a line or a Y-set (three half lines in a same plane, with the same endpoint,
and that make 120° angles at that point). We measure the closeness of E
to sets of Y with

By (x,r) = 1;Iég}dgm,(E,Y)7 (12.1)
where

1
dy r(E)Y)= - sup {dist(y,Y); ye EN B(:E,r)}
’ " | (12.2)
+= sup {dist(y,E); y € Y N B(x,7)}.
r

We shall only use Sy (z,7) and dy (E,Y) when E and Y meet B(x,r), so
we don’t need to worry about the definition of the supremums in (12.2)
when some sets are empty. Notice that then Sy (z,r) < 2 (take any set
Y through x). We could easily restrict to Y-sets (and forget about lines),
because for each line L, there is a Y that coincides with L in B(x,4r), but
it is more natural to keep the lines. If )) was reduced to the set of lines, the
By (z,7) would be the bilateral P. Jones numbers that are often used to study
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the uniform rectifiability of sets. We shall assume that the origin lies in F
(a normalization), and that

By (z,r) <e forx € ENB(0,2) and 0 < r < 2, (12.3)

where £ > 0 is a small constant that we can choose later. Let us immediately
choose, for z € EN B(0,2) and 0 < r < 2, a set Y(x,r) € Y such that

dpr(E,)Y (z,7)) < By(z,7) <e. (12.4)

Our first statement will be a description of E near the origin as a
biHolder image of a line or a Y-set. Later in this section we will prove
the C! equivalence under a suitable decay assumption on the By (x,7). Our
initial description will be slightly different, depending on whether or not

Y (0,2) is a Y-set centered in B(0,12/10). (12.5)

PROPOSITION 12.6.— For each small constant T > 0, there is a constant
e > 0, that depends only on n and 7, such that if E C R™ is a compact set
such that 0 € E and (12.3) holds, we have the following description. If
(12.5) does not hold, there is a line L through the origin and a biHélder
mapping f: LN B(0,11/10) — R™, such that

|f(z) —z| <7 forxze LNB(0,11/10), (12.7)
1=z =y < |f(@) = f)I < (L +7)|lz —y|*7
for x,y € LN B(0,11/10),
ENB(0,1—7)C f(LNB(0,1)) C ENB0,1+7). (12.9)

If (12.5) holds, there is a Y-set Y centered at some z € E N B(0,13/10),
and a biHolder mapping f : Y N B(0,14/10) — R™, such that f(z) = z,

(12.8)

|f(z) —z| <7 forxzeY N B(0,14/10), (12.10)
A =7z =y < [f(@) = fI < (L +7)|z —y|'7
for z,y € Y N B(0,13/10),
ENB(0,13/10 — 7) € f(L N B(0,13/10)) € E N B(0,13/10 + 7). (12.12)

(12.11)

Of course the precise values of the explicit constants are not so impor-
tant. The main point is a local description of E in B(0,1 — 7) as a simple
curve or a union of three curves that we control well. We can also extend our
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mapping f to R”, so that it is still a biHolder homeomorphism of R™ that
satisfies (12.7) and (12.8) (or (12.10) and (12.11)) for z,y € B(0,2), but we
shall not need this. See Section 15 for a more general statement and [DDT]
for a proof of that result. Also see Proposition 12.27 for a C'' description.

For the proof of Proposition 12.6, we suppose that the reader knows a
proof of the standard Reifenberg theorem, and we explain how to deduce
the Proposition 12.6 from that proof. We start with the observation that
the set Y(x,r) € Y that we chose in (12.4) does not depend too wildly on
x and r. Let us check that

dyot/10(Y (z,7),Y (y,1)) < 1008y (2, 7) + 2By (y,t) < 102¢ (12.13)
when

x,y € ENB(0,2),0<r <1, By, t) C B(z,r), and t > r/90. (12.14)

The point will be that Y (z,r) and Y (y,t) are both very close to E
in B(y,t). First let z € Y(y,t) N B(y,9t/10) be given. By (12.4), we can
find z; € E such that |23 — z| < By (y,t)t. Then z; € B(y,t) C B(z,r),
and we can find zo € Y(x,r) such that |22 — 21| < By (z,r)r. Altogether,
|ze — z| < By (y, )t + By (z,r)r < By (y,t)t + 908y (z,7)t (by (12.14)). Sim-
ilarly, if z € Y (x,r) N B(y, 9t/10), we can find z; € F such that |z; — z| <
By (z,r)r < 9008y (z,7)t, so z1 € B(y,t) and we can find zo € Y (y,t) so that
|22 — 21| < By (y,t)t and |25 — z| < By (y,t)t + 908y (z,r)t; (12.13) follows.

Denote by c(x,r) the center of Y(z,r) if Y(z,r) is a Y-set, and set
c(x,r) = oo otherwise. A direct consequence of (12.13) is that ¢(x,r) does
not vary too rapidly, and in particular that

(@ 1) — ey )] < By (w7) + By (9 O] < Cer (12.15)
when (12.14) holds and ¢(z, ) or ¢(y,t) lies in B(y,t/2).

Let us first prove the proposition when (12.5) fails, i.e., when ¢(0,2) ¢
B(0,12/10). Then (12.15) says that ¢(y,1/10) ¢ B(y,1/20) for y € EN
B(0,11/10). Repeated applications of (12.15) show that c(y,t) ¢ B(y,t/2)
for y € EN B(0,11/10) and 0 < t < 1/10. In this case we have a good
approximation of E by a line in B(y,t/4) for each y € EN B(0,11/10) and
0 <t < 1/10, and we can conclude with the standard Reifenberg theorem.

So we may now assume that (12.5) holds. Let us first look for the point
z € FE where the three curves that compose E near B(0, 1) meet. By defini-
tion of Y'(0,2), we can find zp € E such that |zo —¢(0,2)] < 26y (0,2) < 2¢.
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Then

lc(20,1) — ¢(0,2)| < C(By(0,2) + By (20,1)) < Ce, (12.16)

by (12.15). Notice that |c(zg,1) — 20| < Ckg, so ¢(z0, 1) lies in the middle of
B(zp,1) and we can find z; € E such that |z; — ¢(20,1)| < By (20,1) < Ce.
Then we iterate. By induction, we can find a sequence {zx} in E, so that

|2kt — ez, 279) < 27 By (21, 27F) < Ce27F, (12.17)

hence

le(zps1, 2777 — (2, 27%)| < Ce27F (12.18)
by (12.15), then |c(zp11,27%71) — zp41| < 20e27F < 27572 we can find
zk+2, and so on. Notice also that

|zkt2 — 2e41] < zige — (21, 275 + |21 — c(zk, 27F))]

12.19
+He(zhg1, 2757 — e(z1,27F)| < Ce27F ( )

by (12.17) and (12.18), so the z;, converge to some z € EN B(0,13/10). We
shall prove that near B(0,13/10), E is composed of three Reifenberg-flat
curves that meet at z.

Let k > 0 be given. Observe that |z — c(2x, 27%)| < |2 — zrq1| + 2611 —
c(zr,27F)| < Ce27F, by (12.19) and (12.17). Denote by Yj the translation
of Y (21,27%) by 2z —c(2x,27%). Thus Y} is a Y-set centered at z, and it also
gives a very good approximation of E in B(z,27%71). Indeed,

dz,Q*k*I(Yka ) X 2dzk 2— k(Y(Zk, 27’6)3 E) + 2k+1|z - C(Zka 2ik)|

12.20
<ce (12.20)

by the same proof as for (12.13). We also have a similar control out of
B(z,1/2). Indeed

do Q(YQ,E) < Ce (12.21)
because do 2(Y (0,2), E) < Ce and Yj is so close to Y'(0,2). This last comes
from (12.13) which says that d., 9/10(Y(0,2),Y (20,1)) < Ce, and because
|z — 20| < Ce.

Next we use (12.20) and (12.21) to get a good description of E in the
annuli

Ag = B(0,5/3)\ B(2,279)
and Ay = B(2,27* %)\ B(2,27%7%), k> 1.
We claim that

(12.22)

c(x,t) ¢ B(x,t/2) forz € Ay and t <2777 (12.23)
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We start with the case when 2758 < ¢ < 2757, Let us first check that
dist(w, Yy) < Ce27" for w € Y (z,t) N B(x,t). (12.24)

By (12.4), we can find w; € E so that |w; — w| < et < e27%~7; hence w; €
B(z,27%72) (because x € B(z,27%7?)), and (12.20) says that dist(w1, V%) <
Ce27F; (12.24) follows.

Recall that Y}, is a Y-set centered at z and that |z — 2| > 27%76; then
(12.24) prevents Y (z,t) from being a Y-set with a center in B(z,¢/2). That
is, (12.23) holds for 278 <t < 27+ 7.

Finally, if (12.23) holds for some t < 277 but c(x,t/2) € B(w,t/4),
(12.15) says that |c(x,t/2) — c(z,t)] < Cet, and c(x,t) € B(x,t/2), a con-
tradiction. This proves (12.23).

Because of (12.23), we can use the standard Reifenberg theorem to con-
trol E in each annulus Aj. We get three biHo6lder parameterizations f; g,
defined (for instance) on the three intervals .J; ;. that compose Y N Ay,
with properties similar to (12.7) and (12.8) above, and such that E N Ay C
Uifik(Jik) C E. The argument even works on Ay, even though Ay is not
perfectly symmetric.

Recall that the Ay have large overlaps, so we can easily put together
our descriptions of F in the various Ay. We get three biHolder curves ~;,
that leave from y and end out of B(0,3/2), such that £ N B(0,3/2)\ {y} C
U;vi C E. These curves are disjoint (they are even far from each other on
each Ay), and they can easily be parameterized (with gluing of the f; ), so
that they have a single parameterization defined on some Y-set centered at
z, and that satisfies the constraints (12.10)-(12.12). [Incidentally, we shall
not really need (12.11) here.] Proposition 12.6 follows. O

Next we want to study the regularity of the branches of E when the
numbers Oy (z,r) tend to 0 uniformly and sufficiently fast. Let E satisfy
the assumptions of Proposition 12.6, say, with 7 = 1072, and assume in
addition that there are numbers ¢, > 0, k € N, such that

D ek < 400 (12.25)
k>0
and
By (z,27%) < e, fory € ENB(0,2) and k > 0. (12.26)

Let L or Y and f be as in Proposition 12.6. Set y; = f(LN B(0,11/10))
when (12.5) does not hold. When (12.5) holds, denote by ¢1, ¢2, and ¢3, the
three components of Y N B(14/10) \ {z}, and set v; = f(¢;) for 1 < j < 3.
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PROPOSITION 12.27.— Let E satisfy the assumptions of Proposition
12.6, and also (12.25) and (12.26). Then each v, is of class C', and the
tangent direction 7;(x) of v; at x € y; is such that

dist(7;(x), 75(y)) < C > e; forx,yen, (12.28)
keN;2-k<16|z—y|

[see (12.31) for the definition of dist(7;(x), 7;(y))/. In the case when (12.5)
holds, the three v; have tangent half lines at z that are coplanar and make
120° angles.

In particular, the curves v; are of class Ch* if g, < C27°F for some
a € (0,1).

Let us only prove the proposition when (12.5) holds; the other case is
merely simpler. Let x € 7; be given, and let k& > 0 be such that x € A;.
Also let t < 27577 be given. Recall from (12.23) that c(z,t) ¢ B(z,t/2).
Also observe that Y (z,t) comes very near z, just by (12.4). Then Y (z,t)
coincides with a line in B(z,t/2), and we denote this line by L(x,t). Thus

dpi/a(E, L(z,t)) < 4dy (B, Y (2,1)) < 4Py (x,t) (12.29)

by definition of Y (x,t). It will be enough to restrict to powers of 2. We just
proved that

dpo-1-2(BE,L(z,27")) < 4By (2,27") < 4dg for 1 > k+7, (12.30)
by (12.26).
Denote by 7;(x) the direction of L(z,27!) for I > k + 7. We see 7;(z) as

a vector in the unit sphere S*!, determined modulo multiplication by %1,
and we use the natural distance

dist(r, 7") = Min(|r — 7’|, |7 + 7| (12.31)
on the sphere modulo +1.

By (12.30) and its analogue for I + 1, every point of L(z,27'"1) N
B(z,27'71) lies within £4,27"*! from E, and then within ;27" +
€272 from L(z,27!); hence

dist(r141(2), 71(2)) < Cer + Cergr. (12.32)

The triangle inequality yields dist(7;(z), 7j(z)) < C Y . em < 400 when
j = I, where the finiteness comes from (12.25). Thus 7(z) = lim;_, 4 7()
exists, and

dist(7(x),7(x)) S C Y em forl>k+7. (12.33)

m=l
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Denote by L(z) the line through x with direction 7(z), and let us check
that
dyo1-3(B,L(z)) SCY_ &y forl>k+7. (12.34)

m=l

First let w € L(z)NB(x,27!73) be given. Observe that dist(z, L(x,27!))
< 27%; by (12.30), so dist(w, L(x,271)) < 27lg + 2713 dist(7(z), 7y () <
C271% o1 €m by (12.33). So we can find wy € L(x,27") such that |w; —
w| < C27'Y ., em. Notice that wy € B(x,27'72) (or else some point
near z will do even better), so by (12.30) we can find y € F such that
ly —wy| < 27%;. Altogether, |y —w| < 027! ngl €m, as needed.

Conversely, let y € E N B(x,27!73) be given. By (12.30), we can find
w € L(z,27!) such that |w — y| < 27';. Then we can find w; € L(x) such
that lwy —w| < C27'Y7 ) €y This completes our verification of (12.34).

The right-hand side of (12.34) tends to 0 when [ tends to +oo, hence
L(x) is tangent to E at x. That is, our curves 7; have tangents everywhere.

We still need to estimate the oscillation of 7(x). Let y be another point of
the same ; as z, and assume for the moment that y lies in the same annulus
Ay, as z, and that |y—z| < 27%711. Choose I so that 2774 < |y—az| < 27173;
then ! > k+7, and we can apply (12.30). We also have the analogue of (12.30)
for y, i.e., d,o-1-2(F, L(y,27")) < 4&;. So E is very close to L(z,27!) and
L(y,27Y in B(x,2773) € B(x,27"2) N B(y,27'2), and hence

dist(m(z), 7(y)) < Cey, (12.35)
for instance by the proof of (12.32). Then
dist(7(z),7(y)) <dist(7(x), n(x)) + dist(r(y), n(y)) + Ce

m>l 2-mg2-l (12.36)

2-m<16|z—x|

by (12.35) and (12.33), which is enough for (12.28).

Next assume that y lies in the same Ay, as z, but that |y — z| > 27%~11,
By (12.20) or (12.21) and because y lies in the same ; as x, there is a chain
of points z¢, 0 < £ < N, in EN Ay, with 2 = z, |2, — z¢_1| < 277! for
(>1,zy =y, and N < 2'%. Then dist(mp17(2¢), Thy7(z0-1)) < Cepar, by
the proof of (12.35), and hence

diSt(Tk+7($), Tk+7(y)) < CEk+7 . (1237)
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Now
dist(7(z), 7(y)) < dist(7+7(2), r47(y)) + dist(mp47(2), 7(2))
+dist(Te17(y), 7(y))
< Cepyr +C Z em <C Z €m

m>k+7 2-m<L16lz—y|

(12.38)

by (12.37), (12.33), and because |y — x| > 27%~11. Again this is enough for
(12.28).

We are left with the case when y lies in an annulus A; # Ag. Without
loss of generality, we may assume that [ > k. We may also assume that
k was chosen as large as possible. Thus, by (12.22), x € A; \ Ag41 =
B(z,27%3)\ B(z,27*4)if k > 1, and z € B(0,5/2) \ B(z,1/16) if k = 0.

We can use the fairly large overlap of the annuli A,, to find a chain of
points x,,, K < m < [, that all lie in the same 7; as x and y, and so that
each x,, lies in A, N A;,11. Observe that for k <m <1 —1,

dist (T4 7(Zm)s Tmas8(Tm1)) < dist(Tomg7(Tm), Tmg7(Tm1))
+ dist(Trm+7(Tm+1)s Tmas (@m+1)) (12.39)
< Cemyr + Cepmys

by (12.32) and (12.37) or the proof of (12.35). We also have similar estimates
on

dist(7x47(2), 77(¥) S C D e, (12.40)
m>k+7
and then
dist(7(x),7()) <C Y em, (12.41)
m>=k+7

by (12.33). Recall that |z — 2| > 27%=% because z € A, \ Agr1. At the
same time, y € A; for some | > k, so |z — y| < 27%%. Since in addition
z ¢ Ay, we get that |z — y| < 27576 (compare with (12.22)). Altogether,
16| — y| = 16|z — 2| — 16|z — y| > 27777, and (12.41) implies (12.28).

We still need to show that the three tangent half lines to the ; at z are
coplanar and make a 120° angle. Recall from (12.20) that d, o-s-1(Yy, E) <
Ce, but the same proof shows that

Jm d g (Vi E) = 0 (12.42)
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(that is, (12.25) allows us to replace € > 0 with any small number in the
proof of (12.20)).

Fix a v; and an annulus Ay, and denote by L; ;, the branch of Y}, that gets
close to v; N Ay. Let 7; 5, denote the direction of Lj . Pick any = € Ax N+,
and apply (12.34) with [ = k + 7. We get that

dist(7j,, 7(x)) < Cd, 5-1-1 (Y, E) + Cdy 5-1-10(E, L(x))
< Cdz727k71(yk, E) + CZm;k—&-? Em -

Now let k tend to +oo. The right-hand side of (12.43) tends to 0, by (12.25)
and (12.42). Also, 7(z) has a limit, by (12.28), so Y} has a limit Y. The
three branches of Y are tangent half lines for the corresponding v; at z,
by (12.42), and they make 120° angles by definition. In addition, Y lies
in a plane because each Y} lies in a plane. This completes our proof of
Proposition 12.27. O

(12.43)

13. Harmonic improvement over a small Lipschitz cone

In this section we consider the cone over a small Lipschitz graph defined
on an arc of circle, and show that we almost always reduce its surface when
we replace it with the graph of a harmonic function with the same boundary
values. This will be useful in the next section, to show that the reduced two-
dimensional minimal cones in R™ are composed of arcs of great circles.

We start with a Lipschitz function f : [0,7] — R™, and we assume that
O0<T<m, f(0)=f(T)=0, and ||Vf||leo <7 (13.1)

for some small 7 > 0. We associate to f a Lipschitz function Fj on the
sector

Dr ={(pcost,psint); 0< p<land 0 <t < T} CR? (13.2)
by
F(pcost,psint) = pf(t) for0<p<land 0 <t < T. (13.3)

Thus the graph of F' is a part of the cone over the graph of the lipschitz
function (cost,sint) — f(t) that lies above Dp. We want to compare the
surface measure of this graph with what we get with a harmonic function
G with the same values on 0D7.

Since f(0) = 0, we can extend f to [-T,T] so that it is odd, and then
f(=T) = f(T) =0 by (13.1). So we may write f as a sum of sines, i.e.,

F(t) =" Besin(rkt/T), (13.4)

k=1

- 181 —



Guy David

for some coefficients By € R™ such that ), |kBx|* < +oo, because the
periodized extension is Lipschitz. Let us check that

o SRE == [ 1r0Pa (13.5
2T 1

k>1 0,7

k
Indeed f'(t) = Z % Bk cos(mkt/T) and the cosine functions are orthog-
k>1

onal on [0,7] because f[o ) Coskt cosltdt = i f[_w q coskt cosltdt =0 for
k#1, so
T k2 w2
17115 = B Z (7) |6 |* = o7 Zk2|ﬂk|2~ (13.6)
k=1 k>1

Our new extension G is defined on D by

G(pcost, psint) = Zﬁkp”k/T sin(mkt/T). (13.7)
k>1

Notice that it has the same boundary values as F, i.e., that
G(z) = F(z) for z € dDr. (13.8)

Indeed G(cost,sint) = f(t) by (13.4), and G(pcost, psint) =0 when ¢t =0
ort="T.

We do not really need to know that G is harmonic on Dy, but this is
the case, essentially because (13.7) defines a harmonic function when T' = 7
and D is a half disk, while in general Gt is obtained by composition with
the conformal mapping z — 2™ which sends D7 to a half-disk. Of course
it was reasonable to pick a harmonic function G, because we want its energy
to be as small as possible.

LEMMA 13.9.— The functions F and G lie in W*2(Dz), with

™
| VG =23 M <1171 (13.10)
Dr k>1
and
1 k272 + T2
U< [ wre =3 S s <rlg a3y
2 Drp o1 4T
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Let us first compute the energy of G. We start with the radial derivative

g—i(pcost,psint Zﬁk PP/ T sin(nkt ) T). (13.12)
k=1

For p fixed, the sine functions are orthogonal on [0,7] (again because
f[o sin kt sinltdt = Qf[ jsinkt sinltdt = 0 for k # I by evenness),
SO

T
oG k
/0 ‘ap (pcost, psint) ’ TZW |2 (W ) 2mk/T
(13.13)
2 - _
_ ﬁzk2|ﬂk|2p2 B/T )=2
k>1
and then
0G |2 - _
/ o =5 > Kbk |2/ T p~tdp
Dr P k>1
(13.14)
£2(6, |2 2
= k
2T Z 1Bel” 5 k 1 Z |8k|” -
k>1 k>1
Similarly, the derivative in the tangential direction is
= G(pcost psint) = Zﬂ for /T W— cos(mkt/T) (13.15)
p Ot ’ '

k>1

and the same computation (only with sines replaced by cosines) leads to

10G12 «
/ ‘ Sl =T Ha (13.16)
P k>1

We add (13.14) and (13.16) and get the first half of (13.10). The fact that the
result does not depend on T is not too surprising, because energy integrals
are invariant under the conformal mapping z — 2™/7. For the second half of
(13.10), we simply use (13.5) and the fact that kr/2 < k?x2/2T for k > 1,
by (13.1).

Let us turn to F. Recall from (13.3) et (13.4) that

F(pcost,psint) = pf(t) = pZﬂk sin(mwkt/T). (13.17)
k>1
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The radial derivative is ), ., B sin(rkt/T) and the integral of its square

T 10F k
is 1 Z |Bk|?. The tangential derivative is T Z ﬁk% cos(mkt/T),
k=1 k1
. . . . T 2 k|2
and its contribution to the energy is 1 Z | | (T) . Altogether
k=1

k2n? + T2
[ ovrp =3 F e (13.18)

4T
D k>1

This is the main part of (13.11); for the rest, just use (13.5) and notice that
0 < T? < 72k2. Lemma 13.9 follows. O

Observe that when T' = 7 and k = 1, the energy terms in (13.10) and
(13.11) are both equal to %|31]?, which is not surprising because for f(t) =
sint, the harmonic extension is the same as the homogeneous extension.
Here T' < 7, and we shall see now that all the values of k give an advantage
to G. This is not surprising, since the sine function in no longer possible,
by the constraints in (13.1) and because a plane that passes through the
origin, (1,0,0) and (cosT,sinT,0), has to be the horizontal plane through
the origin.

Set A=T/m <1 (by (13.1)), and let us check that

22 22
2L F|? <1 13.1
/DT|VG| 1+A2/DTW P and < (13.19)

For the first inequality, we just need to compare the coefficients in (13.10)
and (13.11), and show that for k > 1,

km < 2N kZm? 477 22 k2m? 4+ \2n?

2 S14A 4T 14+ dma

(13.20)

k2 + 22
So we just need to check that k < ﬁ, but k(1+ %) < k? + A2 because
k2 4+ X2 — k(14 A\2?) = k(k — 1) — M\2(k — 1) > 0, so the first part of (13.19)
holds. For the second part, we just need to observe that % is an increasing
function of A € [0,1].

Let X and X denote the respective graphs of F' and G (both defined
on Dr). We want to use the computations above to compare H?(Xp) and
H?(X¢g). This will be easy because we can assume that ||f’||.c < 7, which
is as small as we want.
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LEMMA 13.21.— We have that

1
H(Se) - H(Dr) < 5 [ VG + CrliF 1
Dr

o (13.22)

.

< — F?

1+ A2 /DTW |

and
1 1+1)272

H2(Sp) — H* (D7) > - (1—(+#)/ IVF|2. (13.23)

2 2 Dy

Before we prove the lemma, observe that since we can take 7 as small as
we want (and T' < 7 anyway), 1 — W is as close to 1 as we want. Since
ﬁ < % by (13.19), for each choice of T' < m we can find n € (0,1) such
that (for 7 small enough, depending on T' through A), (13.22) and (13.23)

imply that

12(S6) ~ H*(Dp) < n[H*(S¢) ~ HA(D)]. (1320
Also,

HASe) - HDn) 2 5 [ VPR QIR (829)

if 7 is small enough, by (13.11).

Now we prove the lemma. Notice that G is smooth in the interior of
Dr: the series in (13.12) and (13.15) that give VG converge rather brutally
because of the term in p*"/T. By the area formula,

H*(Xg) = /D J(2)dz, (13.26)

where J is the jacobian of the parameterization H : z — (z, G(z)), which
we compute now. Fix z € Dp, denote by e; and es the first two vectors
of the canonical basis of R™ (so e; and ey form a basis of the plane that
contains Dr), and set v; = %—S(z) and vy = %(z). Thus, if we set w; =
DH(z)(e1) and we = DH(z)(e2), we get that w; = e; +v; for i = 1,2. Now
J(z) = |wy||ws| sin a, where o € [0,7/2] is the angle of wy with wa, so

J(2)? = |wi|?|wa|? sin? a = |wy |*|wa|?[1 — cos? a]
= w1 |we]? — (w1, w2)? = (1 + [v1*) (1 + [v2]?) — (v1, v2)?
=1+ o1 + [v2]® + [v1]?va|* = (v1,v2)?

<L [o? + oo + [0 Plo2f? < 1+ [VG ()] + VG ()|

(13.27)
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We expect |[VG(z)[* to be much smaller than |VG(2)]? on average, but our

estimates will be slightly worse near dB(0, 1), so we’ll cut the integral in
two.

Set Dy = Dy N B(0,1— 7). For z € Dy, (13.12) and (13.15) yield

IVG(2)| < CY_kIBl P/ Tp™t < C Y kI o

k>1 k>1

<ol rmr) ) (13.28)

k>1 k=1

<Ol 1-p"<Ovr

because T' < m, by (13.11), and because ||f/||cc < T and p <1 —7.

Set u(z) = J(2)? — 1. Observe that u(z) < |[VG(2)]*> + |[VG(2)|*

<
(1+C7)|VG(2)|? for z € Dy, by (13.27) and (13.28). Since (1+u)Y/? < 1+%
for u > 0. we get that

/Dl J(z)dz:/Dl(1+u(z))l/2dZ</ (1+@)dz

D,
= H*(Dy) + = /D u(z) dz

Lo (13.29)
< H*(Dy) + w

/ IVG(2)2dz
2 Dy
1

< H*(Dy) + 3 /D IVG(2)|?dz + CT||f'|]3

2

by (13.10). On Dy \ Dy, we say that

J(2) < (14 |VG(2)]? + |VG(2)[)/?
<

(14 |VG(2))2 + |[VG(2)[? (13.30)
<1+ %|VG(Z)|2 +|VG(2))P =1+ ;|VG(Z)|2,
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hence
/ J(z)dz <H2(DT\D1)—|—§/ IVG(2)]
DT\D1 2 DT\Dl

1
<H%DT\DQ4%3§:WWM2/‘ p?™ /T p=24dp
E>1 1= (13.31)

< H*(Dr\ D) + CTZ k|8
k>1
< H*(Dr \ D)+ CO7 | f']3
by (13.13), its analogue for the tangential derivative, the same computation

as in (13.14), and (13.11). We add (13.31) to (13.29), use (13.26) and get the
first inequality in (13.22). The second one comes from (13.19) and (13.11).

For (13.23), it will be useful to know that F' is Lipschitz with a small
norm. And indeed F(pcost, psint) = pf(t) by (13.3), so
IVE(pcost, psint)| < [f()| +[f' ()] < A+ D) [|f'|loc < (1 +T) 7, (13.32)

where we also used the fact that f(0) = 0 (by (13.1)). Now se use the
analogue of (13.26), with a Jacobian J(z) such that J(2)? > 1+v1|*+|va]? =
1+ |VF(2)]? by the second line of (13.27). Set u = |VF|?; then

2

14+ T)%7r2
STV S S R Y A 13.
(1+u) 55 +2( : ) (13.33)
because 0 < u < (1 + T)?72. Then
H(S¢) - #2(Dr) = [ () -1
Dt
>/ {{1+|VF\2}1/2—1} (13.34)
Dr

1 (1+1T)272 9
>-(1- 7 F
(-5 [ e

by (13.26). This proves (13.23); Lemma 13.21 follows. O

14. Structure of the two-dimensional minimal cones

We are finally ready to give a description of the reduced two-dimensional
minimal cones in R™. Recall that by minimal cone, we simply mean a min-
imal set (as in Definition 8.1), which is a cone. We say that the closed set
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FE is reduced when E* = E; see Definition 2.12. We shall denote by Z the
set of non empty reduced minimal cones of dimension 2 in R™, not neces-
sarily centered at the origin, and by Zj the subset of elements of Z that are
centered at the origin.

PROPOSITION 14.1.— Let E € Z be given, and set K = EN90B(0,1).
Then K is a finite union of great circles or arcs of great circles Cj, j € J.
The C; can only meet at their extremities, and each extremity is a common
extremity of exactly three C;, which meet with 120° angles. In addition, the
length of each C; is a least ly, where lg > 0 depends only on n.

See (14.10) and Lemma 14.12 for additional constraints on K. Thus K
is an array of arcs of great circles, with some constraints, but starting from
the ambient dimension n = 4, we do not know exactly which arrays give rise
to minimal cones. When n = 3, the answer was given by E. Lamarle [La], A.
Heppes [He], and J. Tayor [Tay], and indeed some arrays in S? do not give
a minimal cone. See [Tay] and Ken Brakke’s home page for descriptions.
When n > 4, it is expected that the disjoint union of two disjoint great
circles, contained in almost orthogonal two-planes, sometimes gives a mini-
mal cone, but the precise condition for this to happen is not known. There
may even be other, combinatorially more complicated, continuous families
of non mutually isometric minimal cones.

With the help of Proposition 14.1, we shall be able to give a local
biHolder description of the two-dimensional almost-minimal sets E, but
if we want a C' description near a point z, as in the original Jean Taylor
theorem, it is probable that more information on the blow-up limits of E at
x will be needed.

Let us prove the proposition. Take ¢ > 0 small; ¢ = 10~2 will be more
than enough. Apply Theorem 8.23 with d = 1. We get rg > 0, that depends
only on n and €, such that if £ € Z, then for v € K = ENJB(0,1) and
0 < r < rg, we can find a reduced minimal set L of dimension 1 such that
(8.24) and (8.25) hold (that is, K is close to L in B(z, ), both in terms of
Hausdorff distance and measure).

Continue with a given choice of x and r. Observe that L is not empty,
by (8.24) and because = € F, so Theorem 10.1 says that L is a line or a
Y-set (not necessarily centered at x). By (8.25) with y = x and t = r, we
get that

HY(K N B(x,7r)) < HY (LN B(z,r +er)) +er < 34r/10. (14.2)
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Denote by N(t) the number of points in K N dB(x,t). By [D2], Lemma
26.1 on page 160, or [Fe], Theorem 3.2.22,

/T N(t)dt < HY(K N B(z,r)) < 34r/10, (14.3)
0

so by Chebyshev we can find p € (r/10,r) such that N(p) < 4.

By Proposition 9.4, K is a reduced weak almost-minimal set, with gauge
function h(s) < Cs. If rp was chosen small enough, Proposition 11.2 ap-
plies and yield the good approximation of K by one-dimensional minimal
cones in every B(y,t), y € K N B(x,p/10) and 0 < ¢t < p/10, as in (11.3).
This is enough to apply Proposition 12.6, with the unit ball replaced with
B(z,p/20) D B(x,7/200) (and again, if ro is small enough). We get that
there is an open set V, with B(x,r/300) C V C B(z,r/100), where K is
either composed of a single biHolder curve, or of three biHolder curves that
end at a some point. In addition, (11.3) says that (12.25) and (12.26) hold,
with g, < C[27%+h(27%)]'/2 < C27%/2. So Proposition 11.27 says that each
of these curve is of class C1T<. If we prove that every point of these curves
C; has a small neighborhood where C} is a great circle, Proposition 14.1
will follow, with Iy = 79/1000, say.

So let x lie in the interior of a curve C;, and choose r > 0 so small that
K N B(z,r) = C; N B(x,r) is a single C'T* curve with two endpoints on
C; NOB(x,r), and the oscillation of the direction of the tangent line to C;
along this curve is very small (how small will be decided soon). Without
loss of generality, we can assume that the two points of K N dB(x,r) are
(1,0,0) and (cosT,sinT,0) for some small positive T' < 7 (and where the
last coordinate 0 lies in R”~2). If the oscillation of the tangent direction of
K in B(zx,r) is small enough, K N B(x,r) is a small lipschitz graph over the
arc of circle J = {(cost,sint,0); 0 <t < T'}.

Define the Lipschitz function f on [0, 7] by the fact that for 0 < ¢ < T,
(cost,sint, f(t)) is the point of E N B(x,r) above (cost,sint,0) € J, or
equivalently by the fact that [1+|f(t)[?]~*/?(cost,sint, f(t)) € KNB(z,7).
We can assume that ||f'|| is as small as we want, by taking r very small
(recall that C; is C11).

Define F' on the cone over J by F(pcost, psint) = pf(cost,sint) for
p=20and 0<t<T. Thus F is the homogeneous extension of the function
defined in (13.3). Denote by C(z,r) the cone over 9B(0,1) N B(z,r) and by
I" the graph of F. Thus

ENC(z,r) =T, (14.4)

because FF and T' are cones, and both coincide on the unit sphere with
K N B(x,r). We want to use section 13 to construct a competitor for E.
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Let G be as in (13.7). Also denote by 7 the orthogonal projection on the
horizontal plane, and by Dy = {(pcost,psint,0); 0 < ¢t < T and 0 < p <
1} the same sector as in (13.2). We define a function ¢ on I' by

0(2) = (7(2),G(n(2))) for z e T N7~ (Dr)
and ¢(z) =z for z € T'\ 7= 1(Dr).

Notice that ¢(2) = z on I' N 7~1(dD7r), by (13.8), so ¢ is continuous
across I' N m=1(0D7). We should also check that ¢ is Lipschitz on T', or
equivalently that G is Lipschitz, but we don’t need to have precise bounds.
One could easily get rid of this difficulty by replacing G with a lipschitz
function G’, which is so close to G in the Sobolev W'2-norm that the strict
inequalities of Section 13 stay true for G’. But we can also observe that
G is Lipschitz in the present situation. Indeed, f is C*** (by Proposition
11.27), and G is obtained from f by a composition with a dilation (to get a
map defined on [0, 71]), an extension by antisymmetry (to get a function on
[—7, 7] whose 27-periodic extension is still C1T%), then a Poisson extension
to the disk (which is Lipschitz because f is C1T%), which we restrict to
the half disk and compose with the conformal mapping z — 2™/7 to get a
function defined on D7, which is still Lipschitz because T' < m. Set

(14.5)

p(z) =2z for z e R"\ C(x,7r). (14.6)

Recall that T' N OC(z,r) is the union of the two half lines through (1,0,0)
and (cosT,sinT,0), so (13.8) says that ¢(z) = z there, and ¢ is continuous
across OC(z, 7). In fact, due to the fact that I" is transverse to 9C(x,r), our
mapping ¢, which is now defined on I' U [R™ \ C(x,r)], is Lipschitz there.
In addition, ¢(z) = z for |z| = 2. So we can extend ¢ to R™ in a Lipschitz
way, and so that ¢(z) = z for |z] > 2.

Now FE is a minimal set, and Definition 8.1 says that

H*(E\ ¢(E)) < H*(p(E)\ E). (14.7)

Set By = ENC(z,y)N7 (D7) = TN~ Y(Dr) (by (14.4)). Observe that
w(z) =z for z € E'\ Eq, by (14.5) and (14.6). Then E \ ¢(E) = E1 \ ¢(E)
and o(E)\ E = p(F1)\ E C ¢(E1) \ E1, so (14.7) says that
\

H?(BEy\p(B)) = H*(E\ p(E)) < H*(p(E)\ E) < H*(p(E1)\ E1), (14.8)
and hence
H?(Er) = H*(Ey\ (E)) + H*(E1 N p(E))
H*(p(E1) \ Er) + H*(Ey N p(E)) (14.9)
H?(p(E1) \ Ex) + H*(Ex N p(E1)) = H?(p(Er)),
o(Er)

(E1) C p(E\ E1) does not meet Ej.

/N

because p(FE) \
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On the other hand, By = I' N 7~(D7) is the graph of F over Dy, and
by (14.5) ¢(E1) is the graph of G over Dp. With the notation of Section
13, By = ¥ and p(F1) = ¥¢ (see above Lemma 13.21). If we chose r
above small enough, (13.1) holds with a 7 so small that by Lemma 13.21,
(13.24) holds for some 1 € (0,1). That is, H*(S¢) — H*(Dr) < n[H?*(ZF)
— H%*(Dr)]. But (14.9) says that H?(Xp) = H?*(E;) < H%*(¢(E1)) =
H*(Yg), so we get that H*(Xr) = H?*(Dr). Then [, |VF]> = 0, by
(13.23) (recall that 7 is small), and ||f'||2 = 0, by (13.11). That is, f = 0
(by (13.1)).

We just proved that the intersection of the arc C; with B(x,r) is con-
tained in the horizontal plane. That is, C; N B(x,r) is an arc of great circle,
as needed. Proposition 14.1 follows, as was noted before. (I

We complete this section with a little more information on the minimal
cones in Zy. Let E C Z; be given, and set K = EN0B(0,1). Recall from
Proposition 14.1 that K is composed of some great circles Cj, j € Jo, and
some arcs of great circles Cj, j € Ji.

Let H denote the set of extremities of the arcs Cj, j € Ji. For each
x € H, there are exactly three C; that leave from z; thus there are 3N/2
arcs, where N is the number of points in H. In particular, IV is even and
the number of arcs is a multiple of 3.

Next we claim that there is a constant ny > 0, that depends only on n,
such that

ifi,j€JOUJ1,i7éj,.TECi,
and dist(z, C;) < o, then ¢,j € Jy, (14.10)

and C; and C; have a common endpoint in B(z,dist(x, C})).

We shall take 79 = r9/300, where rg is as in the proof of Proposition
14.1. Let ¢, j, and « € C; be such that dist(z, C;) < 1. As before (see below
(14.3)), there is a neighborhood V' of B(z,7/300) where E is composed of
one simple curve, or of three simple arcs of curves that meet at one point
a € B(x,79/100). In addition, these arcs are arcs of great circles, and each
one is contained in a Cy, k € Jy U Jy. One of these arcs is contained in
C; (because z € C;), and our assumption that dist(z,C;) < no for some
other j implies that there are three arcs, and another one is contained in
C;. These three arcs meet at a with 120° angles, so |a — z| < dist(z, C;);
(14.10) follows.

The simplest set E € Zj is a plane, and then K is a great circle.
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In dimension n > 2p, p > 2, we may select p planes P; that are orthogo-
nal (or nearly orthogonal) to each other, and set E = U;P; (or equivalently,
K is the union of the great circles P; N 9B(0,1)). It seems that the precise
conditions under which F € Zj are not known. More generally, we may
always start from a set E € Z; that lies in R”2, and add to it the plane
{0} x R?; this gives a set E’ that fits the description above; I don’t know
whether E’ is necessarily a minimal cone.

The next simplest example is a set of type Y, the product of a Y-set
in a plane by a line perpendicular to that plane. It is thus contained in a
space of dimension 3, and is composed of three half planes with a common
boundary L, that make 120° angles along L (see Figure 1). Notice that it
is easy to see that

if £ € Zy, K is connected, and H has 2 points, (14.11)
then E is a set of type Y; .

indeed F is composed of exactly three arcs of great circles that connect the
two points of H, these arcs are determined by their directions at any of the
two points of H, and we know that these directions make 120° angles.

The simplest set for which H has 4 points is the cone over the union of
vertices of a regular tetrahedron in R? centered at the origin (see Figure 2).

LEMMA 14.12.— There is a constant dp > 3w /2, that depends only on
n, such that

H*(ENB(0,1)) >d
(BN B(0,1)) > dr s
when E € Zy is neither a plane nor a set of type Y.

Let us first check that
H?*(EN B(0,1)) > 31/2 (14.14)

for such sets E. If E is composed of more than one full great circles, H2(EN
B(0,1)) > 27. Otherwise, H is not empty. Let y € H be given, and set
O(y,r) =r~2H?*(EN B(y,r)) for r > 0. Proposition 5.16 says that 6(y,r) =
r~2H?(ENB(y,r)) is nondecreasing, so the limits #(y) = lim, . 6(y, r) and
Ooo(y) = lim,— 4 oo O(y, r) exist, and O (y) > 0(y). In addition, E does not
coincide with a cone centered at y in big annuli, so Theorem 6.2 says that

O (y) > 0(y).
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By Proposition 14.1, the sets k~!(E — y) converge to a minimal cone of
type Y, and Proposition 7.31 (or directly Lemmas 3.3 and 3.12) says that
0(y) = 3m/2 (the density of a set of type Y). Hence 6 (y) > 37/2. Finally,

H2(E N B(0,1)) = R2H*(E N B(0, R))
> R 2H*(ENB(y,R - |y])) (14.15)
= R72(R - [y])* 0y, R — [y])
for R large, and the last term tends to 6 (y) > 37/2, so (14.14) holds.

Now suppose that (14.13) fails. Then there is a sequence of sets Ej
in Z;, that are neither planes nor sets of type Y, and for which a; =
H?(E, N B(0,1)) tends to 37/2. We can replace {E;} by a subsequence
that converges to some limit E. Obviously, F is a cone, and Lemma 4.7
(with b = 0) says that E € Zy. In addition, H?(E N B(0,1)) = 37/2 by
Lemmas 3.3 and 3.12, so E is a set of type Y by (14.14).

Denote by Hj the set of extremities of the arcs of great circles in Ej.
By Proposition 14.1 or (14.10), the points of Hj lie at distance at least
m = Min(lg, 7o) from each other. If Hy has more than 2 points and k is
large enough, then some y; € Hj lies at distance at least 1;/2 from the
two singular points of K = FN90B(0,1), and K is composed of at most an
arc of great circle in B(yg,71/3). At the same time, Proposition 14.1 says
that Ex N B(yk,n/3) is very close, in Hausdorff distance, to a Y-set. This
is impossible, because {Fy} converges to E.

So Hj, has at most two points for k large. If it has exactly two points, Fj
contains a set of type Y by the proof of (14.11), and since it is not a set of
type Y, Proposition 14.1 says that it needs to contain at least another arc
of circle of length at least lo. Thus H%(Ex N B(0,1)) = 37/2 + lp/2, which
does not tend to 3w /2. If Hy, is empty, F}, is composed of at least two great
circles, and H?(Ej, N B(0,1)) > 27. In every case we reach a contradiction,
which proves Lemma 4.12. ([l

It is believable that we can take dpr = 3Argcos(—1/3) ~ 1.82- 7 in
Lemma 4.12, which corresponds to the set T based on a tetrahedron in R3
(see Section 20), but I did not try to check.

D. LOCAL REGULARITY OF 2-DIMENSIONAL
ALMOST-MINIMAL SETS

We want to generalize J. Taylor’s theorem and give a local biHolder
description of E when E is a reduced almost-minimal set of dimension 2 in
R™, with sufficiently small gauge function.
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The proof will rely on a generalization of Reifenberg’s Topological Disk
Theorem stated in the next section, together with the approximation results
of Part B and a small argument with a topological degree. Most of the
local regularity results are stated and proved in Section 16, except for a
topological argument which is left for Section 17. In Section 18 we prove
a regularity result for almost-minimal sets of dimension 2 in R3, which is
valid in balls where F is close to a set of type T, but under an additional
separation assumption. This is enough to establish Theorem 1.9 (i.e., the
fact that every reduced M S-minimal set of dimension 2 in R? is a minimal
cone). Section 19 contains the description of a set E C R3 that looks like
a set of type T at large scales, but does not have the same topology. We
rapidly compute the density of the set of type T of Figure 1.2 in Section 20.

15. An extension of Reifenberg’s Topological Disk Theorem

Our statement of the desired extension of Reifenberg’s theorem will use
some amount of notation. We shall consider sets of dimension d > 2. The
most important case for us is when d = 2; we could also take d = 2, forget
about general sets of type T, and get a statement as in Section 12, but let us
not do this. We shall allow d > 2, but we shall keep a collection of cones that
are just obtained as products of a 2-dimensional cone with an orthogonal
(d — 2)-dimensional plane.

Let us describe the collection of cones that will be used to approximate
our set E. We start with the collection of d-dimensional (affine) planes,
which we call P.

Next we define the collection ) of sets of type Y. We start with propellers
in a plane, which we called Y-sets in the previous sections, and which are
just unions of three half lines with a same endpoint and that make 120°
angles at that point. In [DDT], we even allow sets Y where the three half
lines are only required to make angles at least 7/2, but we won’t need that
generality here. We obtain a first set of type Y as the product Yo =Y x V|,
where Y is a Y-set centered at the origin, and V is a (d — 1)-dimensional
vector space that is orthogonal to the plane that contains Y. We shall call V'
the spine of Y. Finally, ) is the collection of sets Y of the form Y = j(Yj),
where j is an isometry of R™. Then the spine of Y is the image by j of the
spine of Y.

The description of the collection 7 of sets of type T (the sets of type
TG3 in [DDT]) will take a little longer. Our set 7 will be the collection
of sets T = j(Tp x V), where Ty lies in a set 7y of 2-dimensional cones in
R™~4+2 ¥/ is the plane of dimension d — 2 orthogonal to R*~%*2 in R™, and
j is an isometry of R™.
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Each T € 7 will be the cone over a set K C 0B(0,1), with the following
properties. First, K = U;jc;C; is a finite union of great circles, or closed
arcs of great circles. Denote by H the collection of extremities of arcs Cj,
j C J; each point = of H lies in exactly three C, x is an endpoint for each
such C}, and the three C; make 120° angles at x. The C; can only meet at
their endpoints (and hence the full arcs of circles are disjoint from the rest
of K). In addition, there is a constant 79 > 0 such that

HY(Cj) =no for j e J, (15.1)

and

if x € C;, and dist(z, C;) < 1o for some other j, then (15.2)
C; and C; have a common extremity in B(z,dist(x, C})). '

In addition, we exclude the case when T is a plane or a set of type Y.

When Y € 7y, the spine of E is the cone over H or, if K is uniquely
composed of great circles, the origin. In general, when T' = j(Ty x V), the
spine of T is j(S x V) where S is the spine of Tj.

The definition of sets of type T'G3 given in [DDT] was a little different.
We also allowed angles larger than 7/2 instead of exactly 27/3, but we don’t
need this here. We also decided to take the full collection of sets K as above,
but our statement also allows a subcollection (both in the assumptions and
the conclusion). See the last sentence of the statement of Theorem 2.2 in
[DDT].

Before we start, let us record the fact that the class 7y of reduced minimal
cones of dimension 2 in R*~%*2 that are neither planes nor sets of type Y
satisfies the requirements above, with a constant 7y that depends only on
m. This is a consequence of Proposition 4.1, except for (15.2) which was
stated separately in (14.10).

Let P, ), and some choice of 7 be as above. Set Z =P U Y U7, For
the statement below, we are given a closed set £ C R”, and we assume for
simplicity that the origin lies in E. As in Section 12, we measure how close
F is to sets of Z with

Gz(a,r) = inf d,, (E, 2), (15.3)

where d, ,(E, Z) is defined as in (12.2). (Compare with (12.1).) We assume
that
Bz(x,r)<e forz e ENB(0,3) and 0 < r < 3, (15.4)
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where ¢ > 0 is small, depending on n,d, and the constant 7y. This means
that for x € EN B(0,3) and 0 < r < 3, we can choose Z(z,r) € Z such
that dy (E, Z(z,7)) < €. We want a bilipschitz parameterization of E by a
set of Z near the unit ball.

THEOREM 15.5 [DDT].— Let Z be as above, and let 7 > 0 be given.
Then there is a constant € > 0 that depends only on n, d, ng, and T, such
that if E C R™ is a closed set that contains the origin and if (15.4) holds,
we can find Z € Z and a a biHolder mapping f : B(0,2) — R™, such that

|f(x) — x| <7 forxz e B(0,2), (15.6)
(I =7z =y < [f(x) = fWI <A+ 7)|lz -y 7 (15.7)
for z,y € B(0,2),
B(0,2—171) C f(B(0,2)), (15.8)
and
ENB(0,2—7)C f(ZNB(0,2)) C E. (15.9)

Compared to [DDT], we just changed a little some of the constants (such
as 2 and 3), but this does not matter.

It will be useful for us that in addition to giving a parameterization of
E by Z near 0, f extends to a local homeomorphism of R™. In particular,
we know that the topology of R™ \ E near 0 is the same as for R\ Z.

We can say a little more on the choice of Z. First observe that Z has
to be fairly close to Z(0, 3) in Hausdorff distance, because (15.6) and (15.9)
say that it is fairly close to F.

If Z(0,3) is a plane, or coincides with a plane near B(0,29/10), say, we
can show that for x € ENB(0,27/10) and r < 1/10, say, Z(z,r) is a plane,
or at least its spine does not get close to x. Then we are in the standard
Reifenberg situation, and we can take Z = Z(0,3) € P.

Similarly, if Z(0, 3) is a set of type Y with a spine through the origin, we
can take Z = Z(0,3) € ). Slightly more generally (but we won’t need that
case in the present paper), if Z(0,3) € Y or coincides with a set of type Y in
B(0,29/10), we can show that for z € ENB(0,27/10) and r < 1/10, Z(x,r)
is never a set of type T centered near x. Then we can take Z € ), except
perhaps in the situation above where it is more clever to take a plane.

If Z(0,3) is a set of type T centered at the origin, then again we can take
Z = Z(0,3). More generally, if Z(0,3) € T, with a center in B(0,25/10), we
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can first show (by checking things at smaller and smaller scales) that there
is a single point xg € B(26/10) such that every Z(xo,r) is a set of type T
centered in B(zg,r/10). Then we use Z = Z(0,3) (or a translation of it if
we want f to map the center of Z to ).

If our class 7 (modulo identification of isometric sets) is not discrete,
it could be that when r varies, the set Z(zo,r) changes. This is all right,
it just means that some other sets Z’ € T could be used instead of Z (to
parameterize E), and they are all biHolder equivalent to each other. This
is not surprising, since Z(xq,r) is only allowed to vary very slowly with r
(because Z(xg,r) stays so close to E). The situation would be different if
we wanted C'! parameterizations. Then we would probably need bounds on
how fast the sets Z(zg,r) vary and (in the case of minimal sets), it can be
expected that these bounds will be harder to prove than when d = 2 and
n=3.

The remaining case when the center of Z(0,3) lies out of B(0,25/10),
but Z(0,3) does not coincide with a set of type Y in B(0,29/10), could be
treated similarly, or just eliminated by replacing 3 with a larger constant.
We shall not need it here anyway.

See [DDT] for a proof of Theorem 15.5. The proof is a little ugly because
there are more cases to study, but we essentially use Reifenberg’s scheme,
plus an organization of the construction in layers (first find the center if
there is one, then find the image of the spine, then define f on Z, and
finally extend to the rest of R™).

There is no immediate obstruction to having an additional layer in the
complexity of our sets, but the situation is already complicated enough,
and we were lucky that, just because there is at most one center x(, we did
not have to understand what happens when the isometry class of Z(xq, )
changes with r.

We shall get our local descriptions of the almost-minimal sets by brutal
applications of Theorem 15.5 in the case when Z(0,3) is a cone centered at
0. The following definition will make it more convenient.

DEFINITION 15.10. — Let E be a closed set in R™. We way that B(0,1)
is a biHélder ball for E, with constant T € (0,1), if we can find a cone Z € Z
centered at 0, and f : B(0,2) — R™, with the properties (15.6)-(15.9). We
say that B(0,1) is of type P, Y, or T, depending on whether Z lies in P, Y,
or T. Finally, we say that B(xz,r) is a biHolder ball for E (with the same
parameters) when B(0,1) is a biHélder ball for r=Y(E — x).
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With this definition, we have the following consequence of Theorem 15.5
and the discussion above. We keep the same assumptions on Z.

COROLLARY 15.11.— For each small 7 > 0, we can find € > 0, that
depends only onn, d, ng, and T, such that if E C R™ is a closed set, © € F,
and r > 0 are such that

forye ENB(x,3r) and 0 < t < 3r, we can find

(15.12)
Z(y,t) € Z such that dy+(E, Z(y,t)) < ¢,

and in addition Z(x,3r) is a cone centered at x, then B(x,r) is a biHdlder
ball for E, with constant T, of the same type as Z(x,3r), and we can even
take Z isometric to Z(x,3r) in Definition 15.10.

16. A local regularity theorem for two-dimensional
almost-minimal sets in R"

We are now ready to state a generalization to higher dimensions of the
biHolder part of Jean Taylor’s local regularity theorem [Tay].

THEOREM 16.1.— Let U be an open set in R™ and E a closed subset
of U. Suppose that E is a reduced A-almost-minimal set in U, with a gauge
function h such that

/ h(?“)% < 400 for some 1 > 0. (16.2)
0

Then for each xg € E and every choice of T € (0,1), there is an 1o > 0 such
that B(xg,ro) is a biHolder ball for E, with constant T.

See Definition 4.3 for A-almost-minimal sets. Notice that we could equiv-
alently have assumed that F is a reduced A’-almost-minimal set with the
same gauge function h, as in Definition 4.8, because Proposition 4.10 says
that the two definitions are equivalent. Recall that we say that E is reduced
when E* = E, where E* is the closed support of the restriction of H? to
FE; see Definition 2.12.

The notion of biH6lder ball is defined in Definition 15.10, and here we
take for Z the collection of two-dimensional reduced minimal cones in R"”,
as described in Section 14. Thus, in short, Theorem 16.1 says that every
point of E has a small neighborhood where E is biHolder equivalent to a
minimal cone of dimension 2.

Jean Taylor [Tay] also gives the C' equivalence when n = 3, under
conditions on h that are stronger than (16.2) (but it is not clear that she
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tried to optimize this). We shall see in [D4] how to deduce this from Theorem
16.1 (or some weaker separation result). It is not clear to the author that
this more precise result will generalize almost-minimal sets of dimension 2
in R™, n > 4; the answer may depend on which type of blow-up limits for
E at z exist.

Curiously, the condition (16.2) is only used to prove control the density,
as in (16.6) at the beginning of the argument; I don’t know whether it is
sharp.

It should be observed that neither here nor in [Tay] (I think) do we get
any precise lower bound for rg. The proof will say that for each z € E,
the density 6(x,r) eventually gets very close to its limit at r = 0, and then
B(x,r) is a biHdlder ball for E, but we do not know in advance when this
happens. Some of our intermediate results, such as Lemma 16.19 and 16.48,
Proposition 16.24, Lemmas 16.25, 16.51, and 16.56, and later on Proposition
18.1, are more quantitative, though.

We shall prove Theorem 16.1 now, except for Proposition 16.24, which
uses a little bit of degree theory and will be treated in Section 17. We shall
systematically assume in this section that

E is a reduced A-almost-minimal set in U, (16.3)
with a gauge function h such that (16.2) holds. .

Set
O(x,r) =r2H*(EN B(z,71)) (16.4)

for x € F and r > 0. Set
" dt
A(r) :/ h(2t)7‘ (16.5)
0
By (16.2), we can apply Proposition 5.24 and get that

0(z,r)e* ") is a nondecreasing function of r, (16.6)

as long as B(xz,r) C U and h(r) stays small enough, and where X is a
positive constant.

Notice that A(r) tends to 0 when r tends to 0 (by (16.2)), so (16.6)
allows us to define
0(z) = lim O(x,r) (16.7)

r—0

for x € E. As we shall see soon, there are restrictions on the values that
0(x) can take.
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Proposition 7.31 says that every blow-up limit of E at z is a reduced
minimal cone, whose density is 0(x).

If () = =, all the blow up limits are planes, and we shall call x a
P-point. If §(x) = 37w /2, all the blow up limits are minimal cones of type
Y, and we shall call  a Y-point. Otherwise, we shall say that = is a T-
point. In this case do not know whether the various blow-up limits of E at
x are all isometric to each other, but they all have the same density 6(z).
Lemma 14.12 then says that their density is at least dr (where dr > 37/2
is a constant that may depend on n), so

0(x) = dr when z is a T-point. (16.8)

When n = 3, there is only one type of minimal cone of type T (i.e.,
which is not a plane or a set of type Y), which is the one introduced in
Remark 1.8 and Theorem 1.9. Then 6(y) = 3Argcos(—1/3) ~ 1.82 - m when
x is a T-point. See the computation in Section 20. In higher dimensions,
there may be lots of minimal cones with different densities > dr. But this
will not matter much here, because the T-points are isolated.

We start with a simple consequence of (16.6) that will be used repeatedly.
We claim that
0(z) < MMo(x,r) (16.9)

for x € E and r > 0 such that B(x,r) C U and h(r) is small enough. Indeed
notice that for 0 < s < r,

0(z,s) < e M 0(z, ) < MO G(z,r); (16.10)
we let s tend to 0 and get the result.

The following consequence of Proposition 7.24 will also be used quite
often.

LEMMA 16.11.— For each 7 > 0, we can find () > 0 such that if
x € E andr > 0 are such that
ar dr

B(xz,r) Cc U, h(2r)<e(r), h(r)— < e(r), (16.12)
0 T

and
O(z,r) < 0(z) + (1), (16.13)

then for every p € (0,9r/10] there is a reduced minimal cone Z(x, p) centered
at x, such that
dop(E,Z(x,p)) < T (16.14)
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and
|H?(E N By, t)) — H*(Z(z,p) N B(y,t))| < 7p?

(16.15)
fory € R™ and t > 0 such that B(y,t) C B(x,p).

If 0(x) = 7w, Z(x,p) is a plane; if O(x) = 37/2, Z(x,p) is a set of type Y,
and if 0(x) > 3m/2, Z(x,p) is a set of type T.

Let p € (0,9r/10] be given, and let us try to apply Proposition 7.24,
with the constant 7/ = 7/2, to the ball B(x,10p/9). The main assumption
is (7.25), which holds because

(x,10p/9) < M10/9) 9(: 10p/9)

0(z,r)erM M) < f(z, r)ers™)

[0(z) +e(7)] X < 0(x) + Ce(r) (16.16)
MO Gz, 1) + Ce(r) < X O(x,t) + Ce(r)

O(xz,t) + Ce(r) < O(z,t) + 7'

for t < p, by (16.6), (16.5), (16.12), (16.13), (16.9), and (16.12), and if e(7)
is small enough.

/

INCINININ

The other assumptions are satisfied because of (16.12), so Proposition
7.24 applies and gives a reduced minimal cone C with the properties (7.26)-
(7.28). We take Z(x,p) = C, (16.14) follows from (7.26) and (7.27), and
(16.15) follows from (7.28), and because we may assume that (1—7") > 9/10.

We still need to show that the type of Z(x,p) is determined by 6(z).
Denote by D = H?(Z(x,p) N B(x,1)) the density of Z(x, p). Then

‘D —0(z,p)| = ,0_2|H2(C N B(x,p)) — HX(EN B(z,p)| <7 (16.17)
by (16.15), applied with B(y,t) = B(p,r).

But (z, p) < 0(x) + Ce(r) by the first two lines of (16.16) (with 10p/9
replaced with p) and 0(z) < e* 0 (x, p) < O(z, p) + Ce(7) by (16.9) and
(16.2), we get that |6(z, p) — 0(z)| < Ce(7), and then

|D —0(z)| < |D —0(z, p)| + |8(z,r) — 8(z)] < 7+ Ce(T). (16.18)

So |D—0(x)| is as small as we want. But Z(z, p) is a plane as soon as D < T;
by Lemma 14.12, it is a set of type Y if 7 < D < dp, and it is of type T if
D > 37/2; Lemma 16.11 follows. O

The following lemma will allow us to deal with P-points in Theorem
16.1
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LEMMA 16.19.— For each choice of T € (0,1) there is a constant e > 0
such that if xg € E and ro > 0 are such that B(xg,97r¢) C U, h(18r¢) < &1,

187 dt

/ h(t) " <er, and 0(xo,9r9) < T+ ey, (16.20)
0

then B(x,r) is a biHdlder ball of type P for E, with constant T, for every

choice of x € EN B(xg,70) and 0 <1 < ro.

Most of the time we shall use this with x = zy, but we shall need the
additional uniformity provided by the present statement in Section 17.

Let g, 79, x, and r be as in the statement. We want to apply Corollary
15.11 to the pair (z,r). Notice however that here all the sets Z(y,t) in
(15.12) will be planes, so Corollary 15.11 comes directly from Reifenberg’s
original theorem.

So we need to show that (15.12) holds for the pair (x,r). That is, for
each y € EN B(x,3r) and 0 < ¢t < 3r, we need to find a plane Z(y,t)
such that d,(E,Z(y,t)) < &, where ¢ comes from Corollary 15.11 and
depends on 7. For the rest of the argument, we shall only need to know that
y € ENB(xg,4rp) and 0 < t < 3rg (which is true because z € EN B(xg,ro)
and 0 < r < 7).

Let 71 be small (much smaller than 7, and to be chosen soon), and apply
Lemma 16.11 to B(xo, 979). The assumptions are satisfied if e < e(y), and
we get that for 0 < p < 8rp, there is a plane Z(zg, p) through zg, with the
properties (16.14) and (16.15). We are only interested in P = Z(xg, 8r9),
and (16.15) which says that

|H2(E N B(y, ) — HX(P 1 B(y, )| < 64m173

(16.21)
for y € R™ and ¢t > 0 such that B(y,t) C B(zg, 8r9).
Take y € E N B(xg,4r¢) as above, and ¢t = 4ry. We get that
0(y, 4ro) = (4ro) ">H?(E N B(y, 4r9))
< (4rg) 72 [HQ(P N B(y,4rg)) + 647’17"8] (16.22)

<7T+4n
by (16.21) and because P is a plane.

Notice that 6(y) > 7 because y € E and E is reduced (see the discussion

below (16.7)). On the other hand,
O(y) < MUIG(y, 4rg) < 1 0(y, 4rg
) ( ) (y,4ro) (16.23)
<M (m+4n) < T4 4m + Cey < 37/2
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by (16.9) and (16.20), (16.22), and if 7; and e; are small enough. Hence
O(y) = m.

Apply Lemma 16.11 to the ball B(y,4rq) and with 7 = ¢, where € comes
from Corollary 15.11 as above. The hypotheses are satisfied, by (16.19) and
(16.22) (and if e; and 71 are small enough). We obtain that for 0 < ¢
< 36ro/10, there is a plane Z(y,t) through y such that (16.15) holds. This
means that dy+(F,Z(y,t)) < €, and this is exactly what was needed to
apply Corollary 15.11. This completes our proof of Lemma 16.19. (]

Lemma 16.19 gives the local regularity of E near every P-point (and for
this we may even take x = xp). Next we want to take care of the Y-points.
The proof above does not work directly in this case, because we used once or
twice the fact that the current density was close to 7, and 7 is the smallest
possible density at a point of E. Thus it will be good to know that when E
is close to a set of type Y, we have Y-points around to which we shall be
able to apply Lemma 16.11 because their density is not too small. This is
the point of the next proposition.

PROPOSITION 16.24. — There is constant €5 > 0, that depends only on
n, such that if (16.8) holds, B(x,r) C U, h(2r) < e, fOQ/" h(t)dt/t < ea, and
there is a reduced minimal cone Y of type Y centered at x and such that
der(E,Y) < &g, then EN B(x,7/100) contains (at least) a Y -point.

The proof of Proposition 16.24 relies on Lemma 16.11 (which we use
to get the local regularity of E if there is no Y-point), and a topological
argument that counts the points of intersection of F with some (n — 2)-
dimensional spheres. We shall do the proof in Section 17, and in the mean
time we proceed with the regularity of E near a Y-point.

LEMMA 16.25. — For each choice of T € (0,1), there is a constant e > 0
such that if xg € E is a Y -point, rog > 0,

100ro dt
B(Io,so’f’o) - U7 h(lOOTo) g €3, / h(t)? g €3, (1626)
0
and

0(x0,50r0) < 37/2 + &3, (16.27)
then B(xo,10) is a biHélder ball of type Y for E, with constant .

It is enough to prove the lemma when zy = 0 and g = 1, because it is
invariant under rotations and dilations. Let 75 be small, to be chosen later,
and apply Lemma 16.11 to the ball B(0,50); the assumptions (16.12) and
(16.13) are satisfied if €3 is small enough. We get that for 0 < p < 45, there
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is a reduced minimal cone Y (p) = Z(0, p) of type Y, centered at 0, such
that (16.14) and (16.15) hold. That is,

dop(E,Y (p)) < 72 (16.28)
and
|H?(EN B(y,t)) = H*(Y (p) N B(y,1))| < m2p? (16.20)
for y € R™ and ¢ > 0 such that B(y,t) C B(0,p).
Let us check that
0(y,10) < 37/2+ Cry for y € EN B(0,35). (16.30)

Set Y = Y (45), and observe that H?(Y N B(y,t)) < 3mr?/2 for all y and
t because the density is largest for balls centered on the spine of Y, for
instance by Proposition 5.16. Then apply (16.29) with p = 45 and ¢t = 10
(so that B(y,t) C B(0,45)). We get that
0(y,10) = 10-2H2(E 1 B(y, 1))
< 1072H?(Y N B(y,t)) + 107 279p? (16.31)
<31/2+Cmo,

as needed for (16.30). In addition, (16.9) says that
0(y) < M9 0(y,10) < €2 0(y,10) < 0(y, 10) + Ces (16.32)

by (16.5) and (16.26), so (16.31) says that 6(y) < 37/2+4 C1e + Ceg < dr
if 5 and e3 are small enough. By (16.8), y cannot be a T-point. So we just
checked that

there is no T-point in E N B(0, 35). (16.33)

We shall need some control on

Ey = {:c € E; x is a Y-point of E} = {x €E;0(x)= 3%} (16.34)

Let 73 be small, to be chosen soon, and let us apply Lemma 16.11 with
T = 73, and to the ball B(y,10), where we now assume that y € Ey N
B(0,35). If €3 and 7 are small enough, the assumption (16.12) follows from
(16.26), and (16.13) follows from (16.31) because 0(y) = 37/2 when y € Ey-.
We get that for

y € By NB(0,35) and 0< p<9, (16.35)
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there is a reduced minimal cone Y (y, p) of type Y, centered at y, such that
dy,o(E,Y (y,p)) <73 (16.36)

and
[H2(E N B(a,t) — HA(Y (y,p) N B(x, 1))| < 756°

(16.37)
for € R™ and ¢ > 0 such that B(z,t) C B(y,p).

Notice that (16.36) gives the sort of control on EN B(y, p) that we need
in order to apply Corollary 15.11, but only in balls B(y, p) that are centered
on Fy. We also need to control the balls that are centered on P-points.

Let z € EN B(0,3) \ Ey be given, and set
d(x) = dist(x, Ey). (16.38)

Observe that d(z) < 3, because the origin lies in Ey by assumption. Also,
d(xz) > 0, because the proof of Lemma 16.19 gives a neighborhood of z
which contains no Y-point (see below (16.23)). We do not even need to
know this, because if d(x) = 0 we can use the cones Y (y, p) to control F in
the balls centered at x, so we do not need the construction below. See the
small argument above (16.42).

Pick y € Ey such that |y — x| < 11d(x)/10, and set p = 2d(x). Then
y € By N B(0,10) and p < 6, so (16.35) holds and we can set Y = Y (y, p),
where Y (y, p) is as in (16.36) and (16.37). Denote by L the spine of Y’; that
is, L is the common boundary of the three half planes that compose Y. It
is a line through y. Let us check that

dist(x, L) > 3d(x)/4. (16.39)

Suppose that (16.39) fails. Choose z € L so that |z — x| < 3d(z)/4,
and apply Proposition 16.24 to the ball B(z,d(x)/10). We need to check
the assumption that d. g(z)/10(E,Y) < €2. Indeed, B(z,d(x)/10) C B(y, p)
because |z —y| < |z—z|+|z—y| < 3d(x)/4+11d(z)/10 and p = 2d(z). Then
d; a(zy10(E,Y) < 10d(z) "' pdy ,(E,Y) < 2073 < &3 if 73 is small enough,
as needed.

So Proposition 16.24 applies, and there is a point of £ € FEy inside

B(2,1073d(x)). But then [ —z| < 1073d(z) + |2z — z| < [1072 +3/4] d(z) <
d(z). This is incompatible with the definition of d(z), and so (16.39) holds.
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Notice that B(z,d(z)/2) is contained in B(y,p) (because |y — x| <
11d(z)/10 and p = 2d(x)), so (16.37) says that
O(z, d(x)/2) = (d(x)/2)"2H?*(E N B(x,d(x)/2)
()/2)"2H*(Y N B(x,d(x)/2)) + 13(d(z)/2) 2p* (16.40)

+ d73d(z) "2 p? < 7 + 1673,

(d
<(d
<
because (16.39) says that Y coincides with a plane in B(z, d(z)/2). Recall
that 6(z) = 7 because we assumed that € E\ By (and by (16.33)). Hence,
if 75 is small enough, (16.40) allows us to apply Lemma 16.11 with 7 = ¢,

where € comes from Corollary 15.11. We get that for 0 < r < d(x)/3, there
is a plane Z(x,r) through z such that d, ,.(E, Z(x,r)) < ¢, as in (16.14).

We are now ready to deduce Lemma 16.25 from Corollary 15.11. We
want to get the constant 7 in the conclusion of Lemma 16.25, so we need
to prove (15.12), with a constant ¢ that depends on 7. For each choice of
x € ENDB(0,3) and 0 < r < 3, we need to find a minimal cone Z(x,r) such
that

dy (B, Z(x,7)) < €. (16.41)

When z € Ey, the pair (z,r) satisfies (16.35), so we can use Z(z,r) =
Y (z,r), and (16.41) follows from (16.36) if 73 < . Note that Z(0,3) is a
set of type Y centered at the origin, as required by the last assumption of
Corollary 15.11.

When z € EN B(0,3) \ By and r < d(x)/3, we can use the set Z(z,r)
that was found a few lines ago, below (16.40).

We are left with the case when x € ENB(0,3)\ Ey and d(z)/3 < r < 3.
Our argument also applies when d(z) = 0, if we pretend that we don’t know
that © € Ey when d(z) = 0. Let y € Ey be such that |y —z| < d(x)+r, and
set p = 2r +d(x). Observe that |y| < |z|+d(z) +7 < 9 because z € B(0, 3),
d(z) < |z|, and r < 3, and also p < 9, so (16.35) holds, and we can set
Z(z,r) =Y (y,p). Now B(z,r) C B(y, p) because p = r + |y — x|, so

der(E, Z(x,7)) < r_lpdyw(E,Z(x,r)) <rlpm <hm<e (16.42)

by (16.36) and if 73 is small enough. This completes our proof of Lemma
16.25. O

The next lemmas are a little bit of a digression, and are not needed for
the proof of Theorem 16.1. We shall use a compactness argument to replace
the density assumptions in Lemmas 16.19 and 16.25 with assumptions of
good approximation of F by a minimal cones.
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LEMMA 16.43.— For each small § > 0, there is a constant € > 0 (that
depends only on n and d) such that if E and F are reduced almost minimal
sets of dimension d in the open set U C R", with gauge function h, and if

B(x,10r/9) C U, h(20r/9) <e, and dyq0r/9(E,F) <e, (16.44)

then
HYE N B(x,r)) < HY(F N B(x, (1 +8)r)) + orc. (16.45)

Suppose that the lemma fails, and choose for each k£ > 0 sets Ey and
Fy. that provide a counterexample with ¢ = 27%. By homogeneity, we can
assume that x = 0 and » = 1 for all k. Thus E} and F} are reduced almost
minimal sets in B(0,10/9). It is a standard fact about the Hausdorff metric
that we can find a subsequence (which we shall still denote by {Ej} to save
notation) such that { £} } converges to a limit E locally in B(0,10/9). See for
instance Proposition 34.6 on page 214 of [D2]. Since dg 10/9(Er, Fr) < 2=k
by (16.44), {F}} also converges to E locally in B(0,10/9) (and we don’t
even need to extract a second subsequence).

Our assumption is that Ej and F) are almost minimal in a domain that
contains B(0,10/9), and with a gauge function hy, such that hy,(20/9) < 27F.
The sequence {F}} satisfies the assumptions of Lemma 3.3 (and even of
Theorem 3.4 in [D1]; we do not need generalized quasiminimal sets here),
S0

HYENB(0,1+9)) < lkimJirand(Fk N B(0,1+9)) (16.46)

by (3.3), applied with V' = B(0,1). Similarly, { F},} satisfies the assumptions
of Lemma 3.12, with M = 1 and the number h as small as we want. This
is because (the end of) Remark 4.5 says that F, € GAQ(M,,U, h) with
M =1,6=20/9, U = B(0,10/9), and h = h;,(20/9). Then (3.13) with
H = B(0,1) says that
limsup H*(E, N B(0,1)) < HY(E N B(0,1)). (16.47)
k—+o0
Altogether, limsup,,_,, .o H*(ExNB(0,1)) < liminfy_ o HY(F,NB(0,1+
9)), and (16.45) holds for k large. This contradiction completes our proof of
Lemma 16.43. ]

Here is a variant of Lemma 16.19.

LEMMA 16.48. — For each choice of T € (0,1), there is a constant € > 0
such that if xg € E, rg > 0,

187"0
B(x0,10m9) C U, h(20r9) < ¢, / h(t)? <eg, (16.49)
0
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and there is a plane P such that
dﬂfuJOT‘o (Ev P) e, (1650)

then for every choice of © € B(xg,79) and 0 < r < ro, B(x,r) is a biHélder
ball of type P for E, with constant T.

Indeed, let €1 be as in Lemma 16.19. If € is chosen small enough we can
apply Lemma 16.43 to B(xzo,979), 6 = £1/10, and F = P, and get that
0(xo,979) < m + 1. Then the conclusion follows from Lemma 16.19 (if in
addition € < 7). O

Now we give a variant of Lemma 16.25.

LEMMA 16.51. — For each choice of 7 € (0,1), there is a constant e4 > 0
such that if xg € E, 19 > 0,

1007¢ dt
Blxo,60r0) C U, h(100r) < 4, / S <en (652)
0

and there is a reduced minimal cone Y of type Y, centered at xo, and such
that

g 60ro (E,Y) < €4, (16.53)
then B(xg,ro) is a biHdélder ball of type Y for E, with constant 7.

Let g and g be as in the statement. Let €5 be small, to be chosen soon,
and apply Proposition 16.24 to the ball B(xg,e570). Notice that

dﬂ?07€5T0 (Ev Y) < 605g1dm0,60r0 (E, Y) < 6055?154 < €9 (16.54)

if e4 is small enough, and the other assumptions of Proposition 16.24 are
satisfied more trivially, so there is a point 1 € E N B(xg,e5r9) which is of
type Y. If 4 is small enough, (16.53) and (16.52) allow us to apply Lemma
16.43 to B(x1,500rq/9) and get that

0(x1,50r0) < 37/2+ &3, (16.55)
where €3 is as in Lemma 16.25.

The pair (z1,50r) satisfies the hypotheses of Lemma 16.25, so B(x1,ro)
is a biholder ball of type Y. Since this is not exactly the conclusion of Lemma
16.43, let us say a little more. The proof of Lemma 16.25 gives that for x €
ENB(zx1,3rg) and 0 < r < 3rg, there is a reduced minimal cone Z(z, ) such
that d, (E, Z(x,r)) < € (see (16.41) and below), and then we use Corollary
15.11 to conclude. But if 5 is small enough (and e5 = 10~2 would be more
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than enough), we also get Z(x,r) for x € ENB(xq,3r0) C B(x1,3ro+e570)-
In addition, (16.44) allows us to use Y itself (if £4 is small enough) as the set
Z(xg,70), so the last condition in Corollary 15.11 is also fulfilled. Finally
Corollary 15.11 says that B(zg, 7o) also is a bihdlder ball of type Y, and
Lemma 16.51 follows. O

Return to the slow proof of Theorem 16.1. Lemmas 16.19 and 16.25 show
that E has some biHolder regularity near P-points and Y-points. We deal
with remaining case of T-points now.

LEMMA 16.56. — For each choice of T € (0,1), there is a constant eg > 0
such that if xg € E is a T-point, ro > 0,

207‘0
B((E(), 107’0) C U, h(207’0) < gg, / h(t)? < g, (1657)
0

and
0(xg,10ro) < O(x0) + €6 (16.58)

then B(xo,10) is a biHolder ball of type T for E, with constant 7.

The proof will go as for Lemma 16.25. By rotation and dilation invari-
ance, we may assume that xo = 0 and rg = 1. Let 74 be small, to be chosen
later, and apply Lemma 16.11 with 7 = 74 and to B(0,10). If g < e(m4),
we get that for 0 < p < 9, there is a reduced minimal cone T'(p) of type T,
centered at 0, and such that

do,p(E,T(p)) < 74 (16.59)
and
|H?(E N B(y,t)) — H*(T(p) N B(y,1))| < 1ap” (16.60)
for y € R™ and ¢ > 0 such that B(y,¢) C B(0, p).

as in (16.14) and (16.15).

We want to control the density of T'(p) in small balls. Set n = 10~}
Min(no, lp), where 7g is as in (14.10) and Iy comes from Proposition 14.1. It
will be useful to know that for p > 0 and x # 0,

T(p) coincides with a cone of type Y in B(x,n|z|). (16.61)

Indeed suppose that B(x,n|z|) meets two of the faces that compose T'(p).
Call Fy and F» these faces, and pick y; in F; N B(x, n|z|). Set z; = y;/|y;l;
thus z; lies in the arc of great circle C; = F; N 0B(0,1). Observe that
|21 — 22| < 31 < 1, so (14.10) says that the C; have a common endpoint a €
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B(z1,3n). If B(x,n|x|) meets some other face F3 of T'(p), the corresponding
arc C3 also has a common endpoint with F; in B(z1,3n). This endpoint is
a, because the length of C is at least ly. In other words, all the faces that
meet B(z,n|x|) are contained in the set of type Y which coincides with T'(p)
in a small neighborhood of a; (16.61) follows.

Next let € E N B(0,8) \ {0} be given, and set p(x) = 9|z|/8. Thus
T(p(z)) is defined, and

)2 H?(E N B(, nlx|))

=
< (lal) (T (o)) 1 B, nfel)) + (nlel)~rap(2)? (16.62)
<3m/2+ 207 2%y

0(z,n|z|)

by (16.60), because B(x,n|z|) C B(0, p(x)), and by (16.61). Then

O(z) < eMlzhg z,n|x|) < eres (3 2420727,
(z) ) (z, nlz|) 3/ 4] (16.63)

31/2 + Ceg + 20727y

by (16.9), (16.57), and (16.62). In particular, 6(x) < dr if ¢ and 74 are
small enough, and

0 is the only T-point of B(0,8). (16.64)

Next assume that our x € EN B(0,8) is a Y-point. Let 75 be small, and
apply Lemma 16.11 with the constant 75, and to the ball B(z,n|z|). The
assumption (16.12) follows from (16.57), and (16.13) follows from (16.62)
because 0(x) = 3w /2 (if €5 and 74 are small enough, depending on 75). We
get that for 0 < r < 9n|z|/10, there is a reduced minimal cone Y (z,r) of
type Y, centered at z, and such that

dor (B, Y (2,7)) < 75 (16.65)

and
‘H2(EOB(y,t)) — H?(Y (z,7) N B(y, ))’ THT2

(16.66)
for y € R™ and ¢t > 0 such that B(y,t) C B(z,r).

We also need to approximate E near the points of type P. So let z €
ENB(0,3) be a P-point, and set d(z) = dist(z, {0} UEy). Let us show that
for 0 < r < 9nd(z)/10,

there is a plane P(z,r) through z such that d, ,.(E, P(z,r)) <e. (16.67)
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Let us first assume that

d(z) = n|z|/2. (16.68)

Set p =2|z] <6, and T = T(p). We shall use T to compute the density
of F near z. Denote by L the spine of T (the cone over the the union of the
extremities of the arcs of circles that compose T'N 9B(0,1)). Let us show
that

dist(z, L) > d(z)/2. (16.69)

Suppose instead that we can find £ € L, with |£ — z| = dist(z, L) < d(z)/2.
Set t = nd(z)/4; we want to apply Proposition 16.24 to B(&,t), so we need
a set of type Y. By (16.61), there is a cone Y of type Y that coincides
with T in B(&,n|€|). Observe that Y is centered at &, because ¢ lies in
the spine of T. Next [§| > |z| — |€ — 2| = |z| — d(2)/2 > d(2)/2 (because
d(z) < |z|), so t = nd(z)/4 < nl&|/2 and Y coincides with T in B(E, 2t).
Thus d&t(E,Y) = d&t(E,T)

In addition, |&] < |z| 4+ € — 2| < |z| +d(2)/2 < 3|z]/2 and p = 2|z|, so
B(&,t) € B(0, p). Hence
det(B,)Y) =de(E,T) <t 'pdo,(E,T) (16.70)
<t lpry =8n7td(2) 7z T < 16072y .
by (16.59) and (16.68).

If 74 is small enough, (16.70) allows us to apply Proposition 16.24 to
B(&,t), and get a Y-point y in B(&,t/100). Recall that [£ — z| < d(z)/2;
then |y — z| < d(2)/2 4+ ¢ < d(z), which contradicts the definition of d(z).
So (16.69) holds.

Next we check that
T coincides with a plane in B(z,nd(z)). (16.71)

Otherwise, B(z,nd(z)) meets two faces of T. Let 21,20 € B(z,nd(2)) lie in
different faces Fy and Fy, and set w; = z;/|z;|. First observe that

|2i — 2] < nd(z) < nlz], (16.72)
S0 |z;| = |2|/2, and then
|w1 — we| < 2|21 — 22]/]2] < 4nd(2)/|z] (16.73)

because the radial projection onto dB(0,1) is (2/|z|)-Lipschitz on R™ \
B(0, |21/2).
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Next, wy and wy lie in different arcs of circles C; = F; N9B(0,1) in the
description of TN 9B(0,1), and

dist(wy, Ca) < |wy — we| < 4nd(2)/|2| < 4n < no (16.74)

because 1 < 19/10 (see below (16.60)). So (14.10) says that C; and C5 have
a common endpoint @ such that [a —w1| < |wy —ws| < 4nd(z)/|z|. Of course
|z1|a lies in the spine L, so

dist(z1, L) < |21 — |21]a] < |z1l|wi — a] < 4n|z1d(2)/]2| < 8nd(z). (16.75)

This is impossible, because z; € B(z,nd(z)) and dist(z, L) > d(z)/2 (by
(16.69)). So (16.71) holds, and H?(T N B(z,nd(z))) < (nd(z))? . Recall
that B(z,nd(z)) C B(0, p) because p = 2|z| and d(z) < |z|, so (16.60) says
that

0(z,nd(2)) < (nd(2))">H*(T 1 B(z,nd(2))) + (nd(z))*%lp?
<7 (nd(2))Prap® <At TP (16.76)
<4 16n71
by (16.68).

Recall that z is a P-point; if 74 is small enough, (16.76) allows us to
apply Lemma 16.11 to B(z,nd(z)), where this time we take 7 = ¢, with ¢
coming from Corollary 15.11. We get that for 0 < r < 9nd(z)/10, there is
a plane P(z,r) through z such that d, ,(E, P(z,7r)) < e. In other words,
(16.67) holds.

We are left with the case when z € E N B(0,3) is a P-point as before,
but (16.68) fails, i.e., when d(z) < n|z|/2.

Let « € Ey besuch that |[z—z| < 11d(2)/10 < n|z|/20. Thus « € B(0,4).
Also set r = 3d(z)/2. Then r < 3n|z|/4 < 9n|x|/10, and we have a set
Y =Y (x,r) of type Y that satisfies (16.65) and (16.66). Let L denote the
spine of Y; then dist(z,L) > d(z)/4, by the proof of (16.39), and so Y
coincides with a plane in B(z,d(z)/4). Now

0(z,d(2)/4) < (d(2)/4)72H*(Y N B(2,d(z)/4)) + (d(2)/4) 751 (16.77)
<+ (d(2)/4)7 275 (3d(2)/2)? = 7 + 3675 .

because B(z,d(z)/4) C B(z,r) = B(z,3d(z)/2), and by (16.66). By Lemma
16.11, we can find planes P(z,t),0 < ¢t < d(z)/5, such that d, +(E, P(z,t)) <
e. That is, we have (16.67) for a slightly larger range of radii.
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We are now ready to use our various cones to check the assumptions of
Corollary 15.11. We need to define a minimal cone Z(z,r) for x € ENB(0,3)
and 0 < r < 3, so that

dyr(E, Z(z,7r)) <€ (16.78)

as in (15.12).

When z = 0, we take Z(x,t) = T(p), and (16.78) follows from (16.59).
Notice, by the way, that Z(0,3) is a set of type T centered at 0, as required
by Corollary 15.11 if we want a biHolder ball of type T.

Now suppose that € Ey.If 0 < r < 95|z|/10, we can use the set Y (z, )
constructed near (16.65), and (16.78) follows from (16.65). Otherwise, we
take Z(z,r) = T(|z| + r), which is defined because |z| + r < 6. Notice that

B(z,7) C B(0,|z| +7), s0
dor (B, Z(x, 7)) < v (|| + 1) do jay 10 (B, T (] + 7)) (16.79)
<r el + )T <207t |

by (16.59) and because |z| < 10n~1r/9. Again (16.78) holds if 74 is small
enough.

We are left with the case when y is a P-point. If 0 < r < 9nd(x)/10,
we can use the plane P(x,r) of (16.67), and (16.78) follows directly from
(16.67). So we may assume that r > 9nd(z)/10.

If r 4+ 2d(x) < n]z|/3, we choose y € Ey such that |z — y| < 2d(x), and
try to take Z(z,r) = Y (y,r+2d(x)). [If d(x) = 0, apply the argument below
with d(z) replaced with a very small number (compared to r and |z|).] Let us
check that Z(z,r) is defined. First, |« — y| < 2d(x) < n|x|/3, so y € B(0,4)
(because = € B(0,3)), and also |y| > 2|z|/3. Then r + 2d(z) < n|x|/3 <
nly|/2, which is enough to define Y (y,r + 2d(z)) (see above (16.65)). Now

Ao (E, Z(x,7)) <174+ 2d(2)) dy ry24(0) (B, Z(,7))
= (’I“ + Qd(.’L‘)) y,r4-2d( )(E’ Y(y7 r+ 2d($))) (1680)
<r7l(r+2d(z)) s < 3n717s

because B(x,r) C B(y,r + 2d(x)), by (16.65), and because r > 9nd(x)/10.
Thus (16.78) holds if 75 is small enough.

Finally assume that r+2d(x) > n|z|/3. Take Z(x,r) = T(r+|z|), which

is defined because r < 3 and x € B(0, 3). Then
do (B, Z(2,7)) <171+ [a]) doijo) (B, T(r + [2]) (16.81)
<2ri(r+ |2y .
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by (16.59). Since |z| < 3n~(r + 2d(x)) < 3n~L(r + 3n~1r) because r >
Ind(x)/10, (16.78) follows from (16.81).

We completed the verification of (16.78) in all cases, Corollary 15.11
applies, and Lemma 16.56 follows. ([l

Let us now see how to deduce Theorem 16.1 from our various lemmas.
Let U and E be as in the statement, and let zg € E be given. If x( is a P-
point, we can choose rg so small that the assumptions of Lemma 16.19 are
satisfied, and then B(zg, o) is a biHo6lder ball of type P. If ¢ is a Y-point,
we use Lemma 16.25 instead. Otherwise, x is a T-point, and we use Lemma
16.56. This completes our proof of Theorem 16.1, except for the fact that
the two last lemmas depend on Proposition 16.24, which will be proved in
the next section. |

Remark 16.82.— We do not know whether the obvious analogue of
Lemma 16.43 for T-points holds. That is, suppose that the locally mini-
mal set E is very close to a set of type T in a ball; is there necessarily a
point of type T near the center? However, the answer is yes if n = 3 and we
also assume that E separates locally R3 into at least three big connected
components. See Proposition 18.1.

17. A topological argument for the existence of Y-points

This section is devoted to the proof of Proposition 16.24. The author
was very proud of “finding” the topological argument below, but it seems
that this too could be found in Taylor’s paper [Tay]. The generalization to
R™, n > 3 is a little more technical, but the idea is similar.

So we are given a reduced almost-minimal set E of dimension 2 in the
domain U C R", with a gauge function h such that (16.2) holds, and a pair
(z,7) such that

2r
B(x,r) C U, h(2r) < €3, and h(t)dt/t < es. (17.1)
0
We also assume that there is a reduced minimal cone Y of type Y, centered
at = and such that
dyr(E)Y) < 2, (17.2)

where e, is s small constant that depends on n, and we want to prove
that ENB(z,r/100) contains (at least) a Y-point. By rotation and dilation
invariance, we may assume that x = 0 and r = 200. Thus

400
/ h(t)dt/t < €2 and dO,ZOO(Ev Y) < E2, (173)
0

by (17.1) and (17.2).
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We shall prove the proposition by contradiction. So we assume that
B(0,2) contains no Y-point, and try to prove a contradiction.

Let us check that for any given € > 0, we have that
H*(EN B(y,t)) < H*(Y N B(y,1)) + ¢ ara)
for y € B(0,2) and 107 <t < 1 '

if g9 is small enough.

Let &’ denote the small constant that we get when we apply Lemma 16.43
with § = £/10, and let us check that (17.4) holds as soon as €5 < &’/1800.
Let y € B(0,2) and 107! < ¢ < 1 be given; observe that
9-200

10¢
because B(10¢/9) C B(0,200) and by (17.3), and more trivially h(20t/9) <
h(20/9) < [°° h(t)dt/t < e2 < & by (17.3), so Lemma 16.43 applies (with
F =Y) and we get that

dy10t/0(E,Y) < do.200(E,Y) < 9e - 200 < &’ (17.5)

H*(EN B(y,t)) < H*(Y N B(y, (1 +0)t)) + 6t> < H*(Y N B(y,t)) + 105t*

(17.6)
(the measure of Y N B(y, (1 +6)t)) \ B(y,t) is easy to control, in particular
because y lies very close to Y by (17.3)). Now (17.4) follows from (17.6)
(recall that 6 = ¢/10).

Let us use (17.4) to check that

every point of £ N B(0,2) is a P-point, (17.7)

or equivalently that B(0,2) contains no T-point. Let € B(0,2) be given;
then
2
0(x) < MM (z,1) = et Jo et O(x,1) < ez f(x,1)
<er2 [HX (Y N B(x,1)) +¢] < e’z (3n/2+¢) < dr
by (16.9), (16.5), (17.3), (17.4), because the density of a set of type Y never
exceeds 37/2, and if €, and then e are small enough. Recall that dr is the

constant from Lemma 14.12 and that dp > 37/2. Now (16.8) says that z is
not a T-point; (17.7) follows.

(17.8)

Next choose a small constant 7 > 0; we claim that we can find n € (0,1)
such that

B(z,r) is a biHolder ball of type P for E, with constant T,

(17.9)
for every = € B(0,3/2) and 0 < r < 107.
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Indeed, set K = E N B(0,3/2) and, for zg € K, choose 7 = 7(x¢) so
small that the assumptions of Lemma 16.19 are satisfied. This is possible,
because 0(xg) = m by (17.7). Then cover K by a finite number of balls
B(zg, r(x0)). Finally take n smaller than the tenth of the smallest radius
r(xo). If x € K, we can find zy as above such that z € B(xg,7(z0)), and
then Lemma 16.19 says that B(z,r) is a biHo6lder ball of type P for E, with
constant 7, for 0 < r < rg. This proves the claim (17.9).

Let us first give a vague idea of the plan that we would like to follow to get
the desired contradiction. First, we would find a sphere S of codimension 2
in B(0, 3/2) that meets E exactly three times. We would deform this sphere
through a family S; of spheres that eventually collapse to a point. Then we
would use (17.9) to show that along this deformation, the number of points
of EN S can only jump by multiples of two; this is impossible when we
start with 3 intersections and end with none.

Things will be a little more complicated because we need to put our
objects in general position before we compute the number of intersections;
we shall also need to relate our numbers to degrees of mappings on spheres
to get some stability.

To compute the number of points in £ NSy (maybe after we modify Sy
slightly), one way would be to define a one-parameter family of functions
fr on S, so that Sy = fi(5), give equations of E locally, and compute how
many points x € S satisfy the equations. We shall find it more convenient
to proceed in the dual way, i.e., give equations of the sets Sy, and count the
number of solutions of these equations in E. It seems a little more convenient
because it is apparently easier to localize in F.

I wish to thank Christopher Colin for his help in my initial struggle with
degrees, and in particular the suggestion that I use equations.

Let us fix the setting and define a sphere S. Write R” = R3 x R?, with
d = n—3. By rotation invariance, we may assume that ¥ = Yy x {0}, where
Yy, C R3 is a vertical propeller (or Y-set). That is, we select three points
a1, az, and a3 in the unit circle of R?, so that if L; denotes the half line
that starts from 0 and goes trough a;, the three L; make 120° angles at the
origin, and then we set Yy = [L1 U Lo U L3] x R C R3.

Denote by P the horizontal hyperplane P = R? x {0} x R?, and set
S = 9B(0,1) N P. Observe that S NY = {a1,a2,a3}; S is the sphere of
codimension 2 that we would like to use in the argument suggested above,
but we need to modify it slightly near the a; if we want it to meet I exactly
three times.
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Fix j < 3 and use (17.3) to choose z; € E such that |z; — a;| < 300es.
Choose € in (17.4) smaller than /4, where € is as in Lemma 16.19 (and
where, as before, the small constant 7 just needs to be reasonably small,
depending on the geometry). Then 6(z;,1/2) < 4H%*(Y N 2;,1/2) + 4e
< 7w+ 4e if €5 is small enough, by (17.4) and because B(z;,1/2) only meets
one face of Y. Then we can apply Lemma 16.19 to the pair (z;,1/18), and
we get that

B(zj,r) is a biHolder ball of type P for E for 0 <r < 1/18.  (17.10)

We start with a rough model, which will be used as a pattern, where
the S; is (d + 1)-dimensional sphere with radius (1 — t), and centered at
by = t(a1 + a2)/100, say. We choose a final center by = (a1 + a2)/100
purposefully away from Y, to be sure that S; does not meet E for ¢ close
to 1. A formula for the pair of equations of S; is f;(z) = 0, where

fe(x) = (w9, |z — bs|* — (1 —t)?). (17.11)
Let us record the fact that
Ifi(z)| = |z — b1]? > dist(by, E)? > 1075 for x € E, (17.12)

by (17.3).

We shall not use the one-parameter family {f;} to go from fy to fi, and
instead we shall use a finite number of intermediate functions, so that each
time the modifications occur on a small biHo6lder ball for E. So we shall
use a partition of unity. Denote by {z;}, 1 < j <, a maximal collection of
points in E N B(0,3/2), with the property that |z; — z;| > n when i # j.
Let ¢; be a smooth bump function supported in B(z;,2n) and such that
@j(x) = 1 for € B(xj,n) and 0 < @j(x) < 1 everywhere. Notice that
> 9i(x) = 1 for x € EN B(0,3/2), because z lies in some B(z;,n) by
maximality of the family {x;}. Also let ¢y be a smooth function on R"
such that @g(xz) = 0 when |z| < 3/2 =1, @o(x) = 1 when |z| > 3/2, and
0 < po(x) < 1 otherwise. Now Zézo @;j(xz) > 1on E, and we set

l

pj(x) = @;(x) { Z:@(;@}i1 forx € Eand 0 < j <. (17.13)
j=0

Thus the ¢; keep the same support properties as the the ¢;, and in partic-
ular

(; is supported in B(z;,2n) for j > 1, (17.14)

- 217 —



Guy David

and in addition
l

Zgoj(x) =1lforreF, and
§=0

l (17.15)
Zgaj(z) =1forz € ENB(0,3/2 —n).
j=1

(because @g(x) = 0 there). Our first approximation of a discrete path from
fo to f1 is given by the maps

gk =fo+ D ¢ (fi— fo), (17.16)
0<j<k
with 0 < k < I. Thus gg = fy and
gi(z) = fi(z) for x € EN B(0,3/2 —n), (17.17)

by (17.15). Notice that for k > 1,

91(@) — g1 (2) = i) (f1 () — fo(w)) s supported in B(ey, 2n), (17.18)

by (17.14). Recall that we would like to compute the number of solutions in
E N B(0,3/2) of the systems gi(z) = 0. This will be easier to do with the
small modifications of fy and the g, that we shall construct next, so that
they only have a finite number of simple roots. We start with a modification

of fo
LEMMA 17.19.— There is a continuous function hg on E, such that
|ho(x) — fo(x)] <107 forx € E, (17.20)
ho has exactly three zeroes &1, o, and &3 in E, one in each B(a;,1/60), and
in addition

each &; is a non-degenerate simple zero of hy. (17.21)

Let us first define (17.21). We shall say that £ € E is a non-degenerate
simple zero of some continuous function h on E if h(§) = 0 and there is a
ball B(&, p) and a bi-Holder map ~ from E N B(&, p) to an open set V of a
plane, such that ho~~! is of class C! on V and the differential of ho~~!
at y(€) is of rank 2.

Notice that when this holds, there is a small neighborhood W of ~(§)
such that ho~y~! is a homeomorphism from W to its image in R?, so if we
replace p with a sufficiently small radius ¢ > 0, we get that

the restriction of h to E'N B(&,t) is a homeomorphism

17.22
from E N B(&,t) to the open subset h(E N B(,t)) of R%. ( )
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We now prove the lemma. We shall only modify fy near the three points
a; of SNY. Recall from (17.10) that B(z;,1/18) is a biHolder ball of type P.
Thus there is a plane P; centered at z; and a mapping ¢; : B(z;,1/9) —
R™, with properties like (15.6)-(15.9) (see Definition 15.10). In particular,
|Y;(z) — x| < 7/18 for x € B(z;,1/9) and

ENB(z,107Y) C ¥;(P; N B(z;,1/9)) C E. (17.23)

We keep hg = fo out of the three B(z;,1/30). In B(z;,1/60), we replace
fo with hg = fo o 1/1]71. In the intermediate regions, we interpolate, i.e., we
set

ho(z) = a(z) folx) + (1 — a(2)) fo o v (), (17.24)
with a(z) = 60|z —z;|—1. Notice that |ho(z)— fo(z)] < |f0(m)—fooz/)j_1(x)| <
Cr for z € B(z,1/30), because |¢;(z) — x| < 7/18 and the derivative of fy
is bounded there; thus (17.20) holds.

Recall from (17.11) that fo(z) = (w2,|z|?> — 1); then |fo(x)| = 1/500
for x € Y \ U;B(z;,1072) (essentially, because SNY = {ai,a2,a3} and
|z; — aj] < 300es (see above (17.10)). This implies that

lho(z)] > 1073 for z € E N B(0,2) \ U;(B(z;,1/60)), (17.25)

because fj varies slowly, and by (17.3) and (17.20). Thus hg only has zeroes
in the B(z;,1/60).

We still need to check that ho has exactly one zero in each B(z;,1/60),
and that (17.21) holds. Set v;(z) = w;l(m) for = € B(z;,1/60). By (17.23)
and because 1; is biHolder, 7; is a homeomorphism from E N B(z;,1/60)
to its image, which is an open subset of P;.

Recall that hg = fo o ¢;' = fo o7, in B(zj,1/60). Thus, for £ € EN
B(zj,1/60), £ is a zero of hy if and only if v;(€) is a zero of fo(x) = (w2, |z|*—
1) in P;. So we study fo in P;.

By (17.3), we can find 2} € E such that |2} — (1+107?) a;| < 300e3, and
2 € E such that [2] —a; —107%es| < 300e3, where eg = (0,1,0,---,0). Set
w = v;(2;), w = 7;(2}), and w"” = 7;(z]). These three points lie in P;, so
P; is the plane that contains w and the two vectors v; = 100(w’ — w) and
vy = 100(w” — w).

Notice that |w—z;| < 7/18, by (15.6), and similarly for w’ and w”. Then
|fo(w)| < 10jw — a;| < Cez + C1, because fo(a;) = 0.

Since |v1 — aj| < Ceg + C7 and |vg — ez| < Cez + Cr1, when we can
compute the differential of fy in P;, we can replace vy with a; and vy with
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ez, and make errors smaller than Cez 4+ C7. But D, fo(z) = (0,2(x, a;))
and D, fo(z) = (1,2x3). These stay within 107! of (0,2) and (1,0) when
x € P; N B(aj,1/50), so, if e3 and 7 are small enough, the differential
of fo in P; N B(aj,1/50) is invertible and almost constant, and fo has a
unique zero (; in P; N B(aj,1/50), which even lies in B(aj, 1073) (recall
that | fo(w)| < Ces + C71).

Thus hg = fOO’L/J;l has a unique zero in B(z;,1/60), namely, §; = ¥;({;).
In addition, (17.21) holds, precisely because fo = hgot); = hOO'yj_l is C'! on
P;, with a differential of full rank at (;. This completes our proof of Lemma
17.19. O

LEMMA 17.26. — We can find continuous functions 0y, 1 < k <1, such
that

O is supported in B(xk,3n), (17.27)
10k|00 < 27%1075, (17.28)

and, if we set
hi = hix—1 + @i (f1 — fo) + Ok (17.29)

for 1 <k <, then
each hy has only a finite number of zeroes in E,

(17.30)
which are all non-degenerate simple zeroes of hy.

Thus we keep the same formula as for g in (17.18), but we add small
perturbations 6, to obtain (17.30).

We shall construct the Ay by induction. Let k£ > 1 be given, and suppose
that we already constructed hy_; so that (17.30) holds. Notice that this is
the case when k£ = 1, by Lemma 17.19.

Notice that hx_1 + ¢k (f1 — fo) coincides with hy_1 out of B(xy, 2n), by
(17.14). We select a very thin annulus

A = B(xy, p2) \ B(wy, p1), with 2n < p; < p2 < 37, (17.31)

that does not meet the finite set of zeroes of hy_1. Recall from (17.9) that
B(xy, 10n) is a biHo6lder ball of type P, so there is a biH6lder mapping ¥y, :
B(zy,20n) — R™ and a plane Py, through ) such that |¢y(x) — 2| < 1097
for x € B(xy,20n), as in (15.6), and

EﬂB(l‘k,lgT]) C’L/Jk(PkﬁB(LL'k72O’I7)) C F, (1732)
as in (15.9).
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We shall take 6, supported in B(xg, p2), so (17.27) will hold, and also
the desired control on the zeroes of hy out of B(xg, p2) will come from the
induction assumption on hg_1, since hy = hx_1 out of B(zk, p2).

We shall also take ||0k||o smaller than 27%1076 so that (17.28) holds,
and smaller than inf,ec |hg—1(z)] > 0, so that (17.29) (with the fact that
0 < pr(z) < 1 everywhere) implies that hy has no zero in A.

We still need to control hy in B(x, p1). Set y(z) = ¢, ' (z) for x € EN
B(zy, p1)- By (17.32) and because v, is biH6lder-continuous on B(xzy, 20n),
7 is a biHélder homeomorphism from E N B(xj, p1) to some open subset V'
of the plane Py, and its inverse is the restriction of ¥ to V.

By density of the C' functions (in the space of bounded continuous
functions on V, with the “sup” norm), we can choose 6, with the constraints
above, and such that

hy o 9y is of class C on V. (17.33)

We can even keep the option of adding a very small constant w € R? to 6,
in EN B(xzj,p1) (and interpolating continuously on A). Let us first check
that for almost every choice of w,

hi has a finite number of zeros in E N B(z;, p1) (17.34)
for the modified hyj. Set
Zy={z€V;hyoty(z) =y} (17.35)

for y € R2. By (17.33), we can apply the coarea theorem to hy o ¢y on V.
We get that

[ s@arre) = [ mz,)dr), (17.36)

\%4 yeR2

where J is a bounded Jacobian that we don’t need to compute (apply (8.12)
with m = 2 and d = 0). Then Z, is finite for almost every y € R?. If we
choose w such that Z,, is finite and add —w to 6y in EN B(z;, p1), then the
new Zg will be finite, i.e., (17.34) will hold.

We also care about the rank of the differential. Sard’s theorem says that
the set of critical values of hy o v, has vanishing Lebesgue measure in R?;
if we choose w € R? such that w is not a critical value, and add —w to 6y,
in £ N B(xj,p1), then the differential of the new hy o 9, at every zero of
hi o ¢ has rank 2.

We select w very small, with the properties above, and add —w t o 0
in ENB(xj,p1); then hy has a finite number of zeros in EN B(z;, p1), and
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they are all non-degenerate simple zeroes of hy (see the definition below
Lemma 17.19 and recall that hy o y~! = hy o 9;). So (17.30) holds, and
Lemma 17.26 follows. (|

Denote by N (k) the number of zeroes of hy in £ N B(0,2). By Lemma
17.9, N(0) = 3. Let us check that for the last index [, N(I) = 0. First observe
that

hi—hg= > (hk—he1)= > or(fi—fo)+ Y bk (17.37)

1<k<l 1<k<l 1<kl

by (17.29). If z € E N B(0,4/3), (17.15) says that >, . ; ¢r(z) =1, s0

hi(z) = ho(z) + fi(x + > Oz (17.38)
1<k«l
and
()] = [ f1(2)] = |ho(z) — folx)| = D [0k(@)]
1<k<d (17.39)
>107° =107 = >~ 2751076 >0

1<kl
by (17.12), (17.20), and (17.28).

Ifx € ENB(0,2)\B(0,4/3), (17.15) says that D, . ; ¢x(z) = L—po(z),
S0

hu(x) = ho(x) + [1 = po(@)][fi(x) = fo(@)] + Y Ou(2), (17.40)

1<k<l

and

Ihi(z) = fo(z) = [1 = @o(2)][f1(x) = fo(z)]]
< Iho(x) — fo(@)| + TyoperB0(@)] < 21070
by (17.20) and (17.28). But the second coordinate of fo(z)+[1—wo(z)][f1(x)—

fo(x)] is
|2[? = 1+ [1 = po(@)][Jx — b1 [* — [=[* + 1]

— o)l — 1]+ [1 - po(@)lla — ba|? > 1/3

by (17.11) and because |z| > 4/3. So hi(x) # 0 in this case as well, h; has
no zero in F N B(0,2), and N(I) = 0.

(17.41)

(17.42)

We shall reach the desired contradiction as soon as we prove that
N(k)—N(k—1)iseven for 1 <k <I. (17.43)
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This is the moment where we shall use some degree theory. Since it is
easier to study the degree for mappings between spheres, we first replace hy
and hx_1 with mappings between 2-spheres.

Recall that hy_1 does not vanish on A (by definition of A), and that we
chose ||0k||oo so small that this stays true for hy (see (17.29) and recall that
v =0o0n A, by (17.31) and (17.14)). Set

ma(@) = by (@) + i () + by (2)] = hey (@) + 4 (2)

- (17.44)
for x € EN B(xg, p2) and 0 < ¢ < 1.

Thus mg = hx_1 and m; = hy on E N B(xy,ps). Notice that my(z) =
hi—1(z) +t0(z) for x € EN A and 0 < ¢ < 1, by (17.29), so my(x) # 0 if
we took ||0k||oo small enough.

Choose (B > 0 such that |m;(x)] > Bk forz € ENAand 0 <t < 1.
Set Seo = R? U {00}, which we see as a 2-dimensional sphere, and define
m:R? = Sy by

T

m(x) =00 if |z| > Bx and w(x) = - otherwise. (17.45)
.
Then set
pi(x) = w(my(x)) for x € ENB(xy,p2) and 0 <t < 1. (17.46)

Notice that p:(z) is a continuous function of x and ¢, with values in S,. By
definition of G,

pi(x) =occforz e ENAand 0 <t < 1. (17.47)

It will also be more convenient to replace the domain ENB(zy, p2) with a
subset of the plane. Let us use the same mapping 1y, as above (near (17.32)),
and its inverse «y, which is a biHélder homeomorphism from E N B(xy, p2)
to some open subset V' of P, (for the same reason as before). For 0 < ¢ < 1,
set

qi(z) = pi(Yr(z)) forz € V' and q(z) =oco for x € P\ V'. (17.48)

Let us check that g, is continuous on Py, x [0, 1]. It is continuous on V' x [0, 1],
because p; is continuous on ENB(zy, p2) x [0, 1], and also on [Pk\vl] x [0, 1],
because it is constant there. We are left with OV’ x [0, 1]. But for z € 9V,
Y () lies in ENOB(xg, p2) (again by (17.32) and because v, is biHo6lder), so
some neighborhood of 1y, () in B(xy, p2) is contained in A, hence p;(w) = 0o
there (by (17.47)), and ¢:(y) = oo near x (and for all ¢).
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Extend ¢; to the sphere S’ = P, U co by setting ¢;(00) = oo; obviously
q¢ is still continuous on S” x [0, 1].

Now we have two mappings qo and ¢; from the 2-sphere S’ to the 2-sphere
Soo, 80 we can compute their degrees. See for instance in [Do], to which we
shall systematically refer because it contains the needed information rather
explicitly. First observe that since gy and ¢; are homotopic, they have the
same degree (see Proposition 4.2 on page 63 of [Do]).

Fix t € {0,1}, and try to compute the degree of g;. First observe that the
degree (which roughly speaking counts the total number of inverse images of
any point of the target space So., counted with orientation and multiplicity)
can be computed locally near any point @ of the target space; see Corollary
5.6 on page 67 of [Do]. Here we shall use Q = 0. Let us check that for z € S,

if g:(x) = 0, then ¥y (x) is a zero of hy—1 if t =0, and of hy if t = 1.
(17.49)
Indeed, if ¢:(x) = 0, then = € V' (otherwise ¢;(z) = 00), hence ¢:(x) =
(Y (x)) (by (17.48), so pi(¢r(x)) = 0, and then my (5 (z)) = 0 (by (17.46)
and (17.45)). Now (17.49) follows from (17.44).

By (17.30), both hy_1 and hy have a finite number of zeroes, so the same
thing holds for ¢;. Then the degree of ¢; (computed at 0) can be computed
locally: Proposition 5.8 of [Do] says that if we cover S’ by finitely many open
sets Y}, so that each Y; contains exactly one zero y; of ¢;, then the degree
of ¢; is the sum of the degrees of the restrictions of ¢; to Y;. In addition,
Proposition 5.5 of [Do] allows us to replace each Y; with any smaller open
neighborhood W of y;. Let us check that if W; is small enough,

¢ is a homeomorphism from W; to ¢ (). (17.50)

Indeed, set & = i (y1); by (17.49), & is a zero of h = hy_1 or hy, and
(17.30) says that it is a non-degenerate simple zero. This means that there
is a small ball B(¢;, p) and a bi-Holder map ~; from E N B(&;, p) to an open
set V of a plane, such that hovfl is of class C' on V and the differential of
hov, ! at (&) is of rank 2. But it was observed near (17.22) that if we take
p small enough, the restriction of h to ENB(E, p) is a homeomorphism from
E N B(&,p) to the open subset h(E N B(£, p)) of R2. Recall that h(¢) = 0,
so if p is small enough, 7w o h is a homeomorphism from E N B(¢,p)) to
70 h(E 1 B(E, p)).

Take W, = v(E N B(z, p)) = ¢}, ' (E N B(x, p)) above; then 7o h o1y, is
a homeomorphism from W; to w o h(E N B(z, p)) C Seo-
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At the same time, y; is a zero of g, so by the proof of (17.49), ¢:(z) =
pro i (x) = momyothr(x) = mohoh(x) near y; (by (17.48), (17.46), and
(17.44)); (17.50) follows.

By (17.50) and Example 5.4 in [Do], the degree at 0 of the restriction of
q: to W; is £1. We add up all these degrees and get that the degree of ¢,
(on the sphere) is equal, modulo 2, to the number of zeroes of ¢;. Since g
and ¢; are homotopic, they have the same degree, and go and ¢; have the
same number of zeroes modulo 2.

We are now ready to prove (17.43). Since hy_1 and hy coincide out of
B(z, p2) and have no zero in EN A, we just need to consider the zeroes in
ENB(xg,p1). I € € ENB(xg, p1) is such that hg_1(z) = 0, then po(x) =0
by (17.44) and (17.46), and go(¢;, ' (x)) = po(x) = 0 by 0 by (17.48). So
every zero of hy_; gives a zero for ¢p. The converse is true, by (17.49).
Similarly, the number of zeroes for hy in E N B(xzg, p1) is the same as the
number of zeroes for ¢;. This proves (17.43) and, as explained near (17.43),
Proposition 16.24 follows. ([l

18. M S-minimal sets in R®

In this section we return to sets of dimension 2 in R, and in particular
prove Theorem 1.9, which says that every nonempty reduced M S-minimal
set in R? is a plane, a cone of type Y, or a cone of type T.

We start with a variant of Proposition 16.24 for points of type T', which
is valid for (standard) almost-minimal sets, but needs an extra separation
assumption. This proposition yields an analogue of Theorem 1.9 for Al-
minimal sets, again with an extra separation assumption when E looks like
a minimal cone of type T near infinity (see Proposition 18.29).

We can then apply Proposition 18.29 to M S-minimal sets, because the
separation assumption is easy to get in this context, and obtain Theorem
1.9.

The proof of Proposition 16.24 relies on another topoogical argument,
which again could already be found in [Tay], when she proves by contradic-
tion that the set T is a minimal cone. Also, there is a statement similar to
Theorem 1.9 in [Mo2], but for integral currents. In this context the sepa-
ration property comes from the boundary constraints. The proof starts the
same way (use a large ball where F looks like a T, assume that there is no
point of type T in the ball, and get a topological contradiction), but either
the situation is much simpler with currents, or there is something that I did
not get.
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The results of this section and the previous ones also apply to MS-
almost-minimal sets, but to avoid new discussions about definitions, we
simply mention this in Remark 18.44 at the end of the section.

We start with a variant of Proposition 16.24 that finds a T-point when
the reduced almost-minimal set E is close enough to a set of type T in a ball.

PROPOSITION 18.1. — There is constant ez > 0 with the following prop-
erty. Let E be a reduced A-almost-minimal set of dimension 2 in an open
set U C R3, with the gauge function h. Suppose that

2r
B(z,r) C U, h(2r) <ez, / h(t)dt/t < e, (18.2)
0

and that there is a minimal cone T of type T, centered at x, such that
der(E,T) < 7. (18.3)

Denote by ay, ag, az, and ay the points of B (x,r/2) whose distance to T is
largest, and by V (a;) the connected component of a; in B(z,r)\ E. Suppose
in addition that at least three of the V(a;) are distinct. Then ENB(x,3r/4)
contains at least a T-point.

See Definition 4.3 for A-almost-minimal sets, and recall that Definition
4.8 gives an equivalent notion, by Proposition 4.10. See Definition 2.12 for
the “reduced sets”. Also recall that in R3, there is only one sort of set of
type T: the cones based on a tetrahedron that are described near Figure 2.
A T-point is therefore a point x € E such that every blow-up limit of F at
x is of this type (see the definition and discussion near (16.8)).

The author doesn’t know whether the separation assumption can be
removed. At least the most obvious attempt fails: see Section 19.

By scale invariance, it is enough to prove the proposition when x = 0
and 7 = 2. Our plan is to proceed by contradiction, so we shall assume that
there is no point of type T'in FNB(0,3/2) and try to reach a contradiction.
This assumption will make it easier for us to study Ey N B(0, 1), where Ey
still denotes the set of Y-points of E.

Let a > 0 be small, to be chosen later. Let us first prove that if 7 is
small enough,

dist(y, L) < 2a for y € Ey N B(0,3/2), (18.4)

where L denotes the spine of T (a union of four half lines). First observe
that if e7 is small enough,

H*(ENB(y,a)) < H*(TNB(y,a))+10"'a? for y € EN B(0,3/2), (18.5)
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because we can apply Lemma 16.43 to B(y, ) with § > 0 as small as we
want. The details are the same as for (17.4). If y € E N B(0,3/2) and
dist(y, L) > 2a, then H?(TNB(y,a)) < ma?, and (18.5) says that 0(y, o) <
117w /10. Then

B(y) < A@a(y, a) = Mo PO gy ) < ATy, a) < 37/2 (18.6)
by (16.9), (16.5), and (18.2), so y is a P-point. So (18.4) holds.

Next we want to show that every point of Ey NB(0,4/3) has a neighbor-
hood where Ey is a nice curve. So let y € Ey N B(0,4/3) be given. Lemma
16.25 says that for r small, B(y,r) is a biHo6lder ball of type Y for E (with
7 = 1071, say) Let r = r, be such a radius, denote by f, : B(y,2r) — R3
the corresponding biHo6lder mapping, and let Y, be the minimal cone of
type Y centered at y that goes with it. Here (15.6)-(15.9) say that

|fy(x) —z| < 27r for x € B(y,2r), (18.7)
(1=l —2)/r["*7 <|(f(2) = f(2))/r] < A+ 7))@ = 2)/r]*77 (188)
for x, z € B(y,2r), .
B(y,19r/10) C f(B(y,2r), (18.9)
and
ENB(y,19r/10) C f(Y, N B(y,2r)) C E. (18.10)
LEMMA 18.11.— Denote by L, the spine of Yy. Then
Ey N B(y,r/2) C f,(L,NB(y,r)) C Ey N B(y,3r/2). (18.12)

We start with the first inclusion. Let z € Ey N B(y,r/2) be given, and
set w = f,"!(z). Clearly w € B(y,r) (by (18.7)); let us assume that w ¢ L,
and find a contradiction. The idea will be that this implies that R®\ E has
only two local connected components near w, while the fact that z € Fy
implies that there are three. But we want to check this more carefully. Let

us first check that
for each ps > 0, we can find p > 0 such that
for z1, 22, 23 € B(z,p) \ E, we can find a path (18.13)
v C B(z,p2) \ E, that connects two of the z;.

So let z1, 2o, and z3 lie in B(z,p) \ E. Set w; = f,'(z;) (these are
well defined if p < 7, by (18.9)). By the first half of (18.8), (1 — 7)(Jw;
—w|/r)"7" < |z; — z|/r < p/r, or equivalently
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lwj —w| < p1, with py = r[(1 —7)"Lp/r]/ O+, (18.14)

If p is small enough, 4p; < dist(w, Ly), and Y, coincides with a plane
in B(w,2p1). Notice that the w; lie out of Yy, because they lie in B(y, 2r)
and otherwise z; = f,(w;) would lie in E by the second part of (18.10).
So one of the segments [w;, wy] does not meet Y, (pick j and k, j # k, so
that w; and wy, lie on the same side of the plane that coincides with Y, in
B(w, 2p1)).

Set v = f, ([wj,wx]); this is (the support of) a path from z; to z;. Recall
that z = fy(w). By (18.14) and the second half of (18.8), v C B(z, p2),
where

pr=0+7)r(p/r) T <A +7)r[(1—7)tp/r]ATT/AFD 0 (18.15)

It is a little unpleasant that po is not equivalent to p (because f, is merely
biHolder-continuous, and not quasisymmetric), but at least it is as small as
we want, which will be enough for (18.13).

Suppose that v meets E at some point x. Since v C B(y, 19r/10), the
first part of (18.10) says that « = f, (&) for some & € Y, N B(y,2r). But f,
is injective, so & € [w;,wy] and this is impossible because [w;, wy] does not
meet Y,. So v does not meet E. This proves (18.13).

Next we use the fact that z € Fy, so Lemma 16.25 says that for ¢ small,
B(z,t) is a biHdlder ball of type Y for E. Choose p2 so small that this is the
case for t < 2py. Denote by f,; : B(z,2t) — R? the corresponding biHolder
mapping and by Z, ; the associated cone of type Y centered at z.

Let p be as in (18.13); we can safely assume that p < pg, so f,, and
Z,., are defined. Pick three points (; € B(z, p/2), lying in the three different
connected components of R3\ Z, ,, and set z; = f. ,(¢;). By the analogue of
(18.7) the z; lie in B(z, p) \ E, and by (8.13) there is a path v C B(z,p2) \ E
that connects two of the z;.

Since v may get way out of B(z,p), we cannot find a contradiction
immediately in B(z,p), and we need to zoom out again. But we want to
do this carefully, because we want to keep the information that E should
separate the three z; because Z, , separates the (j.

Let us construct three new paths leaving from the z;. Denote by (o ; the
point of dB(z, p) that lies in the same connected component of R\ Z, , as
¢;, and as far as possible from Z, ,. Set ly; = [(;, Co,;]. Thus ly ; does not
meet Z, , (the components of R?\ Z, , are convex), so go,; = f=,,(lo,;) does
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not meet E (because it is contained in B(z,3p/2) by the analogue of (18.7),
and by the first part of the analogue of (18.10)).

Now we iterate, and construct, for & > 1 such that 2¥p < 2ps, line
segments I ; and arcs g ;, so that in particular

grj C B(2,3-2F"1p)\ E. (18.16)

Let £ > 1 be given, with 2¥p < 2p,. Thus we can use f = J2,2¢, and
Z = Z, o»,. Denote by z;_1 ; the final endpoint of gp_1 ;. If (18.16) holds
for k — 1 (which, by the way, is the case when k = 1), then z;_1 ; € B(z,3-
2F=2p)\ E, and Co1j = f~Y(2k—1,;) is defined and lies in B(z,2%p)\ Z, by
the analogues for f of (18.7) and (18.10). Choose li ; = [(;_; ;, Ck,;], where
Ck,; is the point of 0B(z, 2Fp) that lies in the same component of R\ Z
as (;_; ; and as far as possible from Z. As before (for lo ;), lx,; does not
meet Z and is contained in B(z,2"p). Finally set gi ; = f(lx,;); then (18.16)
holds, with the same proof as for g ;. Thus we can construct the g ; by
induction.

Next we check that for each k, the three (j ; lie in different compo-
nents of R3 \ Z, 9x,- This is true for k& = 0, because the three ¢; lie in
different components of R\ Z, ,, and (o ; lies in the same component as
¢j. Now suppose that & > 1 and that this is true for £ — 1. Observe that
o1y = Cemrgl < UCho1y; — 21| + 21 — Ceo14] < 2V 7p, by (18.7)
for f and f, ox-1,. In addition, Z is quite close to Z, ox-1,, because they
are both close to E in B(z,2¥~!p) (use the analogue of (18.10)). The three
Ck—1,5 lie far from Z, 511, (by construction), and in different components of
RB\ZZ72k—1p (by induction assumption). Then the C,’Cfl,j also lie far from Z,

and in different components of R\ Z. This is also true for the ¢ ;, because
Ck,j lies in the same component as C,’cfl’ e This is what we wanted.

Let m denote the largest exponent k such that 2¥p < 2po; thus 2 p > po.
We just proved that the three ¢, ; lie in different components of R*\ Z, om , .
Denote by g; the path from z; to z;,, obtained by concatenation of all the
gk, 0 <k <m. Then g; C B(2,3-2m1p)\ E, by (18.16). We also have a
path v C B(z, p2) \ E that connects two of the z;, and when we add to it the
two corresponding g;, we get a path ¥ C B(z,3 - 2™ !p) \ E that connects
two zj . Set I' = fzfglmpﬁ). This path does not meet Z, om,, by (18.10)
and the usual argument. Yet it connects two different ¢, ;, a contradiction.
This completes our proof of the first inclusion in (18.12).

Now we consider w € L, N B(y,r) and check that z = f,(w) € Ey (it is
clear that f,(w) € B(y,3r/2), by (18.7)). By (18.10), E is locally biHélder-
equivalent to a set of type Y near z, and in particular R® \ E has three
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local components near z. More precisely, choose three points (;, (> and (3
in B(y,r) \ 'Yy, that lie in different connected components of R? \ Y,,. For
each small p and each j < 3, choose a point (; , € B(w, p) \ Yy, that lies in
the same component of R?\ 'Y, as (;. The segment I, , = [(;,(;,,] does not
meet Yy, and is contained in B(y, ), so (18.10) says that v; , = f,(l;,) does
not meet E. In addition, (18.8) says that the extremities z; , = f,((j,,) lie
in B(z,p1), where p; = (14 7)|p/r|'~7. Notice that p; tends to 0 when p
tends to 0.

If z is a P-point, Lemma 16.19 says that for p; small enough, B(z, p1)
is a biHolder ball of type P for E. Denote by f : B(z,2p1) — R® the
corresponding mapping, and P the corresponding plane through z. The
three f~!(z;,) lie in B(z,11p;/10) \ P, by the analogues of (18.7) and
(18.10) and because zj, ¢ E, and at least two of them lie on the same
side of P. Choose j and k # j such that I' = [f71(z;,), f~"(zk,)] does
not meet P. Then f(T') C B(z,3p1/2) \ E (by (18.7) and (18.10)). Then
Y=, U FT) Uk, C Bly,r) \ E, so its inverse image f, () does not
meet Y,. But v contains ¢; and (j, which lie in different components of
R3\ Y,. This contradiction proves that z is not a P-point.

We assumed that there is no T-point in B(0,3/2), and y € ENB(0,4/3),
so it is a Y-point. [We could also exclude the case when y is a T-point, by an
argument similar to the proof of the first inclusion in (18.12).] This proves
the second half of (18.12), and Lemma 18.11 follows. O

We shall also need to know that near B(0, 1), Ey is composed of three
nice arcs of curves. Let T be the minimal cone of (18.3), and denote by L
the spine of T'. Thus L is composed of four half-line L;, and we choose the
names so that the point a; in the statement of Proposition 18.1 lies exactly
opposite to L;. Call z; the point of L; N 0B(0,1); thus z; = —a;. Observe
that T coincides with a set of type Y in B(zj,107!). Choose y; € E such
that

|yj — Zj| < 2d072(E,T) g 267 (1817)

(by (18.3)). If e7 < 10~ %4, where 4 comes from Lemma 16.51 (applied
with 7 = 1074, say), we can apply Lemma 16.51 to B(y;, 107%), where we
use a translation by y; — z; of the set of type Y that coincides with 7" near
z;, to make sure that the spine goes through y;. We get that B(y;, 107?%) is
a biHolder ball of type Y for F, with constant 7.

Denote by f; : B(y;,2-1073) — R3 the corresponding biHélder mapping,
by Y} the associated minimal cone of type Y and centered at y;, and by ¢;
the spine of Yj. The proof of Lemma 18.11 yields

BEyNB(y;,107°/2) C f;(£;nB(y;,107%)) C Ey NB(y;,3-107°/2). (18.18)
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Set g; = ¢; N B(y;,1073) and v; = f;(g;); these are nice little arcs,
and (18.18) says that v; C Ey. Notice that -, crosses the annulus A =
B(0,1—10"%)\ B(0,1+10%), because |f;(z) — x| < 71073 for x € g; and
the extremities of g; lie on both sides of A (and reasonably far from it). Let
us also check that

4
EynAc|Jv (18.19)

j=1

Indeed, if y € By NA, (18.4) (with a = 107%/2) says that dist(y, L) < 1074,
so y lies in one of the B(y;,1073/2) (because it lies in A). Hence (18.19)
follows from (18.18).

The situation in B(0,1) will also be easy to control. First observe that
Ey N B(0,1) is compact. (18.20)

Indeed, let {yz} be a sequence in Ey NB(0, 1), and assume that it converges
to y. Then y € E, because E is closed in U. If y is a P-point, Lemma
16.19 says that every point # € F near y is a P-point again. [Incidentally,
we do not need the whole proof; we could deduce the same result from
Lemma 16.11 (and in particular (16.15) with the plane Z(z, p)), plus (16.9)
to control #(x).] This is impossible, because yi € Ey, so y is not a P-point.
It cannot be a T-point either, because we assumed that there is no T-point
in B(0,3/2). So y € Ey, as needed for (18.20).

Select a small biHélder ball B(y,r,) for each y € Ey N B(0,1), as we
did for (18.7)-(18.10), and then cover Fy N B(0,1) by a finite collection of
B(y,r,/10), y € J. Thus J is finite and contained in Ey N B(0,1). Call
the minimum of 107° and the smallest of the r, /10, y € J.

Now pick one of the four 7;. Recall that 7; crosses A. Let us continue the
branch of 7; that goes inside B(0, 1), by little steps of diameter comparable
to n, by a curve in Fy. For each extension that we get, and if the endpoint &
of the extension lies in B(0, 1), we can find y € J such that ¢ € B(y,r,/10).
Then by Lemma 18.11 there is a neighborhood of £, that contains B(&,7),
where Ey coincides with the nice simple curve f,(L, N B(y,r,/2)). We
continue our extension of v; by an arc of f,(L, NB(y,r,/2)) of diameter 7,
in the direction that was not covered (if it exists). That is, since the curve
comes from the outside boundary of A, it has to cover at least one side of
fy(Ly N B(y,ry/2)). We continue the path in the other direction.

We continue the construction like this, as long as we do not leave B(0, 1).
Observe that when we hit a point x, our curve really crosses a neighborhood
of z in Ey. As a result, our curve is simple: otherwise, consider the first

- 231 —



Guy David

time where we hit a point x that was already on the curve; we cannot come
from any of the two branches of Ey that leave from x, because they were
covered some time ago and z is the first point of return, but then there is no
access left, so we cannot have returned to z. In fact, this argument shows
that as soon as our curve meets z, our next extension leaves B(z,7), and
then the curve never returns to B(z,n) again.

As a result of this (and because B(0,1) does not contain too many
disjoint balls of radius 7/2), our extension process has to stop after a finite
number of steps. This means that our extension of y; eventually hits 9B(0, 1)
again. By (18.19), this happens in one of the 7. Since our curve is simple,
k # j. So we proved that for each 7,

there is a path in Ey N B(0,1)
(18.21)
that connects y; to some other ;.

Next we want to study the connected components of the complement
of E near Ey. For y € Ey N B(0,4/3), denote by A(y) the collection of

connected components V of B(0,2)\ E such that y € V. Recall that each y €
Ey N B(0,4/3) has a small neighborhood where Ey is biHélder-equivalent
to a set of type Y as in (18.7)-(18.10). Consequently, A(y) has at most 3
elements, and is a locally constant function of y € Ey N B(0,4/3).

We can control A(y) near the four y;. For 1 < j < 4, pick w; € v; N
0B(0,1).

LEMMA 18.22.— For each j,
A(wj) = {V(ai); i # j}, (18.23)
where the V(a;), 1 <i < 4, are as in the statement of Proposition 18.1.

We do not say here that the three components mentioned in (18.23) are
different; we shall take care of this later.

Recall that for 1 < ¢ < 4, a; = —z;, where z; is the point of the spine
of T that was used to define y;; see a little above (18.17). And V'(a;) is the
connected component of a; in B(0,2) \ E.

Fix j and i # j. Denote by b; the point of [a;, z;] N B(zj,1075). Notice
that
dist([a;, bs], E) > dist([as, b;], T) — 2e7 = 107° (18.24)

by simple geometry and (18.3), so b; € [a;,b;] C V(a;).
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To relate V(b;) = V(a;) to A(w;), we shall use the same biHolder ball
B(y;,1073) as for (18.18), and the corresponding mapping f;
B(y;,2-107%) — R3. Recall that

|fi(x) — 2| < 71072 for x € B(y;,2-107?), (18.25)
B(y;,(2—7)107%) C f;(B(y;,2-107?)), (18.26)

and
ENB(y;,(2—7)107°) C f;(Y; N B(y;,2-107%))) C E. (18.27)

by (15.6), (15.8) , and (15.9).

Recall that b; € 0B(z;,107°) \ E (by (18.24)), and that |y; — z;| <
2e7 (by (18.17)). Then ¢; = f;l(bi) is well defined (by (18.26)), lies in
B(y;,107%) (by (18.25)), and out of Y; (by (18.27)). Denote by W; the
connected component of B(y;,107%)\ Y; that contains ¢;, and let us check
that

the three W;, i # j, are different. (18.28)

Indeed Y; is quite close to T near y;: every point £ € Y; N B(y;,2- 1073) lies
within 71073 of f;(£) € E, by (18.27), hence dist(§,T) < 71073 + 2e7, by
(18.3). Now the b; lie reasonably far from T and Y, and on different sides
of Y, (by (18.24)), and this stays true for the ¢; (by (18.25)); this proves
(18.28).

Recall that w; € 9B(0,1) N~,;, and v; = f;(g;), where g; = ¢; N
B(y;,1073) (see below (18.18)). Let ¢; € g; be such that f;(¢;) = w;.
Then |¢; — 1| < 71073, by (18.25). The distance from (; to the spine of T
(and here this means the half line through z;) is less than C(7 + €7), be-
cause (j € g; and Y; is quite close to T near y;. Then |(; — z;| < C(7 +¢7)
(because |zj| = | —a;| = 1), so ¢; and w, both lie in B(y;,10™%) (recall that
ly; — 25| < 2e7).

For each i # j, ¢; € B(y;,107*)\'Y; and ¢; € B(y;,107%) N ¢;; then
I =[e;,¢) C B(y;, 1004\ 'Y and f;(I) C B(0,2) \ E, by (18.27). Hence
fiI) Cc V(b;) = V(a;) (because fj(c;) = b;). Since f;(I) gets as close to
w; = f(¢;) as we want, V(a;) is one of the elements of A(w;).

Conversely, let V' be one of the elements of A(w;), and pick z € V' N
B(w;,107%). Then fj_l(x) is defined by (18.26), lies in B(y;,1073) by
(18.25) and because w; € B(y;,107%), and lies out of Y; by (18.27). Thus
f]l(x) lies in some W;, by (18.28). Then J = [fjfl(x),ci] lies in W; by
convexity of W;, and f(J) does not meet E by (18.27). Its extremities x
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and b; = fi(¢;) lie in the same component of B(0,2) \ E. That is, b; lies in
V, hence V. =V (b;) = V(a;).

This completes our proof of Lemma 18.22. O

We are ready to conclude. By assumption, at least three of the four
V(a;) are different. Let us assume that these are the V(a;), 1 < i <
3. By (18.21), we can connect wy € 74 to some other wy by a path in
Ey N B(0,1); without loss of generality, we can assume that k = 3. Since
A(z) is locally constant on Ey, A(ws) = A(ws) or, by Lemma 18.22,
{V(a1),V(az2),V(as)} = {V(a1),V(az),V(as)}. Since the V(a;), 1 < j < 3,
are distinct, V(aq) = V(ag).

Let us also apply (18.21) with j = 2; we get that A(wy) = A(w;) for
some [ # 2. Since V(ag) € A(wy), it lies in A(wz) as well, so it is equal to
V(ay) or V(as) (we already know that V(as) = V(asz)). This contradicts
our assumption that three V(a;) are different, and completes the proof of
Proposition 18.1. d

Next we prove a variant of Theorem 1.9 for Al-minimal sets, but with an
additional assumption that will allow us to apply Proposition 18.1. Theorem
1.9 will then follow rather easily.

PROPOSITION 18.29. — Let E be a reduced Al-minimal set of dimension
2 in R® (as in Definition 1.6). If there is a minimal cone T of type T,
centered at the origin, and a sequence {ty} such that
lim ¢ = d lim doy (E,T)= 18.
Jm tp=+oo and  lim do, (E,T) =0, (18.30)
assume in addition that there is a subsequence {tx,} for which the follow-
ing separation assumption holds. Denote by a;, 1 < i < 4, the four points
of 0B(0,tg,/2) that lie the furthest from T. Thus the —a; are the intersec-
tions of 0B(0,tx,/2) with the spine of T. Denote by V(a;) the connected
component of a; in B(0,tg,) \ Ex,. Then (assume that)

at least three of the four components V(a;) are distinct. (18.31)

Then E is a reduced minimal cone, i.e., E is empty, a plane, or a cone of
type Y or T.

Since we deal with two dimensional sets in R?, the reduced minimal
cones of type T are the cones based on the edges of a regular tetrahedron,
as defined near Figure 2.

Recall that an Al-minimal set in R® is also the same as an almost-
minimal set in R3, with gauge function h = 0, as in Definition 4.8 (or even
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Definitions 4.1 and 4.3, see Proposition 4.10), so we may apply to E all the
results from the previous sections.

By Proposition 5.16, 0(x,7) = r"2H?(E N B(z,r)) is a nondecreasing
function of r for each x € R3. It is also bounded, by the easy part of (2.16),
so it has finite limits

0(z) = lin%G(x,r) and 6, = 41ir_~{1 O(z, 7). (18.32)
It is easy to see that 6. does not depend on z; indeed B(0,r — |z|) C
B(x,r) C B(0,r + |z|) for r large, so (r — |z[)20(0,r — |z|) < r20(z,r) <
(r+|z|)? 6(0,7 + |z|), which yields lim,_, o 0(x,7) = lim,_ ., 0(0,7) after
dividing by r? and taking limits.

We know from the discussion below (16.7) that 0(x) can only take the
values 0,7,37/2, and dy = Argcos(—1/3), corresponding to the various
types of blow-up limits that F may have at x. When z € F, §(x) = 0 is
excluded by (2.16).

But we also have that 0, € {0,7,37/2,d}. Indeed consider a blow-in
sequence {F},}, where Ej, = t; ' F for some sequence {¢;} that tends to +oo.
We can extract a subsequence (which we shall still denote by {E}}), which
converges to a limit F (in Hausdorff distance on compact subsets of R?,
as in Section 3). Recall that each Ej is a minimal set, by homogeneity. By
Lemma 4.7, F is a reduced minimal set in R3. By (3.4),

H2(FNB(0,r)) < 1kim+inf H?(E, N B(0,r))
— T 00

= liminf ¢, H*(E N B(0, txr)) (18.33)
k— 400

T 2 2

= lklgilgfr 0(0,txr) = 10 .

Similarly, Lemma 3.12 says that
H?(FnB(0,r)) > limsup H*(Ex N B(0,7))
k——4o0

=limsupt, 2H*(ENB(0,t7)) = 10w ,
k—-4o00

(18.34)

so H*(F N B(0,7)) = 1?0, for r > 0. By Theorem 6.2, F is a reduced
minimal cone. By [Tay], F' is the empty set, a plane, or a cone of type Y or
T. Then 0 € {0,7,37/2,d}, as announced.

Let us distinguish between cases, depending on the value of 0. If 6, =
0, 6(0,r) = 0 for all r, E = ), and we don’t need to worry. If ., = m,

- 235 —



Guy David

6(0,7) > 0 for some r, and E is not empty. Pick x € E. We know that 0(x) >
0, by (2.16), so 8(x) > m = 0. Then (z, -) is constant and Proposition 6.2
says that F is a cone (in fact, a plane).

Now suppose that 0., = 37/2. As before, we can find a sequence {tj}
that tends to +o00, so that the sets Ej = t,;lE converge to a limit F', and
then F is a reduced minimal cone. In fact, (18.33) and (18.34) tell us that
the density of F' is 37w/2, so F is a cone of type Y centered at the origin.

Each t,;lE is a reduced minimal set, and the sequence converges to F'.
For k large, it satisfies the assumptions of Proposition 16.24 (in the unit
ball), so there is a Y-point in t,;lE, hence also in E. For this point z,
O(x) = 31/2 = O. Again, 0(x, ) is constant and Proposition 6.2 says that
E is a minimal cone (here a set of type Y).

We are left with the case when 6., = d. The same argument as before
gives a blow-in sequence {Ey} = {t; ' E} that converges to a reduced min-
imal cone T of type T centered at the origin. This time, we do not have a
good enough analogue of Proposition 16.24 that would allow us to conclude,
and this is why we added an extra hypothesis.

The sequence {¢;} satisfies the assumption (18.30), so we have (18.31).
This is exactly what we need to apply Proposition 18.1 to the ball B(0,t,)
(for I large enough, so that (18.3) holds). We get the existence of a point
of type T in E N B(0,%,). Then 6(z) = di = O at this point, §(z,-) is
constant, and E is a minimal cone (of type T), as before. This completes
the proof of Proposition 18.29. g

Proof of Theorem 1.9.— Let us prove Theorem 1.9. Let E be a M S-
minimal set in R? (see Definition 1.4). By Remark 1.8, E is Al-minimal. By
Remark 2.14, E* (the closed support of the restriction to E of H?, as in
Definition 2.12) is a reduced Al-minimal set. We just need to show that E*
is a reduced minimal cone (see (2.13)).

We want to apply Proposition 18.29 to E*, so we need to check the
separation assumption. So we assume that {¢;} is a sequence such that
(18.30) holds for E*, and we want to prove (18.31) (for the same sequence,
but k large; we won’t need to take a real subsequence).

Let us show the dependence in k£ in our notation. Call a;, 1 < j < 4,
the four points of dB(0, t;/2) that lie furthest from 7', and denote by Vj
the connected component of a; 5 in B(0,tx) \ E*. We want to show that for
k large, the Vj;, are all different.
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Suppose instead that two of the Vj ; are the same, for instance V; ; and
Va,x. We want to show that this is impossible, and for this we intend to
construct a better competitor F', obtained by removing a big piece of the
wall near ay, = %(aLk + as). The comparison will be easier once we know
a little more about F near ay.

Set Ey = t,'E*, and a = t,_'ay (this is a fixed point). By (18.30), the
E}. converge to T in B(0, 1), so Lemma 3.3 says that

limsup H?(Ey N B(a,1071)) < H*(T'N B(a,107%)) < 10?7,  (18.35)
k—-4o00

where the last inequality holds because T coincides with a plane in B(a, 1071).

Pick xy € Ej as close to a as possible, and apply Lemma 16.19 to Ej in
B(xy,7k), where we choose 7y such that 97, = 107! — |2, — a| and hence
B(zg,9ry) C B(a,1071). The assumption (16.20) holds for k large, because

limsup H?(Ey, N B(xy,971)) < limsup H*(E, N B(a, 1071))
k—+o0 k—+o00 (1836)
<107 %7

by (18.35), and 9y tends to 1071. So Lemma 16.19 applies, and says that
B(xy,1072) is a biHolder ball of type P for Ej. Let fi : B(xy,2/100) — R3
be the corresponding mapping, and Py the associated plane. Let us use fi
to show that

Bz, 1072) \ B, € 27" Vi (18.37)
this is believable because we assumed that the components Vi, and Vo,
coincide, but let us check the details. Let (; and (5 be the two points of
OB(xk,1072)\ Py that lie at distance 10~2 from Py, (so they are on opposite
sides of Py,). If 2 € B(wx,1072) \ Ey, f;. '(z) is defined (by (15.8)), lies in
B(wy, 1565) (by (15.6)) and away from Py, (by (15.9)), so one of the two
line segments I = [f, '(z),(;] does not meet Pj. Then fi(I) is an arc in
B(zy, 1525) \ E (by (15.6) and (15.9)) that goes from x to z; = f(;). Thus
(18.37) will follow if we show that both z; lie in Q*kVLk. Now dist(¢;, Px) =
1072, so

dist(z;, ExN B(zg, (2 — 7)1072))
> dist(z;, f(Px N Bz, 2 -1072)))
> dist(Gi, P N B(xy, 2 - 1072)) — 271072
> (2 —27)1072
by (15.9), (15.6), and the definition of ;. Since

dist(z;, By, \ Bz, (2 —7)107%)) = (2 - 7)1072 — |z; — 21| > (1 —27)1072
(18.39)

(18.38)
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by (15.6) and because ¢; € OB(xy,1072), we get that
dist(z;, T) > dist(z;, Bx) — do.1(Ex, T) > 1072 /2 (18.40)

for k large, because the Ej converge to T in B(0,1) (by (18.30)). Then
z; lies in the same component as a; or as in B(0,1) \ Eg, or equivalently
2k € Vir UVa . But we assumed that Vi, = Vo, so z; € Q’kVLk, as
needed for (18.37).

Set F, = E\ B(rpay,1073r;). This set may be a little larger than
re(Ex \ B(zk,1073) if E is not reduced, and we need to pay some attention
to the difference because did not verify that E* is a M S-minimal set. Let
us check that

Fy, is a M S-competitor for E, (18.41)

as in Definition 1.1. Let us take R = r, in that definition; (1.2) is clear, and
we just need to prove (1.3). Let z1, 2 lie in R3 \ [E U B(0, r1)]. We need to
show that if F separates z; from zg, F}, separates them too. Suppose it does
not, and pick a path v from z; to 2o, that does not meet Fj. Since v meets
E and the only difference is E N B(rpay, 1073r), 7 has to go through 0B,
where we set B = B(rpxy,2-1073r,).

Call 2] the first point of yNOB when we go from z1 to z2 along v, and 2z}
the last point of ¥ N dB. The part of v between z; and 2| does not meet F,
because it does not meet Fj, (and Fy coincides with E out of B). Similarly,
the part of v between zo and z} does not meet F either. So we just need
to show that E does not separate z] from z} and we shall reach the desired
contradiction with our assumption that F separates z; from zs.

Notice that the z/ lie on B\ E, hence also on B\ E*. Then the 7}, ' 2/
lie in 9B(zy,2 - 1073) \ By (recall that Ej, =, ' E*). By (18.37), the z! lie
in V4, which means that there is a path v4 C B(0,7y) \ E* that goes from
21 to 2.

We can even make ~y; piecewise linear. Now 7, may meet A = E\ E*,
but observe that H?(A) = 0 by (2.13). Let us modify ~; slightly, so that it
does not meet E. First we move the endpoints of the segments that compose
~1 very slightly (to make sure that the new path will not meet E*), so that
the endpoints lie out of A too. This is very easy to arrange, because the
complement of A is dense. Note that we can leave 2] and 2z} alone, since
they already lie out of F.

For each of the segments that compose our new path, the orthogonal
projection of A on a plane perpendicular to that segment has vanishing
Lebesgue measure because H2(A) = 0, so we may translate the segment a
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tiny bit so that it no longer meets A. We do this for each segment, and then
connect the new endpoints together by very short line segments to make a
new path v, from 2] to z5. Now 2 does not meet E. So z{ and 2} lie in
the same component of R\ E, we reached the desired contradiction, and
(18.41) holds.

Since E is M S-minimal, Definition 1.4 says that H?(E \ F},) < H?(Fx \
E) = 0. But this is not true:

H?(E\ Fy)

H2(E n B(mxk, 10_3rk)
= r2H?*(E, N B(zy,1073) > 0
by (2.13) and (2.16), for instance.

(18.42)

This last contradiction completes our proof of (18.31); Proposition 18.29
applies, and Theorem 1.9 follows. ([l

Remark 18.43.— So we got a complete description of M S-minimal sets
in R3, but unfortunately not of Al-minimal sets. It is tempting to try to
deduce the separation assumption in Proposition 18.29 from the closeness
of E to a cone of type T and its local description of F in Theorem 16.1.
But we shall see in Section 19 that it is not too hard to construct sets
E C R? that are very close to a cone of type T in the unit ball, satisfy the
conclusions of Theorem 16.1, but do not have any T-point and only separate
R3 locally into two connected components only. So a proof of the analogue
of Theorem 1.9 for Al-minimal sets would need to use Al-minimality one
more time.

Remark 18.44.— It is possible to define a notion of M S-almost-minimal
sets in U1R3, as we did for A’-almost-minimal sets in Definition 4.8. That
is, if £ is a closed subset of U C R such that H?(E N B) < +oc for every
compact ball B C U, we say that E is a M S-almost-minimal set in U, with
gauge function h, if

H*(E\ F) < H*(F\ E) + h(r)r? (18.45)

whenever B(z,7) C U and F is another closed set in U such that F\
B(xz,r) = E\ B(z,r), and
F separates y from z whenever y,z € U \ (B(x,7) U E) (18.46)
are separated by F. -

When h = 0 and U = R3, we get the minimal sets of Definition 1.4.

We claim (but we shall not check) that the following things are true.
First, £* is a M S-almost-minimal set in U C R?, with the same gauge
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function as E. See “Coral pairs” on pages 58-60 of [D2], but the main point
is our proof of (18.41).

Next, all the results from the previous sections apply to M .S-almost-
minimal sets. We cannot say directly that this is because all M S-almost-
minimal sets are A’-almost-minimal, even though we can localize the proof
of Remark 1.8. Indeed the Al-competitors F' = ¢1(F), where the family {¢; }
satisfies (2.2)-(2.6), are not necessarily M S-competitors as above, because
even though W in (2.6) is compact and contained in U, it is not sure that
it is contained in a compact ball B(z,7) C U. But we claim that this is
not a problem, that all sets W used in and for this paper are contained in
compact balls B(z,7) C U with a diameter that is not too large.

Finally, we can even remove the separation assumption in Proposition
18.29 when we deal with M S-almost-minimal sets, by the final argument in
our proof of Theorem 1.9.

19. A set E C R? that looks like a cone of type T
but has no T-point

In this section we try to describe a closed set £ C R? that coincides
outside of the unit ball with a set of type T centered at the origin, but is
locally C'-equivalent to a plane or a set of type Y near each of its points.
This set is probably never minimal, so it is only a counterexample to what
would be a wrong way to prove an analogue of Theorem 1.9 for Al-minimal
sets. It is quite possible that this set is the same as the one depicted in
Figure 1.1.1 in [LM] and Figure 3 of [Mo3], following a suggestion of R.
Hardt.

Even though we shall try to give a reasonable description, it is probable
that the best way for the reader to convince herself that nothing goes wrong
with the topology is to construct her own paper model with scissors and
glue.

So we start from the minimal set T centered at the origin, and call L
its spine. Thus L is composed of four half lines L;, 1 < j < 4. Call z; the
point of L; N 0B(0,1). We first construct two faces of E' and the set Ey of
Y -points of E.

Call P; the plane that contains L; U Lo, and then pick a nice smooth
curve I'y C P; that has Ly \ B(0,1/2) and Ly \ B(0,1/2) as its ends. The
simplest is to add to L \ B(0,1/2) and Lz \ B(0,1/2) the arc of circle that
goes from L;N9B(0,1/2) to LyNIB(0,1/2) and is tangent to each L; at the
point of L; N 9B(0,1/2). But the reader could take a smoother, equivalent
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curve. Call F; the convex component of P; \ T'y; this will be one of the faces
of E; it is just a little smaller than the corresponding face of T

Similarly, call Py the plane that contains L3 U L4, and pick a nice curve
I'y C P, that contains Lz \ B(0,1/2) and Ly \ B(0,1/2). Also call Fy the
convex component of Py \ T'y.

At this point, we have two faces of E (F; and Fy), and we also decide
that Fy = I'y UT'y. Observe that here I'y and I'y are neither knotted nor
braided; this will make our discussion and the construction of paper models
simplest, but the case when the I'; are knotted and linked could be more
interesting , because then it could be harder to prove that E is not minimal.

Before we continue with the construction, we should observe that when
we do all the construction below, we shall be able to preserve the two sym-
metries, with respect to the planes P, and P, respectively.

There is a little more of F that we could construct without thinking.
We know that a neighborhood of each I'; will be composed of three thin
stripes that touch I';. We already know one of these stripes, which comes
from F;, and we could brutally construct the two other ones: we would just
need to draw two little curves vaguely parallel to I';, and make sure that the
two new stripes meet F; neatly along I';, with 120° angles. This is what is
suggested by Figure 10. We shall not really need this, but maybe knowing
this will help the reader follow the description of F' below.

The remaining set F' = E \ [F; U F4] will be a little harder to describe.
The contact with F} and Fj is along the I';, and through the four stripes
alluded to above. Now F is actually a single connected face (we shall see
that it is even oriented). Let us use the symmetry of E and F' with respect
to P; to simplify our description.

Figure 10
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F4

L,nP = {z>}

Figure 11. — Intersection with P

First, the intersection F'N P; is just a vaguely round closed curve ~, with
a singularity at the point of I'yN P; (let us denote it by zp), which is actually
excluded (because it lies in Fy) and where 7 has two half tangents that make
120° angles. See Figure 11, but do not pay attention to the shaded area yet.
The face F' crosses «y perpendicularly to P;; it also approaches I'; from both
sides of P;, with 60° angles.

Call Fy the part of F' that lies on the same side of P, as z3. Out of
B(0,1), Fy coincides with the union of two faces of T' (namely the face T} 3
bounded by L, and L3, and the face T53). Let us look at Fy N B(0,1).
Topologically, it is a disk, and its boundary is composed as follows. We may
start with the curve I'y N B(0, 1), say from x; to z2. Then we follow the arc
0B(0,1) N Ty 3, up to x3. Then we follow I'y from z3 to 2o, then we turn
around v, and return along I'y from zy to z3. After this we run along the
arc 0B(0,1) N T4 3 up to x1, and we are back where we started. Notice that
if we include the part of I'y from x5 to zo, F'y N B(0,1) is a topological tube
(because of the gluing along T'y). Similarly, the whole F'; is a half-infinite
tube, with a gluing along half of I'y and only one “circular” boundary along
7. The reader may try to get a mental picture of F'y by looking at the shaded
part of Figure 19.2 that lives above I'; and outside of v, and imagining that
it is lifted in the third direction. In particular, imagine that F, N P; is lifted
until it becomes the upper half of I'y. Also recall that F | leaves from I'y
and both sides of 'y with 60° angles, and vertically from ~.

Let F_ denote the part of F' that lies on the other side of P;. Since
F_ is obtained from F by symmetry with respect to Py, it is also a tube,
bounded by v and glued along the other half of I'y. Finally F is an infinite
tube, obtained from the two pieces by gluing along . The fact that F; and
F_ live on different sides of P, makes it easy to believe that nothing weird
(like self-intersections) happens when we do the gluing. It is easy to see that
F can be oriented too.
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Hopefully the properties above give a precise idea of the set F', and of
E =F,UF,4UF. The fact that F is locally equivalent to a plane or a Y is
easy to check, and E coincides with T" out of B(0, 1).

Let us say a few words about the connected components of R3 \ E. It
should be expected from the proof of Theorem 1.9 that E does not sep-
arate R? into three or four components, and indeed R?® \ E has only two
components. More precisely, call y; = —z; the point of 9B(0,1) which is
opposite to L;, and denote by U; the connected component of R? \ E that
contains y;. It is easy to see that Us = Uy, because there is a path from
ys to y4 that does not meet E and crosses P; inside . Similarly, Uy = U, ;
rather than trying to use the fact that P; and P4 can be interchanged in the
construction, the reader should just look at Figure 11 and imagine a curve
that runs in P; along I'y, at a short distance from but just opposite to Fj.
This curve does not meet F, and it goes from Uz to Uy. Of course the two
ways to see that U; = U, are similar, since the analogue of v here is a loop
in Py \ F; that ends at the point of P, NI’y and passes through the closest
point of v on the other side.

It is also true that U; # Us; this is not easy to see without a paper
model, and not so important, so we skip the proof. Notice that once we
know that U; = Uy and Us = Uy, there is no contradiction with the fact
that the list A(y) of components that touch y is locally constant along the
curves I';; in both cases, A(y) = {U1,Us} (with one of the components
counted twice).

This completes our description of E. Unless we are extremely lucky,
our example E will not be minimal. We can try to make it minimal in-
side B(0,1) under the constraint that E coincides with T' out of B(0,1);
the author does not know whether this is really possible. If we can make
H?(E N B(0,1)) smaller than H?(T N B(0,1)), then we can probably min-
imize H?(E N B(0,1)), but then E is not globally minimal in R?, because
a dilation would do better. If H?>(E N B(0,1)) > H*(T N B(0,1)) for E
as above, the only minimum is T (obtained as limit of contractions of
sets E). But there is still the unlikely possibility that the minimal value
of H*(EN B(0,1)) is precisely H?(T N B(0,1)), and then we could have an
exotic minimal set F. The case when E is obtained with curves I'; that are
linked in a complicated way could even be more fun.

20. Simple computations of density

For the convenience of the reader, we do the simple computations of
density for the minimal cones of types Y and T.
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Let us first remind the reader that H?(YNB(0,7)) = 37r?/2 when Y is a
set of type Y centered at the origin, simply because Y N B(0,r) is composed
of three half disks of radius r.

Next let T be a set of type T centered at the origin. We want to check
that

H?*(T N B(0,r)) = dyr?, with d, = 3Argcos(—1/3). (20.1)

Now T is composed of six equal angular sectors, so if a € (7/2,7) denotes
the angle of these sectors, H?(T' N B(0,7)) = 3ar?. We just need to show
that cosa = —1/3.

Recall that T is the cone over the edges of a regular tetrahedron centered
at the origin; we may obtain such a tetrahedron by starting from the cube
[—1,1]3, and selecting four vertices (out of the eight) that are not mutu-
ally contiguous (see Figure 12). The distance between two vertices is 2v/2,

and the distance form a vertex to the origin is v/3. Thus (see Figure 13)
sin(a/2) = % and so cosa = 1 — 2sin*(a/2) = 1 —4/3 = —1/3, as needed.
This proves (20.1).

Figure 12. — A tetrahedron in its box

3/ v

V2

Figure 13. — A face
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