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A differential Puiseux theorem
in generalized series fields of finite rank

MICKAEL MATUSINSKI()

ABSTRACT. — We study differential equations F(y, ... ,y(")) = 0 where
F is a formal series in y,7/,...,y™ with coefficients in some field of
generalized power series K, with finite rank » € N*. Our purpose is to
express the support Supp yo, i.e. the set of exponents, of the elements
yo € K, that are solutions, in terms of the supports of the coefficients of
the equation, namely Supp F'.

REsuME. — Nous étudions des équations différentielles F(y, ...,y™) =0
oll F est une séries formelle en 3,7/, ...,y & coefficients dans un corps
de séries généralisées K, de rang fini » € N*. Notre objet est d’exprimer
le support — c’est-a-dire ’ensemble Supp yo des exposants — des éléments
yo € K, solutions, en fonction des supports des coefficients de ’équation,
dont 'union est notée Supp F.

1. Introduction — About differential Puiseux theorems

In his PhD thesis [vdH97, Theorem 12.2], van der Hoeven proves that
any well-ordered transseries solution to an algebraic differential equation
with grid-based transseries coefficients is itself grid-based. Another version
of this result can be found in [vdH06, Corollary 8.38]. Without entering into
the details of definitions, transseries are formal series built from R, z, field
operations, composition with exponential and logarithmic functions, and
an infinite summation process analogous to the construction of generalized
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series. Grid-based transseries are those whose support is included in a grid,
that is to say the translation of a lattice. They were introduced by J. Ecalle
in his proof of Dulac conjecture [EQQ}. Well-ordered transseries are those
built with well-ordered supports.

This result for transseries addresses two difficulties concerning formal
resolution of ordinary differential equations. On the one hand, it shows that
what we may call the rank of any well-ordered transseries solution f (i.e. the
Archimedean rank of the elements of the support of f) is finite, following the
fact that it is finite for the grid-based coefficients of the equation [vdHOG,
Theorem 4.15: the rank of any grid-based transseries is bounded by the
number of elements of a transbasis for it]. On the other hand, the support
of such a finite rank well-ordered transseries solution is actually grid-based.
This is a Puiseux type result [KP02, for instance] in the context of dif-
ferential equations, which generalizes several recent results. Grigoriev and
Singer [GS91, Corollary 3.1] considered polynomial differential equations
P(y,...,y™) = 0 with P € Q[[z]][y,...,y™] (i.e. the coefficients are for-
mal power series in « with rational coefficients), and solutions that are power
series with real exponents. Then they showed that these exponents belong to
a finitely generated Z-module in R. Independently, J.Cano [Can93, Theorem
1] studies equations f(z,y,9 ...,y"™) = 0, where f € R[[z][[y,...,y™]],
i.e. f is a power series in the n + 1 variables v, ...,y and in z. He shows
that any series with rational exponents greater than n which is a solution,
is in fact a Puiseux series. In their proof of a desingularisation theorem,
F.Cano, Moussu and Rolin used a generalization [CMRO05, Appendix] of
J. Cano’s result to the case of real exponents: given a differential equation
flz,y, vy, zy”) = 0, where f € R[z]][[y, xy’, zy"]], then the support of a so-
lution is included in a lattice (i.e. a finitely generated sub-semigroup of Ry ).

The main purpose of this paper is to prove a generalization (Theorem
1.2) of this second Puiseux type part of van der Hoeven’s result (and so, of
the other cited results) to the context of generalized series fields (which have
well-ordered supports and do not carry any log-exp structure a priori) and
for differential equations defined by formal series (not only by polynomials:
see the equation (1.2)). Given a totally ordered abelian group I' and a
field C, a generalized series with exponents in I'" and coefficients in C is a
formal sum a =) Jer a~t", where ¢ is an abstract variable, the coefficients
ay = a(7y) belong to C and its support Supp a = {y € I" | a, # 0} is well-
ordered in T" (for classical definitions and properties in well-ordering theory,
see [Bou70]). The series with empty support is denoted by 0. The set of
such series endowed with component-wise sum and convolution product is
a field [Hah07], which we denote by K. We endow it also with the classical
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valuation v : K — I'U {0}, v(a) = min(Supp a) for a # 0 and v(0) = oo,
with the usual conventions.

In particular, we consider a group of exponents I' of finite rank r € N*
(i.e. with a finite number of Archimedean classes) which is also a real vector
space, and R as field of coefficients (see Section 2.1). We denote by K, the
corresponding series field. We also suppose that this field is endowed with
a derivation which behaves like the one in Hardy fields (see Definition 2.2).
For any I € N"*! we denote y!) = yio(y') .. (y(™)in. Let the following
non trivial differential series

Flyoy™ = Y D eKlly,.. g™\ {0} (L)
[eNn+1

of arbitrary fixed order n € N of differentiation, with coeflicients in K, and
with well-ordered support Supp F' = Ujenn+15upp cr, be given. Then we
consider the corresponding differential equation:

F(y)=F(y,y,...,y"™) =0. (1.2)

By a solution of this equation, we mean a generalized series yy € K, such
that F(yo) is well-defined (Definition 2.12) and F(yg) = 0. Note that the
condition v(y(()z)) > 0 is sufficient for F(yg) to be well-defined (Proposition
3.6). In the case where F is a differential polynomial, F(yg) is well-defined

for any yo € K.

Ezxample 1.1.—

1. There are natural settings in which such differential fields of series
arise: algebraic or analytic differential equations. For example, following
[CMRO5], take X : tj, = Fy(t1,...,t), k € {1,...,r} to be an analytic
vector field over a real analytic r-dimensional manifold m. Consider v :
t — ~v(t), t = 0, an integral curve of X having a unique w-limit point p
and assume that ~ is sub-analytically non-oscillating. It is shown in Section
2 of [CMRO5] that one can associate a Hardy field K, to v which has at
most rank r. So, in the case of maximal rank r, we consider as formal
counterpart of K, the field K, endowed with the derivation determined by
X (see Example 2.8).

2. As cited before, one can take any finite rank differential subfield of
the field of well-ordered transseries closed under real powers. For instance,
take the field of generalized series R((I')) with T' = {log(z), z, exp(z)}¥, the
group of words in t; = exp(—z), to = 1/x and t3 = 1/log(x) with real
exponents, the usual comparison relations and derivation. Thus t} = —t1,
th = —t3 and t§ = —tot3.
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The following Puiseux type result is obtained as an immediate corollary
of our Theorem 2.14.

THEOREM 1.2. — Given a differential equation F(y) =0 as in (1.2), the
support of any solution yo € K, such that v(yél)) >0 foranyi=0,...,n,
is obtained by finitely many elementary transformations from the supports
of Fand t) [ty, k=1,...,7.

The reader will find the necessary precisions in Definition 2.2 and Nota-
tion 2.1. We emphasize that the ¢}, /¢x’s do not depend on the equation (1.2),
but only on the differential field K,.. Our notion of “being deduced by finitely
many elementary transformations” generalizes those of “being grid-based”
and “belonging to a lattice” to the setting of well-ordered supports (Re-
mark 2.15). Moreover, beyond this Puiseux type result, our Theorem 2.14
shows a dichotomy result identical to the one for pseudo-Cauchy sequences
in valuation theory [Kuh00, Section 0.1]. In the case of non resolution of the
equation, there is a stabilization of the valuation. This situation is also anal-
ogous to the one of monomialization of sub-analytic differential equations in
[MRO6]. The assumption that v(yél)) > 0 for any ¢ = 0,...,n, means that
yo and all its derivatives are infinitesimal. In other words, we can say that
the solution is supposed to “tend to (0,...,0) € R**!” this point being
possibly a singular point for the equation (1.2). We intend to obtain the
same result for arbitrary generalized series solutions, i.e. possibly non in-
finitesimal. In the Section 4.3, we show that such is the case for polynomial
differential equations: see Theorem 4.17.

Our article is organized into four parts. In Section 2, we state the main
Theorem 2.14. Since we are working with formal equations as in (1.2) rather
than with polynomial ones, there may be some restrictions on the opera-
tions we can make. In Section 3, we check whether the differential series

F(y,... ,y(")) we consider can be evaluated at some series yy € K,.. In do-
ing so, we also characterize the support of the obtained generalized series
F(yo, ... ,y(()")). Section 4 deals with three transformations of differential

series. Two of them, namely additive conjugations and multiplicative conju-
gations, are the ones used already in [vdH97] and [vdH06]. The third ones,
namely changes of derivations, are not needed in van der Hoeven’s work since
he uses shiftings corresponding to the logarithmic-exponential structure. A
first application of these transformations, in Section 4.3, is the reduction
of the case of polynomial differential equations with arbitrary generalized
series solutions, to our main Theorem 2.14. Then we use them to prove this
Theorem 2.14 in Section 5. This proof, as is the case for the cited results,
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uses an inductive method, evaluating the differential series F(y,...,y™)
at some longer and longer initial parts of a solution. But all the proofs of
the above cited differential results, rely on an adaptation of the classical
Newton polygonal method to the differential case: the Newton-Fine polyg-
onal method [Fin89]. Instead of such a polygonal representation, we use a
valuative approach and express directly the relation between the exponents
of the solution and those of the coefficients of the equation.

Acknowledgment. — The major part of this work was done while the
author was a doctoral fellow of J.-P. Rolin at the University of Bourgogne
[Mat07]. Another version of this article was written while the author was
a visiting postdoctoral fellow at the University of Saskatchewan, and was
partially supported by Salma Kuhlmann’s NSERC Discovery Grant. The
author thanks gratefully Salma Kuhlmann for providing many good advises
and interesting comments on this work. He thanks also the referee from the
Annales de la Faculté des Sciences de Toulouse for his careful reading and
interesting comments.

2. The main result

2.1. The Hahn field of rank r

For any positive integer r, the Hahn group of rank r is the product
of r copies of R ordered lexicographically, say R By Hahn’s embedding
theorem in [Hah07], any totally ordered group I" with finite rank (i.e. with a
finite number of Archimedean classes) embeds in such a Hahn group. From
now on, we fix a positive integer r, and I' = ﬁr, which is called the group of
exponents of the generalized series. We write 0 its neutral element (0, ..., 0).
Note that we consider the whole Hahn group instead of one of its subgroups,
because the resolution of the differential equations leads to adjoint new real
exponents to the support of the solutions with respect to the supports of the
coefficients of the equation (see Definition 2.13 and Theorem 2.14 below).

We denote by K, the corresponding field of generalized series with real
coefficients and by K= (respectively KO, K-, K¥) the subset of K, given by
{a € K, | v(a) > 0 (respectively =0, <0, > 0)}. The symbols <, =< and
= denote the usual dominance relations for functions (t* < t# & a > ).
With this notation, K3 is the valuation ring of K and K* its maximal ideal.
Given «, 8 € T'\ {0}, we write o > B if |a|/k > k|S| > 0 for any k € N. The
corresponding symbol for the series is >=>. We require the coefficients of the
series to be real so that they will be compatible with the real exponents of
the monomials, applying the Leibniz rule (HDO) below. We will also use the
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notion of leading term of a series a, namely 0(a) = av(a)t”(“) for any non
zero a € K,., and the classical equivalence relations

axbsv(a)=vb) and a~b< v(ia—>b)>min{v(a),v(d)}.

From now on, we also use another notation for elements of K,.. For any
i€ {l,...,7}, we set ty = t°, where e;, = (0,...,1,...,0), with 1 in the
k" position. So any element a € K, can be written

a = Zaat(’

acl
_ ay a2 A N
=S > | S aatl ,
a1 ER a2€la, ar€laq,..., ap_1

where the I, . a,’s are subsets of R. Thus, any element a of K¥ can be
written

_ Qg Qr—1 Qg
a = Zar>0 a’(oa“'vov(yﬁ‘)tr + Z(x7~,1>0 t. (Zareh a(07~--1070¢7‘—1»a7‘)t"" )
+ e
— ar + e + a17

with v(a;) > v(a;) for any ¢,5 € {1,...,7}, i < j, whenever a; # 0.

NOTATION 2.1.— Forany k € {1,...,r}, we denote by K, ;, the additive
subgroup of KX, of elements

ap —

A Q41 o
Zak>0 tk (Zak_HGIQk tk+1 ( o (Zarelak _____ S a(o,...,0,ax,..., ar)trT) T ))7

Note that KX =K, , @ --- © K, 1 with 0 <v(K},) < - < (K} ;).

2.2. Endowing the series with a Hardy type derivation

We suppose from now on that K, is endowed with a derivation D as
follows:

DEFINITION 2.2.— We say that a map Dy : K, — K,, a — o with
t), # 0 for any k = 1,...,r, is a Hardy type derivation if the following
conditions are satisfied:

(HDO) VYa €T, Do(t*) = (t*) = (¢7* - - t&7) = t*(aat) /ti+- - H ot /t,);
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(HD1) for any a =) cpaat® in K, Do(a) =a’ =) aa(t*)".
For any a,b € K,. with v(a),v(b) # 0,

(HD2) L’Hospital’s rule : v(a) < v(b) < v(a’) < v(b);

(HD3) Compatibility with the logarithmic derivatives :
[v(a)] = ()] > 0 = v(d'/a) < v(b'/b). Moreover, v(a) > v(b)
< v(d'/a) < v /b).

For any k € {1,...,7}, we denote 6(¢},) = Tt™ | dy, = tT(k)/tk.

Remark 2.3.— Such a Hardy type derivation Dy is a derivation in the
usual sense, i.e. for any a,b € K, (a +b) = o' + V' and (ab) = a'b+ al'.
We note also that such a derivation is uniquely determined by its restric-
tion to the tx’s. Indeed, for any non zero a € K,, a = > an(t*) =

> (aaon)t)t) /ty 4 -+ + [X(aaar )]t /t,.

Hypothesis (HDO) is an extension to real exponents of the usual Leibniz
rule that holds for rational exponents for any derivation. Likewise, Hypoth-
esis (HD1) is an extension of the linearity property for derivations. Thus Dy
is a strong derivation in the sense of van der Hoeven [vdHO06, Section 5.1].

The valuation v is a differential valuation in the sense of Rosenlicht
[Ros80]. Moreover, (HD3) is an additional property that holds in Hardy
fields [Ros83, Propositions 3 and 4] as well as in pre-H-fields [AvdDO05,
Lemma 3.5]. Otherwise we are in the case that Rosenlicht calls a Hardy type
valuation [Ros81]. To obtain a structure of H-field [AvdDO05], it suffices to
endow K, with the ordering associated to the notion of leading coefficient,
and to require that for any k, ¢}, > 0, i.e. T}, > 0.

In our context, the hypotheses (HD2) and (HD3) can be substituted by
their reduction to the t;, 1 =1,...,r:

(HD2’) forall k=1,...,7 =1, v(t},) > v(t},);
(HD3’) forall k =1,...,7 =1, v(t},/tx) < v(tj,/ter1).

COROLLARY 2.4. — Supposing that (HD0) and (HD1) hold, we have:
(HD2") A (HD3') & (HD2) A (HD3)

Proof.— By (HD1), to prove ’'Hospital’s rule, it suffices to check it for
monomials. Thus, consider t*, ¢ with a > . By (HDO), (t*)" = t*(cu.t! /ti+
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-+ oty fte) and (t7) = tP(B;t} /t; + - - + ant./t,) where a = (0,...,0,
o, ...,0p) and §=(0,...,0,5;,...,6-). Using (HD2’) and (HD3’), it is a
routine to verify that v((t*)) = a +v(d;) = v((t?)") = B+ v(d;).

Consider now a,b € K, such that |v(a)] = a > |v(b)| = 8 > 0. Suppose

that « = (0,...,0,04, -+, ;) and 8 = (0, Oﬁj,...,ﬂr) We have that
v(d") = a+v(d;) and v(V') = B+ v(d;). So v( '/a) = d; and v(V'/b) = d;.
The Property (HD3) therefore follows from (HD3’). O

COROLLARY 2.5. — The field of constants of Dy is R C K,..

Proof. — If there was a non constant series a with @’ = 0, then by (HD2),
this would imply that there exists a non constant monomial m with deriva-
tive 0. Then, taking any other monomial m with non zero derivative, we
would have either v(m) < v(m) or —v(m) < v(m), but v(m’') = o0 <
v((m*)!). This contradicts (HD2). O

In [KM10], we develop these ideas in greater details for more general
series fields. To conclude this section, we give some key properties of the
values v(t,) = 7(F).

NOTATION 2.6. — For k =1,...,r, whenever v(dy) # 0, we write

U(dk) = g(k) = (0’ e 70’ 9}%@7 R gﬁk)) where 0](;) 75 0.

PROPOSITION 2.7. — For any k > I, there exists m € {{+1,...,r} such
that:

o(di/dy) = (0,...,0,05 — o). 0% — oDy with 65 — o) > 0.

Proof. — Let k € {1,...,r} be given. We show that:

o foranyi=1---k—1,7 (k+1) 7_i(k);

Tlgk+1) _ T}Ek) 1.

)

o (0.0, 1 7MY s 0, 0,70 ),
From Definition 2.2, v(t},) > v(t;H) and v(dg) < v(dk+1). So

(D 0 ) 09 e ) ) Ry g
and
(Tl(k+1)_7_1(k)7.”77_]5k+1) ( )_,_1’ zglj:l)_1_Tlil-?17~~a7r(k+l)_7r(k)) > 0.
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Thus, foranyi =1---k—1, Ti(lﬁ_l) = Ti(k) and T]gk) > T,gk—H) > T,Ek) —1. But,
for all ay, B41 € R, (15%) = a1}, /1y, and (£)545) = Byrty 5 sy [t
Moreover, for any ay > 0, v(tp*) > v(t’gfll) which implies that v((t3*)") >

v((tfiﬁl)’). So for any ay > 0 and fr4+1 € R*, we obtain that

(0,...,0,ak, —Br+1,0,...,0) > v(dgt1/dr) =

(0,...,0, T,Skﬂ) — T,gk) +1, Té]f{l) —-1- Tlgi)l, e ,Tr(kﬂ) - Tr(k)),
and so
T,ﬁkﬂ) — T,Sk) +1<0«< T,ikﬂ) < T,Sk) —1.
Thus T]Ek+1) = T,gk) — 1. We conclude recalling that v(dy) < v(dg11). O

Ezample 2.8.— Consider a formal vector field X : t} = Fy(t1,...,t,),
ke{l,...,r}.Forallie {1,...,r}, denote 7(K) = (Tl(k), . ,Tr(k)) to be the
least multi-exponent for the lexicographical ordering among those appearing

(k) (k)
in the monomials ¢;* ---t,” of Fy(t1,...,t,). Proposition 2.7 gives that the
corresponding field of series K,. can be endowed with a Hardy type derivation

if and only if the matriz (T](k))]_gj)k;gr is such that:

— foranyj=1,---,k—1, TJ(’C-H) :T](k);

) ) g,

(0 0, 1 Ay s (0, 0,7 ).

It may be interesting to classify, up to a change of coordinates, the vector
fields which verify such a property.

COROLLARY 2.9. — With the Notation 2.6, the following dichotomy holds:

— either there exists k € {1,...,r} such that k = k. Then such k is
unique. We denote it by ko. Moreover, for any k < ko, k> k, and
for any k > ko, k = ko and 0%, 0%0) have same leading exponent,
ie. 0 = i)

k ko 7

— orforany ke {l,...,r—1}, k >k, and 6 = 0. By convention, we

set kg =r.
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COROLLARY 2.10. — v((t*)") = 0 if and only if &« = —v(dy,).

COROLLARY 2.11. — Consider k € {1,...,r}. If v(dy) = 0, then
dl(j) =0 for any i € N*. If not, then we have:

1. if k > ko, then v(d,(j)) = v(dy) + iv(dy,) for any i € N;

2. if k < ko, then:
(a) if k < ko, then v(dff)) = v(dy) +iv(dy) for any i € N*;
(b) if k > ko, then v(d,(f)) = v(di) + v(dy) + (i — 1)v(d,) for any
i€ N*;
(¢) if k = ko, then:
— either 35 € N*, 9,(6? = —j@,(clzo). Then, v(d,(j)) = v(dy) +
iv(dg,) for anyi=1,...,7, and v(dg)) = v(dy) +v(d;) +
(i — V)v(dg,) for some k > ko and any i > j;
- or v(dg)) = v(di) + i (dg,) for any i € N*.

2.3. The main Theorem
To formulate our main theorem, we need the following definitions:

DEFINITION 2.12.— Given a differential series F(y, ...,y™) asin (1.1)
and a non zero generalized series yg € K., we say that:

— the series yo is compatible with F' if the family (cIy(()I))IGNn+1 is
strongly summable (see Definition 3.4). This implies that for any ini-
tial part p of 3o, the evaluation of F at p, is well-defined: F(p, ..., p™)
€ K,.. A solution of the corresponding differential equation (1.2) is a

compatible yo such that F'(yo,... ,yé")) =0eK,;

— the series g, supposed to be compatible with F', stabilizes on F' with
initial part pg if there exists a proper initial part py of yo such that,
for any longer initial part p of yo (in particular for p = yo), we have

V(EP,....p"™)) = v(F(po,...,p5")) # v(0).

Note that, in the case where F' is a differential polynomial, any yo € K, is
compatible with it.

This notion of stabilization is identical to that of monomialization of
sub-analytic differential equations proved in [MROG].
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DEFINITION 2.13. — Given two well-ordered subsets X; and X5 of I'y,
elements a > 0 and 3 of ', we call elementary transformations:

— the sum of two sets: X1 + Xo ={& + & | &1 € X1, € Xo};

— the generation of the additive semi-group:
(X)) ={ki&1+- + k&g | ki €N, & € X1, ¢ €N}

the addition of a new generator: X; + Nq;
— the negative translation by 8: (X1)sp —8={a € X1 |a > 38} - 0.

THEOREM 2.14. — Given a differential series F(y,...,y"™) as in (1.1)
and a series yo € K, with v(y(()l)) >0 foranyi=0,...,n (so, in particular,
Yo s compatible with F: see Proposition 3.6), there exists a well-ordered
subset R of T's¢ obtained from Supp F and Supp t}./ty, k=1,...,7, by a

finite number of elementary transformations such that:

— either Supp yo C R;

— or the series yg stabilizes on F with initial part po and Supp po C R.
In this case, yo can not be a solution of the corresponding differential
equation F(y) = 0.

As an immediate corollary, we obtain Theorem 1.2.

It can happen that yo does not stabilize on F' while also F(yg) # 0 (for
instance, consider x near 0 in R, the equation y—3» 7, .y 2P texp(—1/z) =
0 and the series yo = Y.,y #" with the usual valuation).

Remark 2.15.— We can deduce from the theorem more particular re-
sults in the case that the supports are assumed to be grid-based or included
in a lattice of I'y¢. For instance, suppose that the supports of the equation
and of t} /ty, k = 1,...,r, are included in some lattice. It suffices to show
that applying each elementary transformation in Definition 2.13 to some
lattice again produces a lattice. For the three first transformations, it is a
consequence of Proposition 2.1 and Exercise 2.1 in [vdHO06]. For the fourth
one, namely the negative translation, we prove the following claim:

CLAM. — Let 1 e N*, A\ € T for ke {1,...,1}, and A = (A1,..., \)
be the corresponding lattice. Then, for any B € I', Asg — B, the negative
translation by B of A, is included in some lattice (v1,...,Vnm).
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Proof. — We proceed by induction on I, the number of generators of
A If I = 1, we denote ko := min{k € N|kA; > S}. Any element a of
Asg—f = <)‘1>>B — [ can be written kA\; — 8 with £ € N and kA > 5.
Thus a = (k — ko)A + (koA — ). Then we set v; = Ay and vy = koA — S.

If [ > 2, we suppose that the lemma holds for lattices generated by at
most [ — 1 elements. We consider a lattice A = (A1,...\;). Let kg be the
least natural number k such that kA; > 8. Any element « of (A). 5 — 8 can

be written as /1 kid; 4+ kA — B. If ky > ko, then
a =Y ki + (k— ko)h + koA — B

So « belongs to (A1,..., \i—1, A1, koA — B). If ki < ko, then « belongs to
a set (Aq,.. '7>‘l—1>>(5—kw\z) — (B — k;A;) to which we apply the induction

hypothesis. It follows that a belongs to some lattice ]\kr Then

<A>2ﬁ - B C (<A1,' . '7)\l713)\l7k0>\l - ﬁ> + Zkl<k,o Akl)

3. Differential series

3.1. Introducing new derivations

From D we build r other derivations corresponding to the r Archimedean
classes of the value group of K,..

DEFINITION 3.1.— For any k € {1,...,r}, we set Di(y) = v'/d) where
dy, is as in Definition 2.2.

PROPOSITION 3.2. — For any k € {1,...,r}, Dy is a Hardy type deriva-
tion on K, such that, for any monomial t* = tZ"” <t an K, g, we have

D,i(tlk““ .. .t"l:br) ~ Mztﬁk b

Proof. — The derivations Dy, k = 1,...,r inherit the properties of Dy
(see Definition 2.2). Moreover, by (HDO) for Dy, we deduce that for any

n= (05"'705/~I/k7"'au7’)a
(") = th(petl /ti + -+ poty /b)) ~ T gt [ty
and so Dy (t") ~ ppth. O
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For our proof of the Theorem 2.14, we will work with differential equa-
tions F(y) = 0 as in (1.2), but using as derivation some of these Dy,
k=1,...,r, instead of the initial derivation Dy. For any k € {1,...,r}, for
any I € N**1 we denote y)x = y%(Dyy) - - (Dyy)'. Let the following
non trivial differential series

Fy)=F(y,....Dfy)= > ey € K, [ly, Dy, ..., Dpyl] \ {0}.
IeNn+1
(3.3)
of arbitrary fixed order n € N of differentiation, with coefficients in K, and
with well-ordered support Supp F' = Urenn+15upp cr, be given. Then the
corresponding differential equation is:

F(y,...,Dy)=0 (3.4)

The problem of checking whether a change of derivation from an equation
as in (1.2) to an equation as in (3.4) is well-defined, is the object of the
Section 4.2.

PROPOSITION 3.3. — Let a non zero series yo € K, and k € {1,...,r}
be given. If v(yo) > 0, then v(Dj},(yo)) > 0 for all i € N.

Proof.— We denote v(yy) = p = (0,...,0,p,...,4.) for some
Il € {1,...,r} with gy # 0. For the case [ = k, the result follows from
Proposition 3.2.

For the case k < [, we show by induction on 7 that for any i € {0,...,n},
v(D,iyo) =(0,...,0,Bk,,---,5r)
for some k; > k and B, > 0. If ¢ =0,
v(yo) = (0,0, s oo i)
with [ > k and p; > 0. Subsequently, we suppose that
v(Diyo) = (0,...,0, B, By)
with k; > k and By, > 0. But

D"y = Di(Djyo) = (di, /di) Di,(Djyo) ~ Br, Diyodr, /di.
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So v(Diyo) = v(Diyo) + v(dy, /dx) and from Lemma 2.7, v(dy, /dx) > 0
with the expected property.

For the case k > [, we show that i € {0,...,n}, Diyo ~ uiyo(dy/d)".
We suppose that Diyo ~ piyo(d;/dy) for some i € {0,...,n}. So

p (1 l
v(Diyo) = (0,0, py, purs + (61, — 604,

which implies that

D" yo = Di(Djyo) ~ Di(pjyo(di/dr)') ~ Dilpiyo(di/di))di/dy, ~

i yo (dy/dy )i+

So v(Diyo) and v(yp) have the same sign. O

3.2. Dealing with formal equations rather than polynomial ones

There is an additional difficulty in dealing with a formal differential
equation F(y) = 0 as in (1.2) rather than only a polynomial one: we have

to verify when the evaluation F(yo, ... ,y(()n)) of the differential series F' at
some series yg is well-defined. We state without proof the following easy
generalization of a classical property [Fuc63, Ch.VIII,Sec.5,Lemma)].

DEFINITION 3.4.— Given an index set I, a family F = (a;);e; € KL is
said to be strongly summable if:

— Supp F := {J;c; Supp a; is a well-ordered subset of T’;

— for all & € Supp F, the set {i € I | « € Supp a;} is finite.

LEMMA 3.5. — Given a strongly summable family (a;)ic; € KL, then
> icr @i 18 well defined and, if we set a; = ZaeSupp 0, ial® foralli €1,

then Zie[ a; = ZaEF(ZiGI i)t

PROPOSITION 3.6. — Given a differential series F(y,...,y"™) and a
generalized series yo € KI with v(y(gz)) > 0 for all i € {0,...,n}, then
Yo is compatible with F (see Definition 2.12).

Proof. — We proceed by induction on n, considering an arbitrary yo €
K with v(y((f)) > 0 for all i € {0,...,n}. If n = 0, we show that the fam-
ily (ciyd);en is strongly summable. On the one hand, UiEN Supp (i) C
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Uien Supp ¢; + (Supp yo). By hypothesis |J;cy Supp ¢; = Supp F and
Supp yo are well-ordered. Moreover Supp yo C I'so, so (Supp yo) is also
well-ordered. On the other hand, for any a« € T' and m € N, the set of
(y"™), jrar 4 -+ + jicw) € Supp ¢m X (Supp yo) such that ji + -+ ji = m
and 7(’”) + j1a1 + - -+ 4 jiag = « is clearly finite.

If n > 0, it suffices to consider a differential series F(y,...,y™) as an
element of K,.[[y, ..., y™ Y]][[y™]] and then apply the induction hypothesis
and the preceding lemma. 0

COROLLARY 3.7. — Given a differential series F(y, ..., Dpy) asin (3.3),
any series yo € K3 is compatible with it.

This last result is an immediate consequence of the Proposition 3.3. The
next one follows from the Corollary 2.9:

COROLLARY 3.8. — We consider ko as defined in the Corollary 2.9.
Given a generalized series yo € K, v(y(()i)) > 0 for alli € {0,...,n} if
and only if:

v(yo) > max{0, —nv(dy,)} (3.5)

Remark 3.9. —

- Note that in the case where v(dg,) < 0, if yo € K, is such that
v(yo) > —nv(dg,) as in the preceding corollary, then its analysis as
in the Notation 2.1, spells yo = yo,i + -+ -+ yo,r with k = ko.

— This condition (3.5) generalizes the condition p; > n used in [Can93]
for the rational exponents p;, i € N of the series solution considered.

3.3. Controlling the supports

The purpose of this section is to understand the support of the evaluation
of a differential series F as in (1.1) or (3.3) at some series

Yo = Zuesllpp yo Mt" € Ky

NOTATION 3.10. — For any multi-indexes I = (ig, ... ,in),J = (Jos-- -, Jn)
€ N1 we set |I| = ip + -+ + in, |[I|| = li1 + 262 + -+ + ni, and
e [ + J, I — J, denote respectively the termwise addition, subtraction.

e We will use the classical partial ordering on N"*!:

I<J&e iy <jforanyl=0,...,n.
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o I — 8‘I|F/[6yi0 e (3y(n))in];

e For any initial segment S of Supp yg, we denote by pg, or simply by p
if the context is clear, the initial part of yo with support S, i.e. p = pg =
> pes Muth

e For any k = 0,...,r, ptDx = ploDyph Dgp’ (Recall that Dy is the
original derivation.) If Dy is known from the context, we denote simply
pDi = p@);

o £ = FD(p) and f, = F(p);

o o) = o(FD(p) and v, = o(F(p));

e For any proper initial segment S C Supp yo and any successor segment S
to S in Supp yo (that is to say any initial segment of Supp yo\S), we call
D = pg a successor part to p = pg in yo. By the Taylor expansion formula,
we have:

£
Jo+p = Z TP()~ (3.6)

TeNn+1

Now we introduce the following well-ordered subsets of I's useful for
the description of the supports of the differential series.

DEFINITION 3.11.— For all k € {1,...,r}, we define:

Te=>_>_ (Supp Diti/t:).

i=1 l=k

LEMMA 3.12. — For any k € {1...,r}, Tx is a well-ordered subset of
I, obtained from Supp t}/tx, k = 1,...,7, by finitely many elementary
transformations.

Proof. — It follows from Definition 2.2 and the proof of Proposition 3.3,
that for all k > 1 € {1,...,r} and i € {1,...,n}, v(Dit;/t;) > 0. So the
Ti’s are well-ordered subsets of I's.

From Remark 2.3, we deduce that, for any series a € K, and any k =
7

1

geeey

Dg(a) a'/dy,

20 (@acn)t®]ty/(trde) + - - + Do (@)1t / (trdy).-

Thus, Supp Di(a) C (3_;_, Supp a + Supp t,/t;) — dj, and therefore is ob-
tained from Supp @ and Supp t;/t;, 1 = 1,...,r, by finitely many elementary
transformations. O
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ProrositiON 3.13. —

1. Letk >l e {1,...,r}, a differential series F(y, Dy, ...,Dl'y), and
Yo,k € K, 1 be given. Then:

Supp (F(yo,k, - -->D"yok)) C Supp F + T; + (Supp yo,i)-

2. Consider a differential series F(y, ..., y(")), and a compatible series
yor € Kpp for some k € {1,...,r}. Then, with the notations of
Corollary 2.9:

(a) if k < ko, then we have:
Supp (F(oks- - 957%)) C
Supp F + Ti + (Ui— Supp yo.x + iv(dk));
(b) if k = ko, then we have:
Supp (F(yo,ks- - 457%)) C
Supp F + Try + (Ul Supp o + iv(di,))

and

Supp (F(yo,k,--- 79(()72)) -
(U Supp cr + [ T][v(di,) + Ty + (SUPD Yo,)-

Proof.— We treat the two cases at a time, by taking [ € {0,...,r}.

For any I € N"™1 we have Supp (ij((),I’z) C Supp c¢r + Supp yéok +...+

Supp (Dj'yo k). But, for any element p = (0,...,0, fig, ..., fty) With g # 0
of I', we have:

Dy(t*) = t*(ux Dty /tr + -+ + prDity /ty).

By induction, one can deduce the following intermediate result (for a de-
tailed proof, see [Mat07, Lemma 4.2.12]):

LEMMA 3.14. — Let k € {1,...,r}, 1 € {0,...,7}, and i € {1,...,n}.
Let yor. € Ky i.. Then

Supp Diyor C Supp yor +
(k) - (k) () - ()
USupp [(Ditg/te )t - (Ditg/tr)’i -+ (Dity [t )1 - (Dt /. )i 7]

where the union is taken over
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i i ® 0 0 =4

In the case where k > 1 € {1,...,r}, we deduce that:
Supp Djyo,x C Supp Yo,k + Ti-

Now, we note that, for any series ¢ € K and any j € N*, Suppa’ C
(Supp a). So, for any I € N*+1:

(I)

Supp (cry5i') € Supp cr + (Supp yo,x) + T

which implies the case (1).
For the case (2), we show by induction on ¢ that:
Case (a) Vi=1,...,nVj >k, Supp(ty))/tj C Tp + 6%,
Case (b) Vi=1,...,nVYj =k > ko, Supp(ty))/tj C Thy +i0F0).

Indeed, for i = 1, we have . = diDx(t;) = di, Dk, (t;). Suppose that
the property holds for some ¢ = 1,...,n — 1. Thus, in the case (a), tg-l) =
dit; >, m for some series Y. ~m with support in

S5 (Supp Dity/ty)

s=1p=~k

which is a subset of Tj (see Definition 3.11). Therefore:

5 = du D))
= idi D(dp)t; 3, m+dy ' D(t;) Y, m+dit ;> Di(m)
idi 5[0 De(tp) fty + -+ 08 Di(t) /1] 3, met
dit i D(t) /t 3, m+ di Y, Die(m).

Then it suffices to remark that for any & € {1,...,r}, for any monomial m
with support in Ty, Di(m) has also its support in

+1 r

Z Z (Supp Djitp/tp),

s=1p=k

also included in 7.

In the case (b), £ = di t; >, m for some series Y

J m with support
in

m
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Z Z <Supp D,‘zotp/tp>,

s=1p=ko

which is a subset of T,. Therefore:

(i+1)
¢

= dy, Dy, (1)) | |

idjy Dy (dio )t5 32 m+ di ' Dyy (85) 2, m+ dj 532, Dy, (m)

= ddgt 08 Dy (t,) ftry + -+ 08 Dy, (8,) /1] 32, met
dz’;ltjDko (tj)/tj Zm m —+ d?o—ltj Zm Dko (m)

The conclusion follows as for the preceding case.

Now, from the Lemma 3.14, we deduce that for any I € N*1:
Case (a) Supp(Czyé{,l) C Supp ¢; + || I]|6%) 4 Supp y(I)IIL + Tk;
Case (b) Supp(cryl/}) C Supp e + [|[7[6%) + Supp yl/} + T,.

]

Note that, in the case (2)(a) (k < ko), since k > k (see Corollary 2.9),
v(yox) + 0% has same sign as v(yo ;) for any i € N. The following result
provides some criteria of compatibility.

COROLLARY 3.15. — Let a differential series F(y,...,y™) as in (1.1)
and a generalized series yo r, € K, 1 be given. The series yo i i5 compatible
with F if:

either k < kg

or k> ko and v(yox) > max{0, —nf*0)}

or k > ko, 0%0) <0, 0 < v(yor) < —nb*0) and for all but finitely many
I € NvHL ¢ = d%”a[ for some strongly summable family (as)r,
ar € K,..

3.4. The Weierstrass order of an equation

The following notion is a key one in our proof of Theorem 2.14 in Section
5. It plays a role comparable to the one of Newton degree in the Newton
polygon method [vdH97, Section 2.3.5], [vdH06, Section 8.3.3]. We will need
also to control its evolution when applying the transformations of the equa-
tions described in the next section.
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DEFINITION 3.16 (Weierstrass order). — A differential series F'(y) as
n (1.1) or (3.3) has Weierstrass order w € N if:

— for any I € N" ™1 v(cr) > 0;
— there exists I € N**! with |I| = w and v(c7) = 0;
— for any I € N"*! with |I| < w, v(cr) > 0.

Given a differential series F, if we divide it by t™SP F) (min(Supp F
exists since the support of F' is well-ordered), we obtain a series with Weier-
strass order equal to the minimum of |I| for multi-indexes I € N*"*! such
that v(ey) = min(Supp F). Then, note that the support of the factored
series is equal to Supp F — min(Supp F), which is the application of an
elementary transformation to Supp F'.

So, without loss of generality, we will suppose from now that the differ-
ential series we consider has such a Weierstrass order.

4. Transformations of differential series

4.1. Changes of variable: additive and multiplicative conjugations

In [Mat07], we used these transformations respectively under the name
“shiftings” and “blow-ups”. Then we became aware of, and now we resume
the terminology ”additive and multiplicative conjugations” for the same
kind of transformations, which was introduced by van der Hoeven in [vdH97,
Sections 5.2.2 and 5.2.3] and in [vdHO06, Sections 8.2.1 and 8.2.2]. They play
a role in particular in the proof of his Theorem 12.2 cited before.

DEFINITION 4.1.— Given a differential series F(y) as in (1.1) or (3.3),
and some series a € K,, we call additive conjugation by a the change of
variable y = a +  and we denote the differential series thus obtained:

F.(g,...,D}y)=F(a+79,...,Da+ Dpg) (k€{0,...,r})
PROPOSITION 4.2. —

1. Let k € {1,...,r}, a differential series F(y,...,D}y) as in (3.3),
and a € KX with a = ap, + -+ - + a1, be given. The differential series
F, derived from (3.3) by additive conjugation by a has a well-ordered
support. Moreover:

Supp F, C Supp F + Ti + (Supp a).
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2. Let a differential series F(y,...,y™) asin (1.1) and a series a € K3
with v(a?) > 0 for alli = 0,...,n, be given. The differential series
F, derived from (1.1) by additive conjugation by a, has a well-ordered
support. Moreover, if a = a; € K,.; for some l = 1,...,r, then we
consider the following cases:

(a) if |l < ko, then we have:
Supp F, C Supp F + T; + (Ui, Supp a + iv(d;));
(b) if 1 > ko, then we have:
Supp F, C Supp F + Ti, + (Ui, Supp a + iv(dk,))
and
Supp Fo C (U;Supp ¢ + [1]|v(dk, ) + Tk, + (Supp a).

Proof. — By the additive conjugation y = g+ a, we have in the two cases
of the proposition Diy = D%y + Dia for any i € {1,...,n}, k€ {0,...,r}
By the Taylor expansion formula 3.6, we have:

Fu(§y., DPj) = F(G+ay..., DRg+ D"a) = 3 cngnss (£ /NG

Note that F'(/) =3, ¢;y=7), which implies that Supp F/) C Supp F
for any J. By hypothesis, a is compatible with any differential series f(),
J € Nntl: f,g‘]) = FU{(a,..., D7 a) is a well-defined element of K,.. More-
over, from Proposition 3.13, we deduce that for any J € N*+1:
1. if k # 0, then Supp f,gJ) C Supp F + T, + (Supp a);
2. if k=0, then:
(a) ifl < kg, then: Supp f(EJ) C Supp F+T+(Ui, Supp a + iv(dy))

(b) ifl > kg, then: Supp fé") C Supp FY 4Ty, +(Ur, Supp a + iv(dy,))

and alsoJ
Supp f57 € (Uyyso, 1oy Supp 1 + |1 = Jlv(di,)) + Tiy +
(Supp a).

So, we deduce for Supp F, = UySupp fé‘]), the desired properties. O

Remark 4.3.— Consider a differential series F(y) as in (1.1) or (3.3),
and a series yg € KX such that v(y(()l)) > 0 for any i = 0,...,n. If we denote
F =3 enni cryD and F, = D reNnt c’lgj(l), we have ¢; = F(I)(O)/I!
and ¢ = féI)/I!. So, v(cr) = 0 if and only if v(¢}) = 0, and for any such
I’s, 6(cy) = 6(c}). Therefore, the differential series F and F, have same
Weierstrass order.
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In the sequel, we will use anti-lexicographical ordering for multi-indexes: for
any I = (ig,...,i,) and any J = (jo,...,jn) € N T1,

I <antitex J < Supp (I — J) # 0 and iy, < jj where
k = max(Supp (I — J)).

DEFINITION 4.4. — Let m = t*, A € T, be a monic monomial. We call
multiplicative conjugation by m the change of variable y = mz.

PROPOSITION 4.5. —

1. Let a differential series F(y,...,D}y) as in (3.8) and a monic mono-
mial m = t* with A = (0,...,0,X\;,...,\.), \p > 0, for some | =
k,...,r, be given. Performing the multiplicative conjugation y = mz,

we obtain a differential series
F(z,...,Dpz) = > Jenntr Egz(DE
with well-ordered support such that:
Supp F C Supp F + N\ + Ty

2. Let a differential series F(y,...,y"™) asin (1.1) and a monic mono-
mial m = t* with A = (0,...,0,\;,..., ), X # 0 be given. Perform-
ing the multiplicative conjugation y = mz, we obtain a differential
series

F(z,...,2™) = Y JeNnt1 g2
such that:
(a) if | < ko, then we have:
Supp F' C Supp F + T; + 31 N(A + iv(dy));
(b) if l > ko, then we have:
Supp F C Supp F + Ty + Sor o N + iv(dy,))
and
Supp F' C (U, 20 Uocjeyr) Supp er + [TIA + jo(diy)) + Ty -
If m is strongly compatible with F', then F has well-ordered support.

Proof. — We treat the two cases at a time, taking k = 0,...,r. For any
j=0,....,n, Djy=>"_ CiD;"'mDjz. So, for any I € N"*!,
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y D = (mz)(Dymz + mDy2)" - (S0 CL DY "'mDj z)in =
S om0

where 1 x € N* and the sum is taken over J, K € N"*! such that |J| =
(K] = 1], I+ 7] = 7] and J, K <gneies I. We deduce tha:

LEMMA 4.6. — For any J € N1 ¢; =3"kr eym®) where ky ;e € N*
and the sum is taken over the I, K € N""' such that |I| = |J| = |K]|,
Il = 1K+ W[ J] and J, K <antitea -

Therefore, we have:

Supp ¢y = UI,J,K Supp ¢7 + Supp mF).
Then the result is obtained as for the proof of the Proposition 3.13. O

Remark 4.7.— In the case where l = k € {1,...,r} and A\ > 0, we have

for any multi-index K, m¥) ~ /\}‘K”m”('. Then, by Lemma 4.6, we obtain
that

A &0, | K 1K1l I
Cy :Zk[’JC[)\l m‘ | :ZkLJ)‘l C[m‘ ‘

It means that a term Dy generates by multiplicative conjugation an analo-
gous term mD};z, plus terms with order of derivation in z lower than i. Fix
I € N and consider the terms cry) of F with |I| = I (suppose that there
exists at least one). We denote vy = min{v(cr) | |I| = k}, and

Al = {I S I\ | U(CI) = Yo, |I| = l}

Then the terms c;y) for I € A; provide by multiplicative conjugation
at least one term ¢7,219) with v(ér,) = vo + lv(M): the one for Iy =
maXgnti—tex(Ar) (its leading term can not be canceled by any other term).

In particular, for a differential series with Weierstrass order w, we con-
sider A,, the set of multi-indexes I for which v(c;) = 0. Then there exists
a coefficient ¢;, with |Iy| = w and with valuation wv(M). Since for any I
with |I] > w, we have v(¢ér) > (w + 1)v(M) which is bigger than w.v(M),
then, denoting

Vmin = min{v(éy) | I € NF1}
we have vy < w(M). Thus if we divide the new series F by tVmin | we
obtain a series with Weierstrass order w at most equal to w the Weierstrass

order of the initial series F.
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4.2. Changes of derivation

Given a differential series F(y) as in (1.1) or (3.3), denoted equally with
Dy, for some k € {0, ...,r—1}, can we transform it into some Fhl(y, ...,Dl"y)
for some !l € {k+1,...,r} ? To do this, on the one hand we need to express
the transformation, i.e. find formal formulas connecting F' and Fk,l. This
is the purpose of Proposition 4.8. On the other hand, since it may happen
that F) %, does not have a well-ordered support, we must check when such a
transformation is well defined (Proposition 4.11). Finally we determine the
support of such a well-defined FkJ (Proposition 4.14).

PROPOSITION 4.8. — Let k,l € {0,...,r}, we denote m = d;/dy, (setting
do =1). We set for anyi € {1,...,n},

Diy=q:Diy+qeiDiy+...+q:Djy

where the multi-sequence (gj;)j=1,..ii=1,.n 1S defined by:

q1,1 = m,

q1,i4+1 = Dpaqi, Vi=1,---,n—1,

Gj+1i+1 = qjim+Drgip1:, Vi=1,---,n—1, Vji=1,---,i—1,
Git1,i+1 = Qam, Vi=1,---,n—1,

Then we denote F(y,...,D{y) = Fei(y, ..., Di'y) (note that Fry may
not have a well-ordered support). In particular, ¢1 ; = Df_lm and q;; = m’
foranyie{l,...,n}.

Proof. — We proceed by induction on i. If i = 1, we have Dyy = y'/dy, =
(di/dy).(y' /dy) = (di/dy)Diy. Thus we set g1,1 = m. For the induction, we
suppose that

Diy=q Dy + gD}y +...+q.:Djy.
Therefore:

D;'C+1y

DrgriDry + q1i DDy + ... + Diqii Djy + ¢, D Dyy }

= DiqriDy + qui(di/di) Dy + . .. + DiqiiDjy + qii(di/di) Dy
= DirqiDiy + (q1im + Dig2,i)Diy + ... + (gi—1,im + Dygii) Djy
+qi7ilel+1y.

The property holds at the step ¢ + 1. (|

LEMMA 4.9. — Foranyi € {1,...,n} and j € {1,...,1}, g;j,; is a differ-
ential polynomial in m such that q;; = ZQj7i7[m(1)k € K, where the sum
is taken over I € N with |I| = j and ||I|| =i — j.
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Proof. — We proceed by induction on i. If i = 1, ¢1,; = m and we set
qu,(l) =1.1Ifi = 2, q1,2 = ka and 42,2 = m2. So Q1,2,(0,1) = QQ,27(270) =1.

For the induction, we suppose that g; ;41 = Dim, q1,i+1,(0,..,1) = 1 and
Git1,i41 = M @i i1, (41,0,..) = 1. Then

le+1,f‘461 -~ mqji + Drqjt1,: = ,
S g =i G A OO £ 5 =iy Gt Dr(m D).

In the right hand term, for the first sum, we set J = I + (1,0,..,0). So
|J|=j+1and |J|| =49+ 1—j— 1. For the second one, we have

Dk(m(l)k) = Dk(mio (ka)n o (D’i_lm)iifl) _
S bimi L (Dim) Y (D m)att (D Ym)ti

We set K = I+ (0,..,—1,1,..,0) with -1 in I*" position. So |K| = j + 1 and
|K|| =44 1—j— 1. Then we obtain, for any [ =1,...,i — 1,

Q1,410 = i, 1-(1,0,..,0) T (it + 1)¢j4,1-(0,..,~1,1,..,0)

and for all I € N with |[I| = j+1, |[I|| =i+1—j—1,4; > 1and 441 > 1.
(I

As an example, we provide in the following table some polynomials ¢; ;.

i\J 1 2 3 1
1 m - - -
2 Dim m2 - -
3 Dém 3mDim m> -
4 Dym 4mDim + 3(Dxm)? 6Dy m.m? m?*
5 | Dym | 5mDjm + 10DymDim | 10m®>Dim + 15m(Dym)® | 10m®Dim

Remark 4.10. — From Proposition 4.8 and Lemma 4.9, Diz = Z;Zl Qi.j
D}z with i ; = Y qjimUs € K where m = dy/dy, ¢ji; € N and
the sum is taken over multi-indexes I € N* such that |I| = j and ||I|| =
i — j. In particular, the coefficient of D}z is ¢;; = m'. So, given some
differential monomials a;yD* with coefficients that have same valuation
v(©, by the change of derivation they generate new differential monomials
byy) with |I] = |J| and with one of them (the one with J = Iy where
Iy is the greatest multi-index for the anti-lexicographical ordering among
these I’s) with coefficient that has valuation v + || Io||v(m). But v(m) =
(0,...,0, by, pr) with g, > 0 and I3 > k (see Proposition 2.7). So such
a coefficient has a valuation of type

0O [ T][(0, ..., 0, gy - - -y fir)
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with g, > 0 and I3 > k. This remark will be useful to control the evolu-
tion of the Weierstrass order of the differential series through a change of
derivation.

PROPOSITION 4.11. —

1. We consider a differential series F(y, ..., Dyy) asin (3.3). The changes
of derivation

F(y,...,Dpy) = Fra(y, ..., Dy)
are well defined for any k <1 in {1,...,r}.

2. We consider a differential series F(y, . ..,y™) asin (1.1), the integer
ko € {1,...,7} defined in the Corollary 2.9, and somel € {1,... 1},
with 1 < ko if v(dk,) <Q (see Corollary 3.8).

(a) Ifv(d;) > 0, then, by the change of derivation
F(y,...,y"™) = Fo,l(y, ..., Dry),

we obtain a differential series FOJ with well-ordered support.

(b) If v(d;) < 0, then Il < ko. We apply successively to F the mul-
tiplicative conjugation y = d; "z, and the change of derivation
F =Fy;. Then, Fy,; has well-ordered support.

Proof.— Given k,l € {0,...,r}, by the Proposition 4.8, if for any i €
{0,...,n},v(Dim) = 0 (where m = d;/dy), then by the change of derivation
F(y,...,D}y) = Fk,l(% ..., Dl'y), we obtain a differential series Fk,l which
has clearly a well-ordered support. But, in the case (1), m = d;/d with
I > k. So v(m) = v(d;) — v(dy) > 0, and therefore, v(Dim) > 0 for all
i €{0,...,n} (see Proposition 3.3).

In the case (2)(a), m = d;. By the Corollary 2.11, v(m()) = v(dl(i)) >0
for any 1.

For the case (2)(b), we denote M = d; ™. Combining the results of the
Propositions 4.5 and 4.8, we show that:

LEMMA 4.12. — For any i € N, y9 becomes a linear combination with
positive integer coefficients, of terms

M(ifkfj)dl(f)plkz = MU=k=3) gl (dp)in ...(dl(j))ijplkz
where k =0,...,4, j=0,...,i—k, I € Nt with |I| =k and ||I|| = j.
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Proof. — Consider such a term M(i*k*j)dl(I)Dl’“z. Then its derivative is:

(M=k=D gD phyr = ppl+1=k=i) g Dk 4 ppGi=k=3)[jq 110D
R ijdl(1+(07~~-»07—1))dl(j+1)]lez_’_
MGk gD d DI+ 2
= MEHI=k=) D pky 4 ppit1-k=(+1)
[iodl(1+(—1,1,o,...,o)) T +i]-dl(”(o"“’o’_l’l))]Dl’“z
+M(i+1—(k+1)—j)dl(1+(1,0~~x0))le-&-lz,

where I € NV*2 is defined as the multi-index I expanded by the addition
of a new component 0 at its end. All the new exponents have the desired
properties. (I

Recall that M = d; ™. We show that:

LEMMA 4.13. — For any m € N*, M(™) is an integral linear combina-
tion of terms

d;”fpdl(Q) = d P () - (dl(mip))qyn—pﬁ»l
where p=1,...,m, Q@ € N™ with |Q] = p and ||Q] = m.

Proof. — By induction on m, we consider such a general term d; " ™" dl(Q).
Then its derivative is:

(dl*nfpdl(Q))/ _ (_n _ p)dl—n—(l"'rl)dl(Q) + dlf’ﬂ*;ﬂ[qldl(Q“'(—l»LOv'“)) 4+t

qm_p+1dl(Q+(0,...,—1)) dl(m—p+2)]

— (_n _ p>d;n7(p+1)dl(Q) + dl_n_p[qldl(Q+(71»1701‘“’0)) 4+ 4
qup+1dl(Q+(O7“.7_Ll))].

where Q € N"~P+2 i defined as the multi-index Q expanded by the addition
of a new component 0 at its end. All the new exponents have the desired
properties. (I

Now, combining the results of the two preceding lemmas, as the general
term generated by y(*) we obtain

M(ifkfj)dl(I)leZ _ d;n*iJrkJrjd;o (d;)ilJrEh .. (dl(m))ierqulkZ

where m = max{j,i—k —j—p} and the multi-indexes I or ) are completed

by zeros when needed. But, by the Corollary 2.11, since [ < kg, fu(dl(Q)) >
(¢ + 1)v(d;) for any ¢ € N. Thus we deduce that the valuation of the coeffi-
cient of this general term is bigger than the minimum of:
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o (M=) gD (d7 R I ITIH QIR

> v

z (- n+k+3+p) (di)

2 (—n+iv(d)

=2 0
Slnce |I|_k ||I|| .] |Q|_pa ||Q||_Z_ _.]7W1thp:15az_k_.]7
7 =0,. —k,k=0,...,7and ¢=0,...,n. [l

PROPOSITION 4.14. — For any k < 1 € {0,...,r}, with the same hy-
pothesis as in the Proposition 4.11, we have:

1. Supp FkJ C Supp F + Tg

2. (a) (i) ifl < ko, then Supp }E’Q,l C Supp F + N v(d)) +T;;
(i) if I = ko, then Supp Fy; C Supp F + N v(dg,) + Tk ;

(b) Supp Fy; C Supp F — Nu(d;) 4+ T;.
Proof.— (1) We denote m = d;/dj.. From Lemma 2.7, we have

Supp m = {v(m)} = {U(dl) - v(dk)} = {(07 e 707ﬂja oo 757“)}

for some j > k and some ﬂj,...,ﬂr € R with 8; > 0. The change of
derivation reads Diy = Zj 1¢i,; D]y for any i € {0,...,n}, with

R ) Gyt d gy (1
Gij = 21eNi |1)=j |1]=i—j @ MR

From Lemma 3.13, for any i € {0,...,n}, we have Supp Dim C v(m) +
Tk. Then it suffices to note that m = d;/dx ~ t;/tidi = Dyt;/t; and so
Supp m C Tg.

(2) (a) If v(d;) > 0, by the Propositions 3.13, 4.8 and the Lemma 4.9,
we have, for any ¢ € {1,...,n} and any j € {1,...,i}:

(i) if1<ko, then Suppg;; C Supp d;+ No(d)+ Ti;
(if) if 1>k, then Suppg¢,; C Supp di + Nv(dk,) + Tk,-

We have Supp d; = {v(d;)} C Supp ¢}/t;. But, t;/ti = dy,Dr,ti/ti. So,
v(d;) € v(dg,) + Ti,- We deduce that:

(i) ifl1<ko, then Suppg¢,; C No(d)+T;
(i) if1>ko, then Supp ¢; C No(dg,) + Tk

which leads directly to the desired conclusion.
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(2) (b) As in the proof of the Proposition 4.11, by combination of the
multiplicative conjugation y = d; ™ and the change of derivation F' = Fy,
a term y( for some i = 0, ...,n generates an integral linear combination of
terms

dl—n—i+k+jd;'u (dg)i1+q1 . (dl(m))i'rrL+q1n lez

where |I|*k ||I||*ja |Qi*pa HQ”*Z* 7].7 Wlthp:oaaszfja
j=0,....i—k k=0,.

We rewrite such a term as:
dl—"—i+k+jdil1i+|i1”+iQi+HQH (d;/d%)il‘i'ql . (dl(m)/d;n-‘rl)im+qulkz _
df"+p+k+foﬁ/dfrﬂ+Q1-~-ué"”/d7””>ﬁn+qmzﬁfz
Note that 0 < p+k+j <
Now, it suffices to show that:
LEMMA 4.15. — For any s € N*, Supp dl(s) C (s+ Do(d) +T;.
Proof.— We proceed by induction on s. Since [ < kg, we have for some
[ >0, dy = dy(0V e/t + - +Wwﬁ)%w_ﬁwwmﬂm+m+
l)Dl( t.)/t,) which has a support as desired.

Suppose that, for some s € N* we have dl(s) = df“ > ¢yt for some
series ) ¢,t7 with support in 7;. Then:

A = (s +1)(d) /) K eyt + X o ()]
= (s + D)(d/d) T eyt + T e, Di(t)].
U

To conclude, note that dj/d? and Y ¢, D;(t”) have support included in
T: (the first one by the result for s = 1 here above, the second one by the
case (1) of the Proposition 3.13). O

4.3. Reducing to positive valuation solutions for polynomial
equations

We consider a differential polynomial

P(y) = P(y,...,y™) = 3 ey € Koly, ..., y™]\ {0}
IeScNn+1_ S finite

(4.7)
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We remind that in this case, any generalized series yy € K, is compatible
with (4.7) (see Definition 2.12: the family (C]y(()l))], being finite, is strongly
summable). The purpose of this section is to derive from Theorem 2.14 the
same result, but for any generalized series yg € K.

We consider a generalized series
yozmot”‘)—i—mlt“l +--- e K,

where (yg) = motH°, such that v(yéi)) < 0 for some i = 0,...,n, i.e. (see
Corollary 3.8) such that:

1o < ap := max{0, —nv(dg, )}
LEMMA 4.16. —

1. By the additive conjugation y = § + mot*° (see Definition 4.1), we
obtain from P(y) as in (4.7) a new differential polynomial

Pt (G, -, 5™) =Y reg &gl € Kp[g, ..., 5™\ {0}
with associated series
Yo = Yo — motH® = myt' 4 --- € K,.

2. By the multiplicative conjugation § = tFo—0g (see Definition 4.4),
we obtain from P o a new differential polynomial

P(,....5"™) = > res fmite G0 €Ki [g, ..., g™\ {0}
with associated series
fo = Go /tHo— = mytt—Hotao .. c K,
which has valuation v(go) = p1 — po + o > ap.

Proof.— (1) By the Taylor expansion formula (3.6), we have

ngt“o (:’% s 7g(n)) = P(y + motﬂ07 s ’y(n) + mo(tﬂo)(n))
= Y ies (PO (mgtro, ... mo(tro)™) /1) gD,

Since PU) is a differential polynomial for any I, we have P(I)(mot”", ceey
mo(t0)(™) € K,.. Then P, 0 is well-defined and has well-ordered support
(which is the finite union of the supports of ¢).
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(2) By the Lemma 4.6, we have ¢y = > kLKé](t“O_O‘O)(K) where ky j €
N* and the sum is taken over the I, K € N"*! such that |I| = |J| = | K],
]| = ||K]| + ||| and J, K <gntites {. Therefore, we have a finite number
of coefficients ¢y, any of which is itself a finite sum of generalized series
Zr(tro=0)(K) Thus, P is a differential polynomial. O

Thanks to the preceding lemma, in the case of a differential polynomial
together with an arbitrary generalized series yo € K,, we can reduce to
the hypothesis of the Theorem 2.14. So, assuming that the latter holds, we
obtain:

THEOREM 4.17. — We denote oy := max{0, —nv(dy,)}. Given a dif-
ferential polynomial P(y) as in (4.7) and a non zero series yo € K., there
exists a well-ordered subset R of I'so obtained from Supp F' and Supp t},/tx,
k=1,...,r, by a finite number of elementary transformations such that:

— either Supp yo C v(yo) — ap + R;

— or the series yo stabilizes on F with initial part pg and Supp py C
v(yo) — o + R. In this case, yo can not be a solution of the corre-
sponding differential equation P(y) = 0.

As a direct consequence, we obtain that:

THEOREM 4.18. — Given a differential equation
P(y,...,y™) =0 (4.8)

where P is a differential polynomial as in (4.7), the subset (Supp o) —
v(yo) + ao of I'so, is obtained by finitely many elementary transformations
from the supports of F' and t} /ty, k=1,...,7.

In the case of a general differential series F(y,...,y™) as in (1.1), the
changes of variable defined in the Lemma 4.16 may not generate a differ-
ential series £ with well-ordered support. Nevertheless, we conjecture that
the Theorems 4.17 and 4.18 (or slighlty adapted versions of them) hold in
this more general context.
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5. Proof of the Theorem 2.14

5.1. The main lemma
The Theorem 2.14 is a consequence of the following lemma:

LEMMA 5.1. — Given k € {1,...,r} and w € N, we consider a dif-
ferential series F(y,...,D}y) as in (3.3) and a generalized series yo =
Yok + - +yo1 € KF with you € Kyy for any ! € {1,...,k}. Then there
exists a well-ordered subset R of I'sg obtained from Supp F, Tg,..., T, by
a finite number of elementary transformations such that:

— either the exponents of yo i belong to R;

— or the series yy stabilizes on F with initial part pg which is also a
proper initial part of yo . Moreover the exponents of pg belong to R.

Proof of Theorem 2.14.— Indeed, we consider a series yo € K7 with
v(y(()z)) > 0 for any i = 0,...,n, as in the statement of Theorem 2.14. We
denote by yo = yo,x + - + Yo,1 its decomposition as in the Notation 2.1.
Then, applying the point (2) of the Proposition 4.11, we consider two cases.

If v(dg) > 0, then, by the change of derivation
F(yv e ’y(n)) = FO,k(ya cee 7D2y)7

the new differential series Fo,k has well-ordered support. So it has some
Weierstrass order w € N (see Definition 3.16). Moreover, by the Proposition
4.14, the support of the new series FO,k: is derived from the one of F' and
the set Ti by elementary transformations. Thus, considering this series Fo,k
with yg, we are reduced to the hypothesis of the Lemma 5.1.

If v(dy) < 0, as in the case (b) of the Proposition 4.11, we have k < ko,
and we can apply successively to F the multiplicative conjugation y = d, "z,
and the change of derivation F' = Fo,k- Then, we obtain a differential series
ﬁb,k with well-ordered support. As above it has some Weierstrass order. Its
support is also derived from Supp F and T by elementary transformations.
The associated generalized series g = yod}..

If k < ko, by the Corollary 2.9, then k> k. It implies that

Yo = Yordp + - +yo1d}
= Gok+-+70,1€KS
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as required to apply the Lemma 5.1. Note that the support of yg is then equal
to Supp go — nv(dy). Therefore, it is included into Supp go + N(—v(dk)),
which is the application of an elementary transformation to Supp %g.

If k = ko, since v(y((f)) > 0 for any ¢ = 0,...,n, then v(yo) verifies the
Condition 3.5. So, v(go) is also positive, and g is of the form

Yo =7Tos+ -+ 701 € K

with [ > kg. Then, if necessary, we apply in the differential series F07k0 just
obtained, the change of derivation from Dy, to D;. Then we can apply to
the latter, together with the series 7o, the Lemma 5.1. As before, Supp g
is deduced from Supp g by an elementary transformation.

In any case, we are reduced to the hypothesis of the Lemma 5.1. To
simplify the notations, let us denote in any of the described cases, the ob-
tained differential series with Weierstrass order w by G(y,...,D}y), and
the corresponding generalized series by yo = Yo,k + - + yo,1. Applying the
Lemma 5.1, we obtain a dichotomy for yo i, the second case being exactly
the second one in the statement of Theorem 2.14.

For the first one, we have Supp yo r C Ry, where Ry, is a well-ordered
subset of I'so obtained from Supp G (and therefore from Supp F') and
Tk, -, T, by a finite number of elementary transformations. Then we per-
form the additive conjugation y = ¥ + yo,r in the original differential
series F', and we get a new one Fy ,(7,..., 7(™) together with a series
Jo = You + ...+ yo,1 for some [ < k. Moreover, by the Proposition 4.2,
the support of F,,, is obtained from the one of F' and the sets 7; and
Supp yo,, by finitely many elementary transformations. But Supp yo,x C R
is obtained itself from Supp F, Tk, ..., 7, by a finite number of elementary
transformations. Then, so Supp F, , is. We can resume the preceding ar-
guments with Fy (7, ... L) and .

Thus we prove gradually in the case where there is no stabilization
that Supp yo C R = Zle (Ry1), the latter being obtained from Supp F,

Tk, ..., T, by finitely many elementary transformations as desired. O
Concerning the proof of our main lemma, we consider the set {1,...,r}
endowed with the reverse ordering 1 > 2 > --- > r, and we denote it

{r,...,1}. Then we define the lexicographical product N x {r,...,1 F, re-
mark that it is a well-ordered set, and denote (w, k) its elements. To prove

Lemma 5.1, we proceed by transfinite induction on (w, k) € N x {r,... 1}.
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First, if the differential series F(y,...,Dypy) has Weierstrass order 0,
then for any k € {r,...,1} and any initial part p of yo,

F(p,...,Dpp) =co + ZIEN"*l\{O} Clp(l)-

But for any I € N**! with |I| > 1, v(yél)’“) > 0 (Lemma 3.3) and by
hypothesis v(cp) = 0 < wv(er). So v(F(p,...,Dp)) = v(cp) = 0, which
means that yo stabilizes on F' with initial part 0.

) eN" x{r,..., 1? and suppose that the The-

Second, we consider (w,
v, k) < (w, k). We treat separately the case w = 1.

k
orem 2.14 holds for any (w, k

5.2. The case w =1

NOTATION 5.2. — Given a differential series F(y,...,D}y) as in (3.3)
with Weierstrass order 1, we denote:

— A the set of all multi-index I with length 1 such that v(c;) = 0;

— for all I € N"*1 ¢ the leading coefficient of c;.

DEFINITION 5.3.— With the terminology of [Inc44], we call indicial
polynomial associated to a Weierstrass order 1 series F(y, ..., D}y) the poly-
nomial 7(X) = > ;.4 croX I We denote {p1,...,pm} the set of its real
positive roots (m < n since its degree is at most n).

LEMMA 5.4. — Given a Weierstrass order 1 differential series F(y, ..., D}y)
as in (3.3) and a series yo € K= with initial part

— M
Yo,k = Zp,ESupp Yo,k mﬂt € KT,’W
there are two cases:

1. either for any proper initial part p of yor with successor term m,t*
with g = (0,...,0, gy, ) (pe > 0), we have p = v,, or ug €
{pla cee 7pm};

2. or there exists a proper initial part py of yor with successor term

mot"(o) such that the two following properties hold:
(a) for any successor part p of po in yo, we have

= = mi 0 0).
Upotp = Uy tmon(® = min{vy,, 1O} < p®;
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(b) for any proper initial part p of po with successor term m,t",
o= (0,0, gy i) < pO) we have p = v, or py €
{pl, oo 7pm}

Proof. — We consider a proper initial part p of yg  with successor term
mytH, and some successor part p of p (so m,t" is the leading term of p).
From the Taylor expansion formula (3.6):

I .
Fovs = Crenne (f3" /TR,
But p = m,t*(1 + ¢€) and so
PA RS

2’5(1) =my t\I|M(1+€I)

for some €, ¢; € K (Proposition 3.2). Moreover, for any I € A, d(( ,gl)/I!)) =
Cr,0- So

5 (91959 = mptuler
For any J € N"*1\{0}, J ¢ A, we have

o((£S7 30 = 0"+ 1T > .

Thus we obtain fp5 = fp + mutH(m(ur) + €) for some € € K. Then the
dichotomy of the lemma follows from the ultrametric triangular inequality
for the valuation v. For the second case, pg is the shortest initial part such
that u(© # v,, and uéo) ¢ {p1,...,pm}. Then for any successor part p of
Po, we have

- — mi 0
UpotD = Upgpmorn® T min{vp,, pt”}.

O

Returning to the proof of Lemma 5.1, in case k = r, we set
R = (Supp F)+((0,...,0,p1),...,(0,...,0,pm)) + T
Then, from Proposition 3.13, we remark that
vp € Supp F' + T, + (Supp p)

for any initial part p of yo . So using the relations p = v, or i € {p1,..., pm},
by a straightforward transfinite induction, we obtain that Supp yo C R in
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case (1) of the preceding lemma, respectively Supp pp C R in case (2).
The subcase (2)(a) means exactly that yo stabilizes on F' with initial part

Po + mot“m).

In case k € {r—1,...,1}, we consider yop = yo,x + - -+ Yo,1 and a differ-
ential series F'(y, ..., Dpy) with Weierstrass order 1. We suppose that the
Lemma 5.1 holds for any I € {r,...,k + 1}. According to the dichotomy
in the Lemma 5.4, we show by transfinite induction that Supp yor (re-
spectively Supp pg) is included in an additive sub-semigroup Ry of I'sq of
type

Re=Oupp F)+Tp+--+Tr+Rip++Rmi

where m is the number of positive roots of the indicial polynomial associated
to F (see Definition 5.3), and the R, ’s are additive sub-semigroups of
I'sy obtained from Supp F', Tg,...,7T. by a finite number of elementary
transformations.

Indeed, let us consider a proper initial part p of yo r (respectively po)
with successor term m,t*, p = (0,...,0, ug, ..., 1r). We suppose that S is
included in an additive semi-group R that contains (Supp F'), Tk,..., 7.
From Lemma 5.4, there are two cases. Either ;1 = v,. But from Proposition
3.13 we have

vp € Supp fp C Supp F + T + (Supp p)

and (Supp p) C R as well as Supp F and 7. So u € R.

Or pr € {p1,.--,pm}. For instance, up = pp, for some h € {1,...,m}
fixed. We set Sy, = {1 € Supp yor | ur = pn}, o™ = min Sy,

Sp, = {p € Supp yo | p < o™}
and S = S; U{c™}. So S; € SCRand S C R+ No,
Let us show that there exists an additive sub-semigroup R, of I'sg ob-
tained from R, Supp F, Tk, ..., 7, by a finite number of elementary trans-
formations such that S, C Ry, ;. We note that

O'(h) = (0,...,O,ph,o,...,0,0’17]1,...,0'7«’}1)

for some l € {k+1,...,r} with o, # 0. So

(h)
Psi\{om} /7 =200+ + Zo k41 € KT
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with initial part zp; € K,;. Then we reduce to a differential series
G(z,...,Dyz) together with the series zg; € K,; so as to apply the in-
duction hypothesis.

The calculations we make are represented symbolically in cases r = 2
and k = 1 by the following picture, in which the black points represent
elements of the support of ¥ ;. The necessary changes of derivation are also
mentioned.

(1) We perform the additive conjugation y = § + Psy in the differential
series F(y,...,D}y). From Proposition 4.2 and Remark 4. 3, we obtain a
new series

Fog (5> D) = X yennss 15"
with Weierstrass order 1. We have ¢ = ISQ, /I! and in particular, for any

Ie A, v(d;) =v(cr) =0. Moreover:
Supp Fp,,, C Supp F'+ T + (S)) € R+ No™.

The associated series is gy = yo — psy with initial part gor = yo,x — psy €
K, k-

(2) We perform in F},_,, the multiplicative conjugation y; = o™ . From

Proposition 4.5, we obtain a differential series

F(z,...,Dpz) = > Jennsr Cyz)

with
v(éy) = minfo(c)) + (7)) | |1] = || = |K], |[1]| =
K| + 171, T, K <antites I}
and
(oY E) p|}\LKHt\K\U<h) _ p\’LKHt|I|o(h)'
So

v(éy) = min{o(cy) + [[lo™ | |1 =[J], J <antitex T}-

According to the Remark 4.7, we have v(ér,) = o) where Iy is the greatest
multi-index from A for anti-lexicographical ordering (in particular |Ip| = 1).
Moreover, from Proposition 4.5,
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Supp F' C Supp E,., +T+No® c R +No.

Sy

The associated series is zg = go/ t"(m, which has z; € K,.; as initial part.
(3) We perform the change of derivation

F(z,...,Dpz2) = Fyy(z,...,Dpz2) = Y LeNnt ez

as in the Proposition 4.11. From the Remark 4.10, the terms ¢;2(7) with
v(éy) = o™ provide at least one term ¢z 2(") with |L| = 1 and

U(éL) = (07 .. 707ph7xkt+17 o 7X’I‘)

for some reals xxi1,...,xr (L = Jp being the greatest element for anti-
lexicographical ordering among these J’s is such a good candidate). Then
we observe that

min{v(éy), L € N**1|L| > 1} = v(ér,) = (0,... ,07Ph,X;(££1, e Xﬁo))
for some Ly with |Lg| = 1. We set v(°) = v(éL,) and there are two cases.

Either v(&) < v(?). Then for any initial part $ of zq ;, we have v(f;) = v(&).
It means that zg stabilizes on Fj; with initial part 0, and equivalently yo
stabilizes on [ with initial part pgy.

Or v(é) > v(®. Then we divide Fy(z,...,D'z) by t*” and we obtain a
differential series G(z, ..., D'z) with Weierstrass order 1. Moreover

Supp G = Supp Fi; — 0@ C (R +No™ —0(©))_.

The associated series is

20 = go/tg(h) _ (yo . pS}/L/)/to.(h) c K:

that has initial part zp; € K, ;. For any initial part S’ of Supp zo;, we
denote by ¢ = gg/ the corresponding initial part of zp; and 0, = v(G(q)).

From the induction hypothesis, there exists a well-ordered subset R’ of
I's obtained from Supp G, Tj, ..., T by finitely many elementary transfor-
mations such that:

(a) : either Supp z9; C R’;

: or zg stabilizes on G with initial part gg» where S is a proper initia
b tabili G with initial part here S}, i initial
segment of Supp 2o, which is included in R’'.
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We note that R’ is obtained from Supp G, Ti,..., 7, by a finite number of
elementary transformations and

Supp G C (R +No® —4(©))_4

So, in case (i), S), C R’ where R’ is obtained from R, Supp F, Tg,..., 7,
by a finite number of elementary transformations. Moreover, we observe
that any proper initial segment S’ of Supp zp; corresponds to a proper
initial segment S’ + (™ of Supp Y1,k, and so to a proper initial segment
Sy U (S + ™) of Supp yo x. Thus, for any initial segment S’ of Supp 20,

By = v(G(gs')) = v(Fiu(gs)) + 0.

But
v(Fri(gsr)) = v(F(gs)) = v(Fpsy (Psryom))
and
U(Fps;; (Psriom)) = ”(fps;;u<s/+g<h))) = UPsru(sron)
So 9, = U gy ) + 09, Tt means that, in the case (b), yo stabilizes on

F with initial segment pg, where Sy = Sy’ U (S} 4+ o). Tt suffices then to
set

Rh,k = <R/> + Ne(M,
In case (a), Supp zo; C R'. So
Supp (t7 o Zoz) CR +a.

We set 5’2 = S} U Supp (t"(h)zo,l), &M its successor element in Supp yo x
and Sy = 6(MU{5(M}. If we denote 2o = (yo—pg,h,)/tf’(h) , then Zp € K¥ with
initial part 2o € K, for some I’ € {k+1,...,1 — 1}. Therefore we repeat
the previous process, starting with the additive conjugation y = y; + Py

There are at most as many steps as

(n)
20 = Pg,\{om}/t7 =200+ + 20k41

has elements zg ; € K, ; in its analysis. If we denote by j this number of steps,
in the case where there is no stabilization, we obtain for any i =0---j — 1,
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&) <) i+1
Supp (¢ Zo,l(ﬂ) c R+

where RUH1) is a well-ordered subset of I's ¢ obtained from R, Supp F, and
Tk, ..., 7T, by finitely many elementary transformations. But

o NON?
Sh = g:(} Supp (t (h)Z(()’fg(i))'
So S, C Uizl R*). Then we set

Ryp = < i:1 R(k)>

which is an additive sub-semigroup of I'so obtained from R, Supp F,
Tk, - ., Tr by finitely many elementary transformations.

5.3. The case w > 1

We consider a differential series F(y,...,Dyy) as in (3.3) with Weier-
strass order w > 1, together with a series yo = yox + -+ + yo,1 € K. To
prove the Lemma 5.1, we proceed in three steps.

First, since w > 1, there exists at least one multi-index I € N**! with
|I| = w—1 such that F(I) has Weierstrass order 1. Thus we apply the induc-
tion hypothesis to these differential series, and obtain the desired finiteness
property for (at least) some proper initial part pg of yo,r. We denote

w—1

/’L(wil) = (07 cee 707 :u](gw_l)7 e 7.u’s‘w_1)) = ’U(’yo - pSw_l)
and S”_, = Sy,_1 U {p(®=D}. Then we note that (yo — psgil)/t“wfl) has

an initial part zg; + - -+ + 20,5 for some I € {r,... k}.

In the case where [ € {r,...,k+ 1}, the second step is devoted to deter-
mine the support of zg; + - - - + 20, k+1. We reduce F(y, ..., Dpy) to another
series G(z, ..., D}'z) with Weierstrass order @ together with a series asso-
ciated zo with initial part zo,; € K, ; such that (w,1) < (w, k), by means of
three successive transformations.

In the third step, we check the support of 2y ; reducing to a differential
series G(Z,..., D} Z) of Weierstrass order lower than w.
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First step. We need some new notations.

NOTATION 5.5.— We denote:

A={I eNt | |I| = w,v(cs) = 0};
— forany I € A, ¢;0=d(cr);

~ Ay_1={IeNtl | 3JeNtL |J| =1, I+J€ A}
So we have |[I| =w—1forall I € A, _;.

For any given I € A, _1, we set:

—Ar={JeNvtl | |J| =1, I+JecA};
- m(X) = ZJE.AI C[+J70X“JH (then we have degmr < n);
- {pgl), . 7p5,€3} the set of the positive roots of 7.
Then we apply the induction hypothesis and the Lemma 5.4 to the
differential series F()(y,...,Dy), I € A,_; together with the series yq.
We obtain two cases:

— either there exists Iy € A,_1 such that we are in the first case of
Lemma 5.1: there exists a well-ordered subset Ry, of I'so obtained
from Supp FUo) T1,..., T, by a finite number of elementary trans-
formations such that Supp yo » C Ry, . It suffices then to observe that
Supp FU0)  Supp F;

— or for any I € Ay_1, yo stabilizes on FU) with an initial part

Ps;u{u}, S1 being an initial segment of Supp yo,; with successor
element (1), Moreover the value of stabilization is at most equal to

.
In this last case, we set S,_1 = UleAw,l S(()I), =1 its successor
element and S” | = S, 1 U{u(~Y}. So there exists Iy € A,_; such that
Sw_1= S(()I) C Ri1,. We denote

Ri = (Ri, U{n®V}) = (Ryy) + Nplv=h).

So S!!_; CRy. For any I € A,_1, we denote ) the value of stabilization
ofvj(gl)7 and so o) = v,(;ls),/ < p=Y Weset 0,1 = min{o), T € Ay, _1}.

w—1
Thus 0,1 < u(“”l).

We examine now the valuations of the differential series F'()(y, ..., Dry)
for I ¢ Ay 1, [I| = w—1. From the Taylor expansion formula (3.6), for any
successor segment S of Sy,_1,
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(I) (I+J) ()
f Sy_1tP5 — IPs,_1 +Z\J\>1(fpsw,1/<]!)pg

But for any multi-index J, v(p(g‘])) = |[J|v(pg) = ||~V and for any J
with |J] =1, u( (I+J)) > 0since I ¢ A,,_1. Then there are two possibilities:

(i) : either vpj) > =1 So, from the ultrametric triangular inequality,

S//
)

w—1 Q "o
Vporr 4ps > u( ) for any successor segment S of Si_1;
w—1

(if) :or vy, < p(®~ which implies that
w—1

oD (1)
ps” +PS - UpS” _1 g H

(w-1)_

Then we denote by ©(/) this stabilized valuation, by B,_1 the set of
multi-indexes I for whom that situation arises, and @, _; = min{#{) |
le A, 1 U Bwfl}. Thus 0,1 < ,u(“’_l).

Second step. (1) We perform the additive conjugation y = g + ps
From Proposition 4.2, we obtain a differential series

71'

Fog (§-- DRG) = Y pepmer 1§

w—1

where ¢ = _, /1. In particular, there exists Iy € N"*! with [Io] = w—1
such that

v(cp,) = w1 < ple=1,

From the Remark 4.3, F,_, (7,...,D}9) has also Weierstrass order w.
w—1

Moreover
Supp F, b C Supp F + (S _1)+ T C Supp F + Tj, + R1.

The associated series is yg = yo —psr_, with initial part go r = Yo,k —psr_ -

(w—1)

zin Fy,

w—1

(2) We perform the multiplicative conjugation § = t*

From the Proposition 4.5, we obtain a differential series

F(z,...,Dpz) = > Jennt Eyz)
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with

Supp F C Supp F, + Np=1 47, € Supp F + Tr, + Ry
1

s
(by Proposition 4.5, since Nu(*~1) + Ry = R;). Moreover
v(es) > minfo(cp) +v((™ 7))

where the minimum is taken over multi-indexes I € N**1 such that |I| =
|J| = K|, |I|| = |K]|| + ||J|| and J, K <antitex I. Furthermore

(Y E) (DY Il

In particular, by the Remark 4.7, v(¢y,) = 91 + (w — 1)p(*~ where Jy
is the greatest multi-index for the anti-lexicographical ordering among the
J’s such that v(c}) = ¥y—_1. S0 v(és,) < wu¥=1. Moreover, for any J with
7| > w,

v(éy) = |[Jpm = wpth),
So there exists at least one multi-index I with |I| < w such that
v(er) = min{v(é;) | J € N*Hi}

We denote vy, this minimal valuation and Iy some multi-index with |Ip]
as low as possible such that v(¢y,) = vmin. Then we observe that, dividing
ﬁ'(z, ..., D}z) by tmi» we obtain a differential series 13’(2, ..., D}z) with
Weierstrass order equal to |Ip|, and so lower than w. The associated series
is zg = go/t#(wil) S Kf

If ke {r—1,...,1}, then 2z has a priori an initial part
Gor/ ™V =201 4+ + 20
for some | € {r,...,k+1}. We set

Sy ={peSupp yor | pe=pl"", p>pe-0}

(so Sy is a successor segment of S,,_1). We remark that

S = (Uie{kJrl,..‘,l} Supp 20,;) + M(w—l).

Now we determine Supp 2.
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(3) We perform the change of derivation
F(z,...,Dpz) = Fru(z,...,Dp2)

as in Proposition 4.11. Then we show as before (proof of Lemma 5.1 in case
w = 1) that there are two cases. Either zy stabilizes on F}, ; with initial part
0, which means that gy stabilizes on F' with initial part psr_ -

Or dividing Fk,z by " where v(© is the minimum of the valuation of
the coefficients of F;, we obtain a differential series G(z, .. ., D'z) with
Weierstrass order w > 1. From Remarks 4.7 and 4.10, w < w. Moreover
from Proposition 4.14,

Supp Fy; C Supp F + T, C Supp F + Tr, + Ry.
Thus,
Supp G C (Supp F + Ty + Ri)sp@ — v,

We apply the induction hypothesis to G(z, ..., D] z) together with 2y that
has initial part zp ;. There exists a well-ordered subset Rs of s obtained
from Supp G, Ti,..., 7T, by a finite number of elementary transformations
such that:

— either the exponents of zp; belong to Ro;

— or the series zo stabilizes on G with initial part go which is also a
proper initial part of zp ;, and the support of g is included in R;. Then

it means that yo stabilizes on F" with initial part po = ps» +t“(w71)qo

and that Supp po C Ri + (Ry + p(®~Y), which is obtained from
Supp F, Ti,..., 7T, by a finite number of elementary transformations
as desired.

If the preceding first case holds, we perform the additive conjugation
z=i4tnY 2o, in the differential series F'(z, ..., Dy z) defined above. We

obtain a differential series F(z, ..., Djz) with coefficients that have also as
minimal valuation v, for some multi-index Iy (the least multi-index for
anti-lexicographical ordering among the coefficients having valuation v,,;,:
see Remark 4.3). Moreover

Supp F C Supp F + <7~22 + u(“’_1)> + Tk
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(see Proposition 4.2) which is obtained from Supp F, Tg,..., 7, by a finite
number of elementary transformations. The associated series is 29 = 2z9—20,1,
with initial part zo;, for some Iy € {l,...,k}. If [y # k, we resume the
preceding arguments.

Thus, in the case where there is no stabilization, we prove gradually that
for any i € {l,...,k+ 1}, Supp 20; C Ra with Ro that is a well-ordered
subset of I's g obtained from Supp F, T, ..., 7, by finitely many elementary
transformations. Thus

S1 = Supp (20,0 + -+ + z0,k41) + pl ™Y

is included in Ry + p(=1).

Third step. It remains to examine the support of 2z ; so as to obtain
the desired property for the set

{1 € Supp yor | g > pl VY.

We return to the differential series F = F' /t'mi= defined in the second step,
which has Weierstrass order |Iy| < w. Then we perform the additive conju-
gation

z2=ZzZ+ (2071 —+ 4 ZO,lc+1)~

By the Proposition 4.2 and the Remark 4.3, we obtain a new differential
series G(2,...,DP'Z) with the same Weierstrass order |Io| < w, together
with a series Zo = 29 — (20,1 + - - - + 20,k+1) that has initial part zg ; € K, j.
Moreover,

Supp G C Supp F + (81 — ,u(w_l)> + 7T C
(Supp F + 77£ + Rl);vmm — Umin + <R2> + 77@

Then we apply the induction hypothesis to G(Z, ..., D7 %) together with Z.
There exists a well-ordered subset R3 of I's. g obtained from Supp G, Tg,..., 7,
by finitely many elementary transformations such that:

— either the exponents of 2y ; belong to R3. So if we set
R=Ri+ [(RQ + Rg) + ,U(w_l)},

then Supp yo,x C R which is obtained from Supp F, Tg,...,7, by a
finite number of elementary transformations as desired;
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— or the series Z, stabilizes on G with initial part gy which is also a
proper initial part of zpy, and the support of gg is included in Rj.
In this case, it means that yy stabilizes on F' with initial part pg =

P+t

(w—

qu which is initial part of yg . Moreover, Supp py C R.

This concludes the proof of the Lemma 5.1, and therefore the one of
the Theorem 2.14.
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