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Analysis on Extended Heisenberg Group

B. ZEGARLIKSKI(D

ABSTRACT. — In this paper we study Markov semigroups generated by
Hoérmander-Dunkl type operators on Heisenberg group.

RESUME. — Dans ce travail, nous étudions des semi-groupes de Markov
produit par les opérateurs de type d’Hormander-Dunkl sur le groupe
d’Heisenberg.
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B. Zegarliniski

1. Introduction

Given a family of smooth Hormander fields {X;};=1, » on a differ-
entiable manifold M one can introduce the corresponding reflection maps
{oj}j=1,...n, which by definition satisfy the following conditions

Xj(fooj) =—=(X;f)eo; (%)
and 0]2- = id. Choosing antisymmetric continuous functions, i.e. functions
satisfying z; oo; = —x;, we can introduce the following family of Demazure
operators

— foos
Ajf = Ry M
Ty

with the right hand side well defined whenever z; # 0 and otherwise ex-
tended by continuity, and &; # 0. In this way one can define extended first
order operators

Tj =X j + Aj

and consider the following T-Laplacian
— n 2
£ =3%_,T;
In particular one can then study the following Cauchy problem

{&u = Lu

Ut=0 = f

Below we illustrate how one can implement such a programme in an in-
teresting example provided by the Heisenberg type group. The organisa-
tion of the paper is as follows. In Section 2 we briefly recall basic elements
of analysis on the Heisenberg group. In Section 3 we introduce a Coxeter
group of reflections associated with the Heisenberg generators X,Y’, define
corresponding Demazure operators and provide fundamentals of algebraic
and analytic properties of the underlying theory leading to the associated
Markov semigroup generated by the T-Laplacian. In Section 4 we study nat-
ural quadratic forms associate to the generator as well as provide L, setup
for our theory; in particular including integration by parts formula for T
operators with a natural invariant (with respect to the extended Heisenberg
group) measure. In Section 5 we prove basic coercive inequalities necessary
to obtain ultracontractivity estimates for the Markov semigroup. In Sec-
tion 6 we get to the (pointwise off diagonal) heat kernel Gaussian bounds
employing suitable adaptation of arguments of [17]; (the classical very nice
arguments of [8]-[10] seemed difficult to implement). We conclude in Sec-
tion 7 with a summary and an outlook. Three Appendices contain some
computations and/or some additional facts.
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Analysis on Extended Heisenberg Group
2. Analysis on Heisenberg Group
We consider H; ~ R? with the following group operation
wow' = (z,y,2)0 (2,9, )=(x+ 2,y +y, 2+ 2 + 2a(yx’ — zy)),
defined with @ € R\ 0. The corresponding left invariant vector fields
X =0, + 2ay0,, Y =0y — 2ax0,
satisfy the following basic commutation relation
[X,Y] = —4a0, = —4aZ, (X, Z]=0=1Y,Z]
With such the fields, we introduce the following Heisenberg laplacian
Lo=X?+Y?
The group is furnished with a dilation operation
w = w, = (tx, ty, t22).
with a corresponding generator
D=zX+yY +227

In such the structure we have useful classification of the operators intro-
duced above by means of the following relations

[X,D] = X, [Y,D] =Y, [Z,D] =2Z, (Lo, D] =2Ly (2.1)

It is well known for a long time that the Markov semigroup Pt(o) = etfo s ul-
tracontractive and therefore can be represented as an integral operator with
strictly positive and normalised (heat) kernel h; which satisfy a Gaussian
sandwich bound, (see e.g. [27] and references therein). More recently such
bounds where sharpened, ([4], [23], [13]), with the same Gaussian factor on
both sides of the sandwich. As a consequence it was possible to prove the
following gradient bounds

VPO Sl < PO g
with V = (X,Y) and some constant C; € (0,00); (see [12] for ¢ > 1 and
more general groups via stochastic methods, and [23], [3], for Heisenberg

group, and [14], [20] for general H-type groups with ¢ = 1).
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B. Zegarliniski
3. Dunkl type operators in Heisenberg Group

We augment the above structure by the following maps on the Heisen-
berg group

oxw = (—x,y,z — cxy), oyw = (x, —y, z + cxy)
with ¢ € R\ 0. These are continuous and bounded maps, (in fact with
some constant C' € (0,00) one has Gd(w) < d(o.(w)) < Cd(w) for any
homogeneous norm d, i.e. satisfying d(w;) = td(w) for a dilation w; of w).
They do not commute and satisfy

oxoox =id =0y ooy

Thus they generate a Coxeter group of infinite order. It is tempting to call
ox and oy the reflection operations, but it appears to be justified only when

when one has the following relations
X(foax):—(Xf)OO')(, Y(fOUy):—(Yf)OO'Y

(Remark that each of these relations can be implemented non-uniquely, but
this choice has certain advantages and we stick to it later on.) Next we
introduce the following operators

AxfEFCH%7 Ayfznf_f%

for z,y # 0, with some k € (0,00). We set A = (Ax,Ay). Using this
definition one immediately sees that
A3 =0 = A} (3.1)
Thus each of them generate a group
et f = (14 itA)f, et — (1 4i(s+1)A) = ellsttA.

These generators are homogeneous of order one, that is one has the following
property.

LEMMA 3.1. —
[Ax, D] = Ax, [Ay, D] = Ay. (3.2)
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(For the proof see Appendix.) Next we notice that

lim AXf(x7ya Z) =2k Xf(ovyv Z)v lim AYf(xayvz) =2K Yf(xa 0,2)
x—0 y—0

Thus in particular one can see that they are unbounded operators. More
generally, using suitable interpolation and fundamental theorem of calculus,
we have

LEMMA 3.2. —

Ax f(w) = 2% / ds (XF)(1(), Ay f(w) = 26 / ds (Y )(1%) (3.3)

0
with

(w) _

7% = (1-29)x,y, 2~ 252+ 2ay), 7% = (2, (1-25)y, 2+ 2sy-2a2)

As a consequence, in Lo(A) with the (reflection invariant) Haar measure
A (which for the Heisenberg group coincides with Lebesgue measure), we
obtain

PROPOSITION 3.3. —

[Ax fllL, o) < 4l6]- 1 X fllL, o, Ay fllL, o < 4l6]- 1Y fllL, o
and

1Ax flloo < 2[6] - | X f]oo, 1Ay flloo < 2[[ - [[Y flloo
Proof. — We have

1 1
1 Ax il = 125 / ds X (D) lainy < 20l / a1 X £

(w)

Changing the integration variable w — v, ¢, we have

1

(w)
X =
X (e ILa ) =T

X I, (0

Hence
I[Ax Loy < 4l6[ 11X FllLao

and similarly in case of Y. O
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B. Zegarlifiski
Thus the following homogeneous operators of order one are well defined
on a set of differentiable functions
Tx =X + Ay, Ty =Y + Ay.
We set T = (T'x,Ty). Since one has
Ax(foox)(w) = —Ax f(w) = —(Ax f)(oxw)

and
Ay (fooy)(w) =—Ay f(w) = —(Ay f)(oyw) ,
we obtain the following property.

PROPOSITION 3.4. —

Tx(foox)(w) = —(Tx f)(oxw) , Ty (fooy)(w) = —(Ty f)(oyw)

and
[Tx,D] =Tx, [Ty, D] =Ty

We remark that the homogeneity property follows from (2.1) and (3.1).

In particular the above result means that ocx and oy are reflection oper-
ations in our more general framework. From Proposition 3.3 we have the
following corollary.

PRrROPOSITION 3.5. — Let d be the Carnot-Caratheodory distance for V,
i.e. distance satisfying the eikonal equation
|Vd| = 1.

Then
(1 —4k) < |Td| < (14 4k)

where |Tf|* = |Tx f|* + Ty fI?.
As for the algebraic properties of T'’s we notice the following

PROPOSITION 3.6. —
[Tx,Ty|f = —4aZf —4arx (Zf)oox —4dax (Zf) ooy + [Ax, Ay]f
with

OO0y OO0 — OO0x OO
[AX,AY]f:HQf Y nyf XY

and
[Tx,Z] = 0 = [Ty, Z]
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One can check that in the limit z,y — 0, also [Ax, Ay] points out into the
Z direction. Thus generally we have similar situation as in the Hormader
theory. In a conclusion to the above, it is now time to introduce the following
T-Laplacian.

L=T% +TE

Let P, = e'* denote the corresponding semigroup (which for a moment is
only well defined on polynomials).

We have the following property.

THEOREM 3.7. — L with a domain C2(Hy) functions satisfies minimum
principle, i.e.
fw)=min f = Lf(w) 20

Remark. — See e.g. [26] and references therein for a commutative case.

Proof. — Evidently £ vanishes on constants. We show that it also sat-
isfies minimum principle. Suppose that wg = (zo, Yo, 20) is the minimum
point of a function f € C2, we will show that

Lf(wo) = (X* +Y?) f(wo) + {X, Ax} f(wo) + {Y, Ay } f(wo) >0

Since one has
(X2 +Y?)f(wo) >0,

we need only to prove the positivity for second part containing the anti-
commutators. If zg, yg # 0, then for the minimum point wg, we also have

(X, Ax}f(wo) = xio%Xf(ww—xioAxf(wo) = 25 (700 (w0)=(w0) >0

and similarly in direction y. Suppose next that xg = 0, (similar arguments
can be given in direction y). Using the representation of Ax from Lemma
3.1, (for w with x # 0)), we have

ZRXf(w) - S Axf(w)

Lo (s [ 1 X2

{X, Ax }f(w)

1 E}
~ /O ds /O ds' (X2 ) (7 )
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B. Zegarliniski
Now passing to the limit with z — zy = 0, we obtain
{X, Ax} f(w) — 26X 2 f(wg) = 0.
O

Suppose the pre-generator £ extends to the Markov generator (denoted
later on by the same symbol), and let P, = e** denotes the corresponding
semigroup on a space including bounded (uniformly) continuous functions.
Then the above property implies that P; is a Markovian semigroup, i.e. it
preserves constants and positivity.

We recall that in Proposition 3.4 one has
[Tx, D] = Tx, [Ty, D] =Ty
Setting S, f(x,y,2) = e™P f(x,y,2) = f(eTx,e7y,e®"2), T > 0, we get
ProproSITION 3.8. —

[£,D] = 2L

and so
PtS-,— - STPeZTt (34)

(For the second relation (3.4) see e.g. [3].)

4. Square of the T — Form and Quadratic Form Bounds

Define

Ii(f) = 5(Lf* = 2fLf)

By direct computations we get

N | =

1
Ti(f) = VP + 5 (Af)
K
where we have set (Af)* = [Ax f|? + |Ay f|2.
Next we introduce the following square of the T form as follows
ITf? = |Tx fI* + 1Ty fI*.
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ProrosITION 4.1. —
ITf|* < 2max(1,2x)T1(f)
and one has

r() < o4 20 (7P + 5 (1)?)

Proof. — Note that

(Tx)? = (X[ + Ax]P < 2XJP +2(Axf)? <2AXJP + 4 oo (Ax )

< 2max(1, 2k) <|Xf|2 + 21K(AXf)2>
and similarly for the case of Y. Hence
ITf1? = Tx [P + Ty fI* < 2max(1,2r)T1(f)
The second statement follows from the following relation
C0(f) = (TS 2T - Axf 2Ty f- Avf + (1+ ) AP

This ends the proof of the proposition. O

Using this property and Proposition 3.3, we get the following bounds.

PROPOSITION 4.2. —

16x2

(1-e)(1-—

VA oy < THTF? oy < 2max(1,26) [ T1(f) [, o

Proof. — The first inequality follows using

1
(Tx)* = (XF + Ax)* > (1= )X+ (1 = 2)(Ax f)*
and the following bound from Proposition 3.3

1(Ax )?IL, o < 1682 [XF1? (], (o

with the similar one for Y. O
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For later purposes we need the following result.

THEOREM 4.3 (Integration by Parts Lemma). — For Lipschitz continu-
ous functions f,g and ox,oy invariant measure dv = pd\ , one has

[ax@ar= [t L2%% a0 - [ otas(raar = [ gaxnav

and similarly for' Y. Moreover, if p(w) = |z|?*|y|**, with k € (—%,00), then
the following integration by parts formula holds

[ et av =~ [ grx(pav (1P)

and similarly for Ty .

Remark 4.4. — We remark that one gets similar properties choosing dif-
ferent value for x in case of T'x and Ty . We also notice that there are other
reflection invariant measures, (for which the last formula for integration by
parts may fail), which can be defined as nonnegative function of (real part)
of quantities ng + 1¢-1, where

ne =Y & eI (g y, 2+ enay)
neZ

defined with p,e € R and & € C, €] = 1 with a conditions that 4?“ € Z and
4a

= =1, and a suitable function p.

Proof. — By shifting a differentiable function g by a constant g(0) if
necessary, we can and do assume that it vanishes at = 0. By change of
variables of integration by the map oy, we have

/(QOUX)%de)\ = —/gi (foox)pdA.
Hence we have fis
[ax@foar= [ o2 pan

Combining this relation with the formula for integration by parts for the
field X with the measure dv = |z|?*|y|?>*d)\, one obtains the integration by
parts formula for Tx. The proof for the case of Ty is similar. O

Using the integration by parts formula and the definition of T'y, we
obtain the following
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COROLLARY 4.5. — Let dv = x2¢y?d\. Then

/fﬁ(g)dl/: —/Tf~ng1/

and hence

[ ey == [ripav

Proof. — The first result follows from integration by parts (IP) formula.
It implies that £ is symmetric in Ly(dv) and hence v is invariant measure
for this generator. This together with the definition of I'; yields the second
relation. O

Since )
_ 2, L 2
Iy = VI + 5 (Af)

one can show directly that the quadratic form

E(f) = / T (f)dv

satisfies for any normal contraction S, (that is a real function vanishing at
zero and having Lipschitz norm equal to one), the following bound

E(S(f) < &)

This is clear for the first part of the form involving subgradient. To see
that for the second part, using the fact that the normal contraction has by
definition the Lipschitz norm equal to one, we get

o (AXS(N) = 55 (5(/) = 5(f) 0 ox)”
= 55 (S() = S(foox))* < 55 (f — foox)”

and similarly in direction y. Thus, using the theory of Dirichlet forms [15]
we arrive at the following result.

THEOREM 4.6. — The closure of the quadratic form

E(f) = / T (f)dv

defines a (self-adjoint) Markov generator denoted later on by the symbol L
with the corresponding Markov semigroup P, = et*.
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5. Coercive Bounds

We recall that the following Sobolev inequality holds

111, <o [ 1957 ares [ 72 an

with some ¢ > 2 and a,b € (0,00) independent of f. Hence, by standard
arguments (see e.g. [18]), we have

2
2] / d)\g/ 2 4\ @/ 24\ 5.1
[ s i <e [Vt aric [ 1 (1)
for any € € (0,1) with
~ q 1 q
C. = log — + 1o —1)+e¢eb
2g ) Tlos g gy Y

We prove the following generalisation of this fact.

THEOREM 5.1. — For any € € (0,1)

2] dv < r d _ | f2dv. )
/f OngH]L?(,, <5/ 1(f) 1/+C/f v (5.2)

where C. = Cy log 1 = + Co with some constants C1,Cy € (0,00) independent
of f.

Proof. — Applying (5.1) to f|z|*|y|*, we obtain
2
[ 108 v+ [ £ 10g(a Pl (53)
7.,
= [190 el ax+ C [ fav

with dv = |x|2"|y|2"d/\. Hence

/f210g TGE ——dv E/|Vf|2 dv
Lo (v)
+ 25/(fn\x|_1Xf+ffi|y|_1Yf) dv
et [ (Pl 4 £l av (5.4)
) 1 1
+ k[ f X{m<1}10gW+X{\y|<1}IOgW dv
+ ég/deV.
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To bound the last but one term on the r.h.s., we use the inequality
logt < et + c.

with € € (0,1) and ¢. =log L — 1, to get

1 1
ff/f2 <X{|z<1}10g|x—2 + X{lyl<1} log W) dv

<we [(Plal 4 22 doteon [ Fav

Using this and (5.4), we obtain

/f210g v < a/|Vf\2 dv
Hflle(y)

+ s(n2+%n)/(f2|x|_2+f2|y\_2) v (5.5)

+ és/deV

with C. = C~'E /2 +ccj2k. Now we complete the estimates using the following

lemma ([22]).

LEMMA 5.2. — k € (0,00),Kk # % There exist constants a,b € (0, 00)

such that

/(gQ\xl‘2 + %y 7?) dv < &/I“l(g)dV+l3/g2dV

for any function g for which the right hand side is well defined.

Using (5.5) together with Lemma 5.2, we obtain

2 2
/f 10g||f||L2(V)d <€/][“1(f) dV+C’€/f dv.

with

C.=Clel + (*+ %m)arl) +e(k? + %n)u + (k2 + %n)a]*l.

From this and the definition of I'; the bound (5.2) follows. O
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Proof Lemma 5.2. — We mention that for x > % one can use the follow-
ing arguments based on simple integration by parts

[ el 2 = [ a2 = o [ Xty

2 —1 2 2
X Bly|“" .
sy [ alel Xgla N (57)

2 2
< XglPdv, + ———— [ ¢°|z|2dv,
2&—1a/| gli7dv +a(2f$—1)/g ™

with a constant a > 0 and dv, = |z|*|y|?>*d\. From this, a choice of a >

(2’5—71) plus similar arguments for the case with factor |y|=2, deliver the

desired bound.

2k —1

1

To consider the case x € (0, 5

have the following property

), we also note that on the set {z > 0} we

1t 00X

Tx(z ) =Xt + e = (25— 1)z

and similarly for Ty (y~!) in {y > 0}, (as well as in other quadrants modulo
change of sign of the variable). Thus for 2k # 1, we have

1

2 —2 d = 7/ 2 -T —1 d .

[ @l v = = [ (P Ta) a

1

- - T 2y,.—1 d .
(1_%)/(( e d

Since Txg* =29Txg — (9 — goox)Ax(9) < 29Txg

for k € (0, 3), we get with some a € (0,00)

1

/(92|x|_2) dv,, = m/((TXQQ)IL'_I) v,

1 1
< - T 2dﬁ - —1/ 2 —an
(1—2/{)a/| xg|” dv T R [ dv
1 1
- A lei 9 —1/ 2 —QdN
(172/4)@/' xg|” dv T R [ dv

Thus, using the definition of 'y x (f) = | X f|* + 3= |Ax f|?, we have
/(92\x|_2) dv, < #2amax 1, 1 /I‘1 x(g) dv,
(1 -2k) 2K ’
1

+m3a_1/92|$|_2 dl/N
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whence choosing OJ—QMSa_l < 1, we arrive at

/(92|x\72) dv, < Constffl,x(g) dvy
with Const = = L i—am 20 max(1, 5 )[1— ﬁi’)a*l]*l. Similar arguments for
y direction and all quadrants complete the proof.

Remark.— To get the bound for small k > 0, we recall first that the
following Hardy type inequality for half spaces in the Heisenberg group
holds with the Haar (Lebesgue) measure A, (see Theorem 1.1 in [22]).

/ (¢]2]2) / Vg[2d,

and similarly with a singular factor |y|=2. Replacing the function g by
glz|®|y|®, simple arguments (involving integration by parts) yield

/ (g%12]7% + g?ly]2) dve < 8 / Vg2, +8(1—) / (21272 + g2ly| ) dvs

(5.8)
This for 8x(1 — k) < 1 implies the desired result with a constant
a<8(1—8k(1—r))L.

Next suppose that (5.8) holds for some kg € (0, 00). Applying our current
assumption to a function glx|® ~5o|y|® 50, we get

/(92|w|‘2+92|y|‘2) v (5.9)

< 24 / VgPdv + 2a(x’ — ro)? / (%1217 + Iyl dvw

with by = bg(ko), which implies the following bound

/ (212172 + g2y 2) dv < b / Vg dvy (5.10)

where b,s = 2bo(1 — 2bo (k' — kg)?) ™1, provided that 2bg(k’ — ko)? < 1. This
perturbative procedure shows that the set of k’s for which a statement with
the gradient square on the right hand side holds is open.

Using Theorem 5.1 together with the fact that

[rithar =~ [ sesa

is a Dirichlet form, one can now apply arguments based on Gross integration
lemma ([16], [8], [11]) to obtain the following corollary.
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THEOREM 5.3. — The semigroup P, = e** is ultracontractive, that is
fort > 0 there exists 0, € (0,00) such that
NP f Lo ) < OellflILy ) (5.11)

This means that the semigroup P; has a kernel h; with respect to the mea-
sure v satisfying with some 6, € (0, c0)

ht(wﬂb) <6,

6. Heat Kernel Bounds

We begin from recalling the following arguments due to Aronson [1].
Suppose
Oth = Lh.

Let ¢ be a function satisfying
1 2
o) + §|T1/)\ <0
Then we have

% / h?e¥dy = / (h*0pp + 2hLh) e dv

< / (—%hﬂszPéﬂ —Th-T(hew)) dv

In our case, since r2 = x2 4 2 is invariant with respect to all reflections,

one can see that the right hand side can be made nonpositive by a choice

’I”2

L Tr )

with ¢ € (0,00). That is one gets the following simple integrated bound

PROPOSITION 6.1. —

2
sup/h262<5+t>du < 00 (6.1)
>0

To improve this bound in other directions, we note the following pro-
perty.
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PROPOSITION 6.2. — For any n € N, we have

/ hi_d"dv < oo (6.2)

Proof. — First of all we note that for a smooth cutoff d. = dx(d/L) of
d, with smooth monotone function x vanishing inside a unit ball and equal
to one outside a ball of radius 2 and some large constant L > 1, we have

O / hyd!dy = / L(hy)d dy = / he(T?d)dv

Next we observe that

d 2
X2d" =n(n—1)d" 2 (x + zx’) | X d|? (6.3)

2 d d
dnfl “ eon Xd2 wo X2d
+ ndg <<LX+L2X> P+ x+7x
By arguments used in the proof of Theorem 6.1 in [19], we have with some
K € (0,00) }
X2%d, Y?d < K.
Thus using relation (6.3), we obtain with some constants a, b € (0, 0)

X2, Y2, <n(n—1)ad" 2 4+ nbd? ! (6.4)
Since
1 s
T24" = Ad" + 4k / ds / dr (X202 (r.x) + (Y2d") (3r.y))

0 0
and
de(Vr,x) = de(w) + 2K 2 / ds ((x(d) +X'(d))Xd) (v5,x) < de(w) + 257 |z|

0

< (14 2k7)d,(w)
we get
T2d" < n(n —1)a(l +2r)""2d" 2 4 nb(1 + 2k)" " Ldn 1

with some constants a,b € (0,00). This implies the following inductive in-
equality

6t/htd2du < n(n—1)a(1+2x)" 2 /htd?_Qdu—l—nb(l—i—%)"_l /htdg—ldu.
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Similar computations for n = 1 show that
8t/htdcdu < Const < oo
Using the fact that we also have
/htdcdl/ = const < 0o
by inductive arguments, one can show that for any n € N and ¢ € (0, 00)
/htd?dy = const < 00
This implies the statement of the proposition. O

We conclude with the following result.

COROLLARY 6.3. — For any 6, 8 € (0,00) there exists a positive function
Cy(-) such that

ht(w,w’) < Ct(w)Ct(w’) 6—(—2@1”7"2(%“7')4-5 10g(1+%d(waw/))) (6.5)

Proof. — By homogeneity of the generator L it is sufficient to show the
bound at ¢ = 1. From Proposition 6.2, for any 5 € (0,00) and ¢ € (0, 00) we
have

/hg(w,ﬁ))eﬁ log(1+d(w, ) (dip) < oo

for any ¢ € [1,00) , since h; is bounded. Hence via Hélder inequality, with
sufficiently small o > 0, we also have

C*(w) = /hf(w,@)6“7'2(w’w)+510g(1+d(w’w))u(d@) < oo (6.6)

Now we can follow an idea of [17] to get an off diagonal heat kernel bound,
as follows. We note that because log(1 + d(w,w)) is a metric, we have

%rQ(w,w') + Blog(1 + d(w,w"))
< ar?(w,w) + Blog(1 + d(w,w)) 4+ ar?(w,w’) + Blog(l + d(w,w")).
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Hence using Chapman-Kolmogorov property and Holder inequality, we get
- foes
2

(w,
:/( i( 7w) ar?(w,w)+ 8 log(1+d(w, w)))
2

, w/)ear2(ﬁ),w’)+ﬁlog(l—&-d(ﬁ),w/))) Z/(d’LT}) « e—(%rz(w,w/)—'rﬁlog(l—i—d(w,w')))

w, w )v(dw) (6.7)

l\?lrh

—~

<G (w)Ct (w/) 67(%7"2(1”’“’/)4#3 log(1+d(w,w’)))
O

Instead of directly dealing with expression involving the control distance,
next we estimate the moments of the z variable. Later we will show that
one can combine that with the Gaussian bound in the Euclidean direction
to arrive at the Gaussian bounds with respect to a homogeneous metric on

the group.

PROPOSITION 6.4. — There exists C' € (0,00) such that for any n € N,

we have
/ht:1z2”du < C" (2n)! (6.8)

Proof. — We have
O / he2*"dy = /ﬁ(ht)z%du = /ht(T222”)dV (6.9)
with
T?2%" = (Tx + T9)2"" = (X? +Y?) 2" + ({X, Ax} + {V, Ay }) 2°
We have
(X2 +Y?)2%" = 4a®r?022*" = 4a® - 2n(2n — 1)r2z2(n=1) (6.10)

On the other hand
1 s
{X, Ax}2*" = 2,%/ ds/ ds'(X?2*") (v x)
= 2xk4a?2n(2n — 1) / ds/ ds' (y?z2"=D )(7;‘37X)

8ka?2n(2n / ds/ ds'y?(z — 25’z - 2ay)>*V)
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and similarly
1 s
{Y, Ay }2*" = 8ka?2n(2n — 1) / ds/ ds'z*(z + 25y - 2ax)2(n71)

Hence
({X, Ax}+{Y, Ay }) =
= 8ka*2n(2n — 1) / ds/ ds (2 — 28’z - 2ay)2(”’1)

+a2(z 4 25"y - an)Q(”_l)>

r(4a)?2 / ds/ ds'(|z| + s'2ar?)2"=D
Combining the above bounds we obtain
T22%" = 4a%2n(2n — 1)r222" =D (6.12)
+r(4a)?*2n(2n — 1)r? /01 ds /OS ds'(|2| + s'2ar?)?(n=1
For the first term on the right hand side, by Young inequality one has

4a22n(2 1)71222(71 1) < M(%L—l 2(n 1)Z2n (4a2(2n))nr2n
< Oin 22 4+ Co(dae)™/(2n)! r2"  (6.13)

with some constants C;,Co € (0,00). For the second term, using binomial
expansion and applying suitable Youngs inequality to each term, we have

(4a)?2 / ds/ ds'(|z| + s'2ar?)?(n =1 (6.14)

2(n—1)
2n
g 2 2n—(k+2) 2(k+1) 2 k+2
k} 0: (k+2)|z| 1201 20

(n—1)—1
2 n n
220 4 Z (k j2)2k2_+2(2a)2n7"2(k+1)k2_+2 +r2(2n—1)<4a)2n

< Z 42n(4a)2n,r2~2n
Combining (6.9) - (6.14) we arrive at the following Gronwal type relation
t
<22 >, < OF(2n)! + C’gn/ ds < 22" >, (6.15)
0
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with suitable constants Cy,Cs € (0,00) uniformly bounded on compact
intervals of ¢ and where

<f> = /htfdz/

Deriving this bound we have taken advantage of the Gaussian estimate in
the zy directions
<r? >, < CFR!

which follows from Proposition 6.1. Tteration of (6.14) yields
< 22 >, < Ofe (2n)!
(Il

Using Proposition 6.1, Corollary 6.3, and arguments of [17], we obtain
the following pointwise Gaussian bounds result.

THEOREM 6.5. — There exists ag € (0,00) and a positive function Cy(-)
such that for any a € (0, ap) one has

hy(w,w') < Cy(w)Cy(w') e~ (w') (6.16)

Using extra homogeneity of the theory one can refine a bit these esti-
mates. At the origin one can also obtain some monotonicity properties (see
Appendix IT).

We remark that using the pointwise upper bound one should be able to
obtain the lower Gaussian bounds by the arguments of [5].

7. Summary

In this paper we have introduced a representation of infinite Coxeter
group with two generators associated to fundamental fields of H; given by
explicit maps on Hj. (Incidentally that is the same Coxeter group as the one
of the Backlund transformations associated to the Painleve II, [25].) While
in more general case explicit formulas for reflection maps may be difficult
to obtain, in a class of so called Kolmogorov-type and H-type groups ([6])
it is an easy matter to get. Thus one gets in this case a solution of the set of
differential problem (*) and a representation of a Coxeter group. One may
hope that the (*) problem can be solved for any set of generating fields as-
sociated to a free nilpotent Lie algebra in Euclidean space, [21]. Conversely,
given any Coxeter group, one can find a set of maps on a Euclidean space
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representing this group and for which (*) is satisfied for a suitable set of
fields (generating some free nilpotent Lie group).

In case of manifolds there exist a geometric notion of reflection, see e.g. [2],
which could be complemented in a natural way by using (*) for a funda-
mental set of fields.

In the bulk of the paper we have developed the basis of a calculus nec-
essary for interesting initial analysis of the heat kernel. But the emerging
structures are likely to lead to other natural destinations as for example
theory of special functions, non-commutative geometry (involving number
of noncommuting boundary operators),..., and physics, which we hope to
explore elsewhere.

Acknowledgements. — The author would like to thank Dominique
Bakry and Waldemar Hebisch for discussions and enthusiasm.

Appendix I
Proof of reflection property.— One has

X(foox)

(aa: + Qayaz)<f(—$73/a z— 4axy))
= _(axf) C0x — 4ay(azf) cox + 2ay(azf) C0Xx
= —(0:f +2ay0.f)oox = —(Xf)oox

and
Y(f ° JY) = (3?4 - QGCCaZ)(f(ZL', _ya z + 4axy))
= —(0yf) ooy +4ax(0,f) o oy + —2ax(0.f) ooy
= —(0yf —2az0,f) ooy = —(Y f)ooy
|

Proof of Lemma 3.1.— We show the relations
[Ax, D] = Ax, [Ay, D] = Ay.

To show the first relation, we note that D = x X +yY 4227 and we compute

AxDf — DAxf = ﬁw_wf—f%
_ HD(fOJX);(Df)oUX s
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with
D(foox)—(Df)oox _ xzX(foox)—(zXf)oox

T x
WY o0x) ¥ ) o0x
x
+2zZ(f oox)—(2:Zf)oox

x

Now we have

xX(foox) = x(0y + 2ay0,)(f(—z,y, z — dazxy))

—#(0yf) 0 ox — dazy(0.f) o ox + 22ay (9. f) o ox
= —x(0,f) oox — 2axy(0,f) cox

= —x(Xf)oox =(xXf)oox

and so
2X(foox) = (@Xf)oox
T

=0

Moreover

yY (foox) = y(0y — 2ax0.)(f(—x,y,z — 4ary))
= y(0yf) o ox —4azxy(0.f) o ox — y2ax(d.f) o ox
= y(ayf) 00X — 6a$y(82f) C0Xx
= y(Yf)oox —8axy(d.f)oox
and thus

yYfoox) = (yYf)oox
T

= —8ay(0;f) oox
Finally we have
2Z(foox) = (:2f) 0 ox + dawy(d.f) 0 ox

and hence
22Z(foox)—(2z2Zf)oox

T

= 8ay(azf) o0x
Combining these all we obtain

D(foox) = (Df)oox

=0

which ends the proof of for Ax. The case of Ay is similar. O
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Appendix IT

Using homogeneity properties of our theory, we can also show the fol-
lowing bound.

PROPOSITION 7.1. — For any function ¢ = x(2?) defined with a nonin-
creasing real function x and any e € (0,00), at the origin w = 0 we have

sup/hteg%du < 00 (7.1)
>0

Proof. — We recall that
[£,D]=2L
and therefore one has the following relation
P.Df =DP,f+2tP,Lf

(with the first term on the right hand side vanishing at w = 0). Now we do
the following calculation at w = 0, with a function ¢ = x(2?) defined with
a nonincreasing real function y and any ¢ € (0, c0)

at/htGS%dV = /htLGE%dI/* %/ht deszTc)dV
:—/htDe ‘dV——/ht zCe t dl/
) /ht< X (2%)ef )du

We conclude noting that the right hand side is nonpositive for nonincreasing
function . |

Remark. — In case when the kernel is group covariant, we get a similar
bound at any point w.

PROPOSITION 7.2. — Let ¢, = 5‘5—2 x( ~2) defined with t € (0, oo) a ho-

mogeneous almost everywhere differentiable distance d* = r* + az?, where
a,e € (0,00)) and 0 < x < 1 being a Lipschitz function, which is equal to
one on an interval [0, K| and zero on [K + 1,00] for some K € (0,00). At
w =0 we have

d
o / hieVtdy < 0 (7.2)
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Proof. — We have
6tPt8wt = Ptﬁewt + Ptatwted“

Since at w = 0 we have )
PLf = ftPth’

so we get
1
0, Pyt = P, ((—QtDeW + atwt> ew‘)

Now using the fact that

d? d? 2 (&

and, since Dd? = 2J2,

d? 2\ &, [
st 2] 50)

we conclude that )
—D Oy =0
o Y + Opty
Hence at w = 0 we obtain
0tPtew‘ =0
O

Appendix III: Representation of Coxeter Group and CCRs

In the text we did not get much into algebraic properties of the T-theory.
It is however worth to mention that it offers interesting realisation of CCR
with different coefficient on symmetric and antisymmetric subspaces. More
precisely on the linear span of the following generalised linear functions

z

z
177ya7]517+@£5y*%

we have a representation of the Coxeter group determined by the following
relations

roox =—x yoox =y noox=n—4z (oox =—(
rooy =x Yooy =—y mooy =-1n ooy =(—4y
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and the following commutation relations

Tx,z]f = (142K)fs x + (1 = 2k) fa,x

f

f=-0my o Qd2R) e o

F=2(1+28)fo x +2(1 - 2) fa x
TY>C]f = (1 + QK)fs,Y + 2(1 - 2H)fa,Y

/

/

1—2r) fsy + %JC@,Y

where f;. = %(f + foo.)and f,. = %(f — foo.). The interesting thing is
that on symmetric and antisymmetric subspaces the constants in CCRs are

1

different. (There are also some interesting critical points kK = +=.)
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