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Essential self-adjointness for combinatorial
Schrodinger operators I1I- Magnetic fields

YVES CoLIN DE VERDIERE(!) | NABILA TORKI-HAMZA(?) |
FRANCOISE TrUC(®)

ABSTRACT. — We define the magnetic Schrédinger operator on an infinite
graph by the data of a magnetic field, some weights on vertices and some
weights on edges. We discuss essential self-adjointness of this operator for
graphs of bounded degree. The main result is a discrete version of a result
of two authors of the present paper.

RESUME. — On définit opérateur de Schrédinger avec champ magnétique
sur un graphe infini par la donnée d’un champ magnétique, de poids sur les
sommets et de poids sur les arétes. Lorsque le graphe est de degré borné,
on étudie le caractere essentiellement auto-adjoint d’un tel opérateur. Le
résultat principal est une version discréte d’un résultat de deux des auteurs
du présent article.

1. Introduction

In this work, we investigate essential self-adjointness for magnetic Schro-
dinger operators on an infinite weighted graph G = (V| E) of bounded de-
gree. It is a continuation of [18] and [7], where the same problem was studied
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in the non magnetic case, for metrically complete graphs [18] as well as non
complete ones [7]. The main result is a discrete version of the result in [6].

In the former paper [7], we proved essential self-adjointness for the
Schrodinger operator A, . + W, provided a growth condition on the po-
tential W, namely W > N/2D? where D is the distance to the metric
boundary of the graph and N its maximal degree. The operator A, . is
defined, for any weights w: V' — R} and c¢: E — R*, by:

Buel) (@)= =5 3 oy (0) = F ().

T oy

for any f € Co(V) (finite supported function) and any vertex x € V.

We will extend this result to the case of magnetic graph Laplacians. To
do this, we establish a lower bound for the magnetic Dirichlet integral, in
terms of an effective potential depending on the magnetic field (and not
depending on the magnetic potential) and follow the method described in
[7]. The precise setup of the result is described in the next section.

2. Magnetic fields on graphs

Discrete magnetic Schrodinger operators were already introduced by sev-
eral authors, see [10, 3, 5, 20, 11, 12].

2.1. Magnetic Schrodinger operators

Let G = (V, E) be a locally finite connected graph. We will denote by
{z,y} € E an edge and by [z, y] and [y, x] the two orientations of this edge.
We equip G with

(i) a set of non zero compler weights on oriented edges: Cyy € C\ 0 for
{z,y} € E with Cy, = Cyy. We write Cpy = cgye'®v with ¢y =
|Cyyl|- We have cgyy = cyp and agy = —ay,. The set A = (ayy) is
called a magnetic potential on G.

(ii) a set of strictly positive weights on the vertices: wy, © € V.

The space of complex valued functions on the graph G is denoted here
by
CV)y={f:V—C}

and Cy(V) is the subspace of C(V') of functions with finite support.
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We consider the Hilbert space

BWV)={feCV); Y _ w2 If()f? < o0}

equipped with the Hermitian inner product given by

(fr9)e =Y wif(x)g(a).

eV

Let us consider the Hermitian form

Qealf) = D ecxylf(@) = f(y),

{z.y}eE

where we take only one term for each (unoriented) edge (the contribution
is the same for both choices of orientations [z, y] and [y, z].)

The associated magnetic Schrodinger operator H,, . 4 is given formally
by

<Hw,c,Af7 f>lf) = QC’A(f)‘
We get easily

Hoea @) = 2 3 en (@) — 0 (3]

x Yy~ T

This operator H,, . 4 is Hermitian symmetric on Co(V') with the Hermi-
tian product induced by (.,.);2 on i2(V).

2.2. Gauge transforms

DEFINITION 2.1. — Let us consider a sequence of complex numbers (uz)zcv
with |ug| = 1 and write u, = €*°=. The associated gauge transform U is the
unitary map on [2(V) defined by

(U)(@) = ua f().
The map U acts on the quadratic forms Q. a by
U*(QC,A)(f) = QC,A(Uf)'

Let us define the magnetic potential U*(A) by U*(Qc,a) = Qcu+(ay- The
associated magnetic Schrodinger operator is H,, .+ (a)-
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More explicitly, we get:
U (A)zy = gy + 0y — 04

Let us denote by C1(G) the Z-module generated by the oriented edges with
the relation [z,y] = —[y, ], and by O the boundary operator

@) %o, z)

so that O([z,y]) = 0, — 0, where, for z € V, 6, € C(V,Z) is defined by
0.(z) =1and §,(2) =0if 2/ # z. We will denote, for any v € C1(G), v =
Yeep(e)e.

The space of cycles, denoted by Z;(G), is the kernel of the boundary
operator. If G is connected and finite, it is a known fact (see [1], part 1,
chapter 4) that Z;(G) is a free Z—module, of rank #F — #V + 1, with a
basis of geometric cycles v = [zo, z1] + [21,x2] + - -+ + [@n—1, T,] With, for
i=0,---,n—1,{z;,zi41} € E, and z,, = xo.

We will construct a basis of cycles for any graph G.

Zorn’s Lemma allows to show the existence of a maximal tree T" of G.
We have V(T') = V(G) and we denote E’ the set of all edges of G which
are not edges of T. We choose an orientation for each edge of E’. For any
(oriented) edge [z,y] € E’, there exists a unique simple path j3,, in the tree
T linking y to x. So 4y = [x,y] + Bys is a geometric cycle of G.

Let v € Z1(@G), we set: v/ = v — Z v(€)¥e, where we denote Ve = gy,
ecyNE’

if e = [z,y] is an oriented edge which is in E’ and included in the cycle

~. Then +/ is a cycle of G with support in T. So it vanishes and we have:

v=Y_ e

ecyNE’

We have proved the following Lemma:

LEMMA 2.2. — Let T a maximal tree of G. To each oriented edge [z,y]
of G, if {z,y} is not an edge of T, we associate a unique cycle g, of the
graph G including [x,y]. The set of all such cycles is a basis of Z1(QG).

DEFINITION 2.3. — Let us define the holonomy map:
Hola : Z1(G) — R/27Z
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by
Hola([xo, z1] + [z1, Z2] + -+ + [®n—1,T0]) = Qwgzy; + -+ + Az 120
PROPOSITION 2.4. — With the notations above we have:
(i) The map A — Holy is surjective onto Homy(Z1(G),R/27Z).

(ii) Hola, = Hola, if and only if there exists a gauge transform U so that
U*(As) = A;.

Proof. — For (i), let hol € Homy,(Z,(G),R/27Z) and let T a maximal
tree. We choose A = (ayy) such that agy = hol(ygy) if {z,y} € E' and
Qgy = 0if {z,y} € E(T), see Lemma 2.2.

Then we have hol = Hol 4.

For (ii), it suffices to prove that, if Hol4 = 0, then there exists a gauge
transform U so that U*(A) = 0.

We must find a sequence (o) satisfying the equality o, = o,y + oy, for
any edge {z,y}.

We fix ¢y € V, set 0, = 0. If z € V \ {zo}, there exists a path
T, L1y eeey Tn—1,Tyn = & connecting zog to z, and we set o, = gy, , +
weee F+ Qpyz, + Qgyz,- This doesn’t depend on the path from zg to z, since
Hol () = 0 for any cycle . O

In the case of finite planar graphs, the assertions (i) and (ii) are similar
to respectively Lemma 2.2 and Lemma 2.1 in [10].

DEFINITION 2.5. — A magnetic field B on the graph G is given by an
holonomy map

hol € Homy(Z1(G),R/27Z).

If B is associated to the magnetic potential A, we write B = dA and we
have

hol = Hol 4.
Remark 2.6. — The magnetic Schrodinger operator H,, ¢ 4 is uniquely
defined, up to unitary conjugation, by the data of the magnetic field B, the

weights (Czy){z,y}er and the weights (wy)zev -
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2.3. Norms of magnetic fields

DEFINITION 2.7. — If G = (V,E) is a finite connected graph with a
magnetic field B, we define the norm |B| of B as the lowest eigenvalue of
Hiq4 onl3(V) with w =1, for any A with dA = B.

LEMMA 2.8. — We have |B| = 0 if and only if Holy = 0.

Proof. — 1If Holy = 0, Hi 1 4 is unitarily equivalent to H; 1,0 whose
lowest eigenvalue is 0 with constant eigenfunctions.

Conversely, let f # 0 with Hy11,4f = 0 and hence Q1,4(f) = 0. This
implies that all terms in the expression of Q1 a(f) vanish: for any edge

{z,y} we have f(x) = e’ f(y).
If v = [xo, x1] + [x1, 2] + - - - + [Tn—1, To] is a cycle, we have in particular
f(xn) _ 61(11”3%,1 f(frn—l) .= efiHolA(v)f(IO) )

Hence
e—iHOlA(’y) — 1

O

LEMMA 2.9. — Let G =Z/NZ be the cyclic graph with N wvertices, 2 be
the holonomy of v = [0,1] + [1,2] +--- [N — 1,0] and ¢ = infc7 | — 27k|.

If B denotes the magnetic field such that B(vy) = Q we have
|B| = [1— /N2
In particular, the mazimal value
B = [1 - /NP2
is obtained for B = .

Proof. — We can choose A so that

N—-1
Qua(f) =D If() =N fl@+ 1)
x=0

The eigenvectors are the N complex functions on V:
fg LT — §x
where £V = 1. We have || f¢|%Z = N and

Qua(fe) = N1 — g™V 2.
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2.4. Lower bounds using an effective potential
DEFINITION 2.10. — Let m € N. A good covering of degree m of G =

(V, E) is a family G, = (V}, E}) with | € L of finite connected sub-graphs of
G so that

(i) V=UeLV,
(ii) for any {z,y} € E,
O<#{leL|{z,y} e E}<m
Example 2.11. — Let G the 1-skeleton of a triangulation of the plane R2.
Then the set of all the triangles of this triangulation is a good covering of

degree 2.

Remark 2.12. — A graph G of bounded degree admits good coverings
given by the following proposition:

PROPOSITION 2.13. — Let G = (V, E) be a graph of bounded degree N.
Fork>1andx €V, let

Gk ={y eV, d(z,y) <k}

The family (G*),ev is a good covering of degree m = N(Agv—m of the
graph G.

The main estimate is given by the following Theorem:

THEOREM 2.14. — Let (G))er, a good covering of degree m of G.
Then for any f € Cy(V),

QCA ZW wlf |

zeV
with the effective potential
1
ST Z |Bil | inf cy. (2.1)
" {leL|zeV;} {y,2}€E,

where |B| is the norm of the restriction of B to Gj.
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Proof. — From the definition of Q. 4 and m, we have
1 e
Qealf) 2 EZ D cylfl@) = )
leL {z,y}€E,;
Using the definition of | B;|, we get
1
Qealf) > — < inf CZ>B W2 f(z)|?
12 230 (5L 00 ) 180 | T el

which gives the lower bound. ]

3. Magnetic confinement

We want to find a criterion similar to the main result of [6] which says
that if (¢,|B]|) grows fast enough near infinity, then H, . p is essentially
self-adjoint on Cy(V'). We will use Theorem 4.3 of [7] which gives the case
where B = 0.

Let us define the weighted distance d, given in terms of the weights w
and c as follows:

dy(z,y) = inf L,(v)

Y€,y
where I'; , is the set of the paths v : x1 = z,29,---, 2, = y from z to y.
The length L,(7y) is computed as the sum of the p-weights on the edges of
the path ~:
LP(’Y) = Z Pxixiiq
1<i<n—1
where

: /
o = min(w,,w’)

Czz!

for any vertices z, 2 € V.

Define also the distance D(z) (< oo) from a vertex x to the boundary
Vs by:

D) = inf dy(a,2)

(see [7] pages 23 and 26.)

THEOREM 3.1. — Let G a graph with mazimal degree N and let (G))er,
a good covering of degree m of G. If there exists M so that
N
W(x) 2> —— — M,
@)= 350
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where W is the effective potential defined in (2.1), then H,, . p is essentially
self-adjoint.

Remark 8.2. — Theorem 3.1 holds in particular if (G,d)) is a complete
metric space.

Proof. — The proof follows the steps of the proof of Theorem 4.2 in [7].
O

In particular we use the following Agmon estimate (see Lemma 4.2 in

[7)-

LEMMA 3.3. — Let v be a weak solution of Hv = 0, and let f = f €
Co(V) a real function with finite support in V. Then

(fo,H(fv)) = % YD R@)o(y)Coal(f(2) = f())? (3.2)

zeV y~z

Proof. — We denote here H = H,, . B.
The proof is a simple computation:

(fo H(fv) = > fla)(@) (Z Caylf (2)0(x) — e f(y)u(y)]

Il
=
&

<
—~

&
~
N
$
<
=

&
~

|
K.ﬁ
—~
s
=
—~
s

N———

where we used the fact that Hv = 0.
An edge {x,y} contributes to the first sum twice. So the total contribution
is

f(@)o(z) Coy(f(x) = f(y))0(y) = f(y)o(y)Coy (f (x) = fy))v(2)

SO

(fo. H(fo)) = Y [f(@) = F@f(@)v(@)Chatly) = f(y)o(y)Cay(@)]

{z.y}eE

Noticing that the quantity is real, we take the mean value of the expression
and of its conjugate then we get the result. O
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From Lemma 3.3 we derive the following Theorem.

THEOREM 3.4. — Let v be a solution of (H — A)v = 0. Assume that v
belongs to 12(V) and that there exists a constant ¢ > 0 such that, for all
u e C()(V),

(u, (H = Nu);z > Z max ( 1) w2 |u(x)]® + cHu||l25, (3.3)

then v = 0.

Proof. — We refer to the proof of Theorem 4.1 in [7], since the fact that
we use complex functions does not make any change in it. (I

Then Theorem 3.1 follows from Theorems 2.14 and 3.4 since we have for
any u € Co(V) :
(u, Hu), Z W (z)w?|u(zx)|?,
zeV
SO

(s (= A = 5 3 rmgetlu@) > 3 =+ Ml

w 2
zeV zeV

4. Examples

The simplest example where we can make estimates is the “infinite lad-
der”, see [10]. That is the graph G = (V, E) where the set of vertices V
is the Cartesian product V = N x {—1,1} equipped with the “horizontal”
edges {(l,¢),(I + 1,e)} with I = 0,1,2--- and € = £1 and the “vertical”
edges {(I,—1),(l,4+1)} with 1 =0,1,2,---. We will use the “square” cycles

v =[(1,1), I+1, D]+[(+1, 1), (+1, =D)]+[(I+1, =1), (I, =1)]+[(, 1), (I, 1)],

for1 =0,1,2,---, as a basis of the space of cycles. We consider for any [ the
set F; of non oriented edges of ;. Let b; be the holonomy of B in the cycle
1. We will take B so that the value of |B.,| is 2 — v/2, which is the maximal
one by Lemma 2.9.

Using the good covering of G by the cycles ~;, we get m = 2 and the

effective potential
V2
W((l,e)=(1-— inf ¢y
() ( 2 ) e dien
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We will take

Cle)(i+1,6) = Cl,—1)(1,+1) = Cr and w( o) = w; .

If C; is increasing, we get

W((l,e)) = (1 - ?) .

Let us assume that w; is decreasing, we get

g

m—+1

w oo
D(le)(41,6) = % and D((l,€)) = Z

5

m=l

We take now C; = [* with a > 0 and w; = [~° with b > 0. The graph is not
complete for the distance d, if b+ a/2 > 1. In this case, we have

D((l,€)) ~ 11072792 and W((l,e)) ~ ol

The assumption of Theorem 3.1 is satisfied if b < 1. Thus we get essential
self-adjointness for the operator H,, ., in the case 0 < b < 1 and b+a/2 > 1,
and also in the complete case (see Remark 3.2), when b+ a/2 < 1.

If we take now the weighted distance d, with pq oyi41,c) = % , then the

operator H, .o is not essentially self-adjoint when @ > 2 and b > 1/2, by
Theorem 3.1 in [7].

5. Questions
The following questions are unsolved at the moment:

1. If H, . is essentially self-adjoint, does it imply that H,, . p is essen-
tially self-adjoint for any B? Does it hold in the continuous case?

2. What would be a correct statement for a locally finite graph with
unbounded degree (even if B = 0)?

3. In the case where the completion of (G, d)) is compact and under the
assumption of Theorem 2.14, H,, . p has a compact resolvent. What
is the asymptotic behavior of the eigenvalues? The continuous case
is worked out in [4].
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