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Valiron-Titchmarsh Theorem for Subharmonic
Functions in R"” With Masses on a Half-Line

ALEXANDER I. KHEYFITS()

ABSTRACT. — The Valiron-Titchmarsh theorem on asymptotic behav-
ior of entire functions with negative zeros is extended to subharmonic
functions in R™, n 2> 3, having the Riesz masses on a ray.

RESUME. — Le théoréme de Valiron-Titchmarsh sur le comportement
asymptotique des fonctions entiéres avec des zéros négatifs est étendu
aux fonctions sous-harmoniques dans R™, n > 3, ayant les masses de
Riesz sur un rayon.

1. Introduction and Statement of Results

In 1913, Georges Valiron published his well-known memoir [24] in An-
nales de la faculté des sciences de Toulouse, which became his dissertation
the next year. A century later, this work is still regularly cited. The well-
known result of [24] is the sequel Tauberian theorem about entire functions
with roots on a half-line. An elegant succinct account of the current research
about this class of functions has been recently given by Drasin [11].
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THEOREM (Valiron! [24, p. 237]).— Let f(2),z = re'?, be an entire
function of non-integer order p and finite type with negative zeros, and n(t)
be the counting function of its zeros, that is, the number of the zeros of f
in the closed disk {|z| < t}.

If there exists the limit over the positive ray
TA

li 1 = 1.1
o og f(r) sinp’ 1)

where A is a constant, then there exists the limit

im P _
tlggot n(t) = A. (1.2)

The positivity of the counting function is the Tauberian condition of the
theorem.

The Valiron theorem was later independently proved by Titchmarsh [23],
thus it is often referred to as the Valiron-Titchmarsh theorem on entire func-
tions with negative zeros; its current exposition can be found, for example, in
[19, Lect. 12-13]. The result was extended to holomorphic and subharmonic
functions in R? with associated masses on several rays or on logarithmic
spirales, and to functions with many-term asymptotics, see [2, 5, 16, 17]
and the references therein. The Abelian converse of the theorem, that is,
the implication (1.2) = (1.1) for subharmonic functions with many-term
asymptotics and with masses on one ray in R™, n > 3, was considered by
Agranovich [1].

Delange [10] proved that the positive x—axis in (1.1) can be replaced by
any ray z = re*® subject to the restriction

2k+1
2p
This restriction does not appear in the original Valiron theorem, where limit

(1.1) is taken over the positive z—axis. The phenomenon was later consid-
ered in [16] and studied in detail by Azarin [4].

¢ F

7w with an integer k, —p —1/2 <k < p—1/2. (1.3)

In this paper we extend the Valiron-Titchmarsh theorem to subharmonic
functions with masses on a ray in R”, n > 3. We use the approach based
on the General Tauberian Theorem by Wiener [20, Chap. V]. It invokes

(1) In fact, Valiron proved the theorem for the entire functions of proximate order and
so-called directed products.
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Valiron-Titchmarsh Theorem for Subharmonic Functions in R™

an integral representation of the indicators of the subharmonic functions
under consideration through the associated Legendre functions P#(cos) of
the first kind. To derive this, likely new representation, we compute in the
Appendix the Mellin integral transform of the Weierstrass canonical kernel
and of the Riesz kernel |z — y|~*. In this section we fix notation, following
[14] and [12], and state our results. The proofs are given in section 2.

Introduce in R" = {z = (x1,...,2,)} spherical coordinates z = (r,6),

r=|z|, 0 = (01,...,0,_1), such that x; = rcosf;. Here 0 < 6; < 7 and

< 0 < 27 for k = 2,3,...,n — 1. The ball of radius t centered at the
origin of R” is denoted as By, B, being its closure.

Let u(x) be a subharmonic function of finite non-integer order p in
R™, n > 3, such that its Riesz associated measure p is supported by the
negative x;—axis, and let

n(t) = 2" u(By)

be the counting function of the measure p. By the Hadamard representation
theorem [14, Sect. 4.2.2]

u(r) = [ Kylwy)u(s) + Q) (149

Here K, is the Weierstrass canonical kernel,

g j n—2
Ky(z,y) = —(r? + t* = 2trcos )~ 7 e ”Z(ZijT(cosw),

j=0 t

the integral in (1.4) is convergent uniformly on any compact set and abso-
lutely at the vicinity of infinity, @) is a harmonic polynomial of degree at
most ¢, ¢ = E(p) being the integer part of p, 0 < g < p < g+ 1. Also, let
t = |y|, ¥ = (x,y) be the angle between vectors = and y, and G;n_z)m(cos )
the Gegenbauer polynomials given by the generating function

(1 —2tcost) 4+ t*)~ —ZG cosz/J

Since we are interested in the asymptotic properties of u, which are not
affected by the polynomial @), we assume hereafter that Q = 0. Due to the
same reason, we suppose, without loss of generality, that the closed unit ball
B is free of the Riesz masses of w, thus n(t)=0for 0 <t < 1.

For a vector y = (t,0) with #; = 7, all the other angular coordinates
are undefined, and we represent such a vector as y = (¢,7). If a measure
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u is distributed over the negative x;—axis, the angle between the vectors
x = (r,01,...,0,_1) with the latitude 6y, and y = (¢,7) in representation
(14) is v = — 0y for any 65, ...,0,,_1, and integral (1.4) becomes

u(z) = /000 Ky(z, (t,m))d (t”_zn(t)) .

Moreover, due to our assumptions, this integral can be transformed (see [12,
Eg-ns (9) and (11)]) as

u(z) = /0 Ty, (%,91,q) d (" 2n(t)) , (1.5)

where the kernel is

2-n g . n—2
hn(s,01,q) = — (1 +2scosy +5%) 2 + (=8)'G;* (cosbh).
=0

J

Remark 1.1. — It is worth mentioning that in the case under consider-
ation the kernel hy(s,01,q) and the integral in formula (1.5) depend only
on the angle 6, but not upon the other angular coordinates s, ..., 8,1 of
the point .

Before stating our results, we formulate an Abelian proposition, which
is a converse of Valiron’s theorem above; its proof is straightforward.

If there exists the limit (1.2), then there exist the limits

A
lim r~"log f(re'?) = T2 b
r—00 s 7mwpP

for any 0 € (—m, ), uniformly in any sector —r+6 << 7—0,0<d <,
therefore, f is a function of the completely regular growth in the plane.

Now we state the Abelian result regarding the subharmonic functions
given by (1.5).

PROPOSITION 1.2. — Let u be a subharmonic function in R™, n > 3, of
non-integer order p and finite type, whose Riesz masses are distributed over
the negative x1—axis. If there exists the limit

lim t77n(t) = A, (1.6)

t—o00
then for any x = (r,0), with 0 < 6, < m, there exists the limit
limr~Pu(z) = H(0) = H(6,). (1.7)
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This limit, that is, the indicator function of the subharmonic function wu, is
given by

Moreover, the indicator can be expressed through the associated Legendre
spherical functions of the first kind
P*(cosbq)
on the cut —1 < & =cosby <1 [6, Chap. 3], as
n=3 — n—2
2 (ot _ + k) A _3-n
HO)) = m2 7 D% ) [z (P nL P, (cosh).
(n —3)!'sin(mp) (sinfy) = Pm

of the Legendre functions, [6, Sect.

Using the known property, P* = P"

v v—1’

3.3.1(1)], the latter can be rewritten as

2,1,731_‘ n—1 n—2 kA 3—n
727z ("5 ) [[=1(p + k) 7 3(00591) (1.9)

(n — 3)!'sin(mp) (sin 91)%3 o

Equation (1.8) holds good for 81 = 7 as well, since in this case both its sides
are equal to —oo.

H(0:) =

The fact that (1.6) implies (1.7) is not new, it was established by Azarin
[3] as early as in 1961, together with an integral representation of the indi-
cator of subharmonic functions in R”, n > 3, in terms of the fundamental
solutions of the Legendre differential equation

1=+ (= 1) (5 =€) 0+ o4 0 - Dte) =0,

The occurrence of the associated Legendre functions in problems like ours
was mentioned in [14, p. 160], without explicit formulas though.

A new feature of our result is the explicit representation (1.9) of the indi-
cator in terms of the associated Legendre functions of the first kind, leading
to a precise description of the zero sets of the indicators of subharmonic
functions at question. We need this description to apply Wiener’s tauberian
theorem.

The zeros of the spherical functions have been carefully studied. It is
known in particular, that if v is not real, then P¥(cos ) is never zero [15,
p. 403], while for any real g and v the equation P¥(cos) = 0 has only
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finitely many roots. In our case gy = (3—n)/2 and v = p+ (n — 3)/2, hence
the function

F(B) = PSS 1y (cos B)

has finitely many real zeros on (0, ).

More precisely [15, p. 386-388], the equation f(3) = 0 has F(p+1) = ¢+1
zeros in the interval (0, 7), where E(x) is the integer part of x. In particular,
if 0 < p < 1, then for any dimension n there is only one root, which was
observed in [14, p.161]. For instance [8], if n = 3 and p ~ 0.5, then the only
root 81 = 0.77; if n =5 and p =~ 0.5, then the unique root 8y ~ 0.67.

Let ©,(p) = {7, ..., By} stand for the set of the roots of the equation
f(B) = 0. Similarly to condition (1.3), our results include the restriction
¢ &€ 0,(p). Now we state the Tauberian counterpart of Proposition 1.

THEOREM 1.3. — Let u be a subharmonic function in R™, n > 3, of
non-integer order p and finite type, whose Riesz masses are distributed over
the negative x1—axis. Let ¢, 0 < ¢ < m, be an angle between a vector x € R™
and the positive x1—axis. If ¢ € O,(p) and the limit

limr~Pu(z) = H(p) (1.10)
exists, then there exists the limit

lim t~"n(t) = M(g;0)H(¢)

t—o0

where
2(n=3)/2D((n — 2) /2) sin(rp) (sin )" /2

P n— 3— 2
w32 T2y (p+ k)PS5 o (cos )

M(g70) =

and therefore, by Proposition 1, there exist the limits for any 01, 0 < 61 <,
limr~Pu(z) = H®) = H(01), v = (r,61,...,0,_1),

with

| nma p(3-m)2
sm(b) : PP+(n73)/2(C0801)H(¢)- 1)

(o) = ( 5
(83—=n)/2
sin 6, Pp+(n—3)/2 (COS (;5)
If ¢ € ©,,(p), the conclusion fails as an example below shows.
Remark 1.4. — If n = 2, then there exists an entire function, whose

indicator vanishes on finitely many rays, and the function has the completely
regular growth on these and only these rays [18, p. 161].
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Remark 1.5. — If n = 2, the Weierstrass canonical kernel is different
from that in (1.4), therefore in this case our proof is invalid. Nonetheless, if
n = 2, we have [6]

p/? (cosa) = y/2/(msina) cos(pa), 0 < a <,

—p—1/2

thus in this case formula (1.9) becomes the known one, [16, Theor. 17],

H(0,) = i{iﬁ; cos pb.

2. Proofs

Proof of Proposition 1.2.— By condition (1.2), n(t) = At? +tPe(t), with
lim; o0 £(t) = 0, thus
u(z) = u(x) + ug(x),

where

U1 (:L‘) = /0 Kq(xa (tvﬂ))d (tn_ Atp)
_ n— - PR3 (. (t, 7
= (p—|— Q)A/O t Kq( ,(t, ))dt

and us = u — uq.

Due to (1.5),

w(@) = (p+n-2A [0, (7.60,0) d
0 t

=(p+n—-2)A (/ s h, (s,01,q) ds) rP.
0

To get from here (1.7), we have to estimate the second term us.

The latter is a subharmonic function of the non-integer order p. We need
the known bound of the kernel h,, see for example, [12],

‘hn(u, 0, q)‘ < Cmin (uf;u) (2.1)
for all u > 0 with a constant C' depending only on n and q.

Since the associated measure of us has the minimal type with respect
to the non-integer p, the estimates in [21, Chap. 2] or [14, Chap. 4] imply
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that the function wus itself has zero type with respect to p, thus proving
(1.7)-(1.8).

Equation (1.9) for 6; # 7 follows from (1.8) and Corollary 1 in Ap-
pendix A.

To verify (1.9) when 6; = m, we notice that in this case the integral in
(1.8) is divergent to —oo. On the other hand, by making use of the known
asymptotic formulas for the associated Legendre function [6, Sect. 3.9.1],
we straightforwardly find that as 6; 1 ,

-2 (3)’a 1
H(01) ~ - 2(n — 4)! (cos(@r 23 >

for n > 4, and
H(01) = (p+1)A[2log(cos(01/2)) + v + 2¢(—p) — 7w cot(mp)] “\ —o0

if n = 3. Here 7 is the Euler-Mascheroni constant and ¢ the logarithmic
derivative of the I'—function. O

Before proving Theorem 1, we formulate the following variant of the
General Tauberian Theorem of Wiener [13, Sect. 12.8, Theor. 233].

THEOREM W.— Let a function g € L(0,00) be such that

/ (Bt dt # 0
0
for all real x. Let a bounded real function f be slowly decaying, that is,

as y > x and £ — 1. If there exists the limit

1 [t o
zlggog/o g (;) f(t)dtZZ/0 g(t)dt,

then there exists the limit
lim f(z) =1

T—r 00

with the same constant .

Remark 2.1. — A proof of the Valiron-Titchmarsh theorem for analytic
functions in R? can be based on Montel’s theorem [18, p. 464-465], however,
Montel’s theorem is not valid for subharmonic functions [9].
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Proof of Theorem 1.3.— We again represent u(x) by (1.5) and transform
it into the equation

R GRS

da(t) =t7"7Pd (" *n(t)).
Set in (2.2) 61 = ¢ from (1.10). Denote also f(t) = ta(t),

)
g(t) =t""ha(1/t, ¢, 9),
and the integral in (2.2) as J(r). Integrating J(r) by parts, we get

n=1 [Tr0ige(f)

since the integrated term vanishes due to (2.1). We have

where

ty 1 [
1) = S =3 [ mras =)
tt),
For a subharmonic function u of order p and finite type, its counting function
n(t) is non-decreasing and satisfies n(t) < CtP. Therefore, after integrating
f(t) by parts, we get

f(t) = @ O 71_73”/0 ) g, (2.3)

tP 4 tP

Since
n(y) _n(@) _ nly) —nx)  n) (1 B (y)")
yp xP xP y/’ €T ’
the integrated term in (2.3) is a slowly decaying function. The same is valid
for the integral in (2.3), since

Yy z Y x
L[ g L L (2 )L [,
YyJo s° T Jg 8° YJo 5P Y xJg P

oL A |l IR
y y

as x — oo and y/x — 1.

To apply Theorem W, we write the integral J(r) as

J(r) = % /0 h (—ua% (u))

- 167 -
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and we have to show that the Mellin transformation of the kernel in (2.2)
has no real zeros. Therefore, we are to show that the integral

. — Oo 2 - _ > 2 11—
M(g;v) = /0 uaug(u)u du = /0 8ug(u)u du, (2.4)

as a function of v, has no real zeros. Integrating (2.4) by parts, we again
notice that the integrated term vanishes, and we have

M(g;v) = (1 —w) /Ooog(u)u“’du.

We remind that g(u) = u?~th,(1/u, ¢,q), thus we consider the integral

M(hp;v) = (1 - w)/ ufh, (l,gb,q) u "du
0 (3

=(1- w)/ o (u, 0o, Q)u™ P~ du,
0

and by virtue of Proposition 2 in the Appendix, equations (A.2)-(A.4) with
s = —p—1w, we express M (hy;v) through the associated Legendre functions
of the first kind

3—n

Pz . (cosd).

—p—1v

As we have stated above, the latter has no complex roots; while if v = 0,
it has E(p + 1) zeros, which are excluded by the condition ¢ ¢ ©,(p), thus

n—3 _ n—2
2 NG 1 kK)A 3-n
7T 2 ( 2 ) k=1 (p+ ) P 3 o (COS ¢)

(n — 3)!'sin(mp) (sin (b)"T_?’ —p—nsl

After some simple algebra we derive from here equation (1.9).

To show that the restriction ¢ & ©,,(p) is essential, we consider, in the
simplest case n = 3 and 0 < p < 1, the function

uop(x) = r” 4+ r” sinloglog r P,(cos 6),
where as usual, P, = Pg. We straightforwardly verify that the Laplacian
Aug(x)

coslog log r
log r

:rp_Q{P(P+1)+(2P+1) PP(00591)+O(log12r>}'
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It is known [6, Sect.3.9.2 (15)] that P,(z) ~ Si“% log 42 as  — —1, thus
Aug(z) = 0 for r > rg uniformly in 6. Whence, the function ug is subhar-
monic in R? outside of a fixed ball B(rg) if ry is large enough. Moreover,
if ¢ € O3(p), then limits (1.8) do not exist since ug is oscillating. On the
other hand, for ¢ € ©3(p), limit (1.10) does exist since P,(cos ¢) = 0. O

Appendix

A. Mellin Transform of the Riesz Kernel

The associated Legendre functions of the first kind P¥(z) are particular
solutions of the Legendre differential equation [6, Chap. 3]

(1-2°)"(2) = 229 + [v(v + 1) — p*(1 = 2*) ']y =0,

where p and v are, in general, complex parameters; P#(£) stands for these
functions on the cut —1 < £ < 1 [6, Sect. 3.4]. In many instances the Leg-
endre functions are a natural replacement of the trigonometric functions
in many-dimensional problems, so that there is a continuous stream of re-
search regarding the spherical functions. In particular, it may be of interest
to represent certain analytic objects, like series and integrals as Legendre’s
functions; among the newest work see, e.g., [22]. The following statement is
used in the proof of the main result of this paper.

Instead of the Weierstrass canonical kernel in (1.4), we consider a slightly
more general case of the Riesz kernel

Ex(t,&) = (142 +2t6)~*

with any A such that ®A > 0. It is known that its Mellin transform can be
represented through the associated Legendre’s function,

n—1/2

St (1 + 12+ 2t8) dt

(A1)

IM(1—p)T(v—p+ 1) (—p—v n/2
— fd=p 2(/*1‘(;1172;1)( p=v) (1 _52) P#(f%

where T" is Euler’s I'—function, [7, Sect. 6.2, Eq. (22)]. The integral in (A.1)
is convergent if
Ry —Rr <1 and R+ Rv < 0.

It should be also mentioned that the kernel k) is a generating function of
the Gegenbauer polynomials G;‘(f), Cf. the case A = (n —2)/2 in Section 1,

oo

ka(t,€) = (142t + 7)™ =) (—t)/ G (&)

Jj=0
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We consider only the case n > 3, since for n = 2 the spherical functions
are essentially the trigonometric functions, and the integral (A.1) for n = 2

is well known, it is equal to T<%£% Thys, let
psinmp

h(u) = h(X, q,u, &) = — (1 + 2ué + u2)7)\ + Z(_u)jG?‘(@

q
= —k)\ u 5 +Z jGA
7=0

which has the same bound as (2.1),
|h(\, q,u, &) < Cmin{ud;u™} 0 < u < oo,
where a positive constant C' does not depend on u and &.

PROPOSITION A.1. — For any integer ¢ = 0,1,2,...,real {, -1 < £ < 1,
and complex A and s such that

0< R

and
—q—1<Rs < —q,

the Mellin transformation of h is

=l {— (1+u?+ 2u§)_’\ + Z?:O(—U)jG?(ﬁ)} v Ldu

(A.2)
w'(s)I'(2A—s 1/2—X
= S (1) T P 0.
Proof. — The Mellin transform of the kernel h,
M(h,s) :/ h(u)u®~tdu (A.3)
0

is convergent for —1 — ¢ < s < —¢q. We integrate by parts the integral in
(A.3) ¢+ 1 times, so that the polynomial part of h vanishes, whence

aq+1 o1+1
Ouatt kia(u, &) = Wh(u)

and

M(h,s) = Lq) /Ooo uste o (1 +u?+2u€) ) du.  (A4)

Lols+k Quat!
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The latter integral is convergent for non-integer s such that
—1—q < Rs < 2R\,

thus providing the analytic continuation of M(h,s) as a meromorphic func-
tion into this broader domain of the s—plane.

Now we consider the Mellin transform of the kernel k£,
M (ky, s) :/ (1412 +2t6) 5 Ldt,
0

which is convergent for
—q— 1< s < 2R (A.5)
Integrating it by parts ¢ + 1 times, we get

M(kx,s) = i/mt”q o (L+2+2t6) ) dt.  (A.6)
MU T s+ k) Jo otat1 ' '

Due to (A.5), all the integrated terms vanish and the integral is convergent
in the wider region —1—¢q < Rs < 2R excluding the poles at integer points.

By (A.1), we express M (ky, s) through P#(¢) with p =1 — X and v =
s— 1 — \. Finally, combining (A.4) and (A.6) and using Legendre’s formula
for the I'—function with double argument,

[(22) = 2% 127120 (2)0(1/2 + 2),
we get the result.

The Legendre functions P (&) are entire functions in both p and v, thus
all the equations are justified due to the principle of analytic continuation.
O

Remark A.2. — If ¢ = 0, a simpler proof can be given. In this case, we
can explicitly compute the derivative in (A.4) and split the integral into the
two integrals of kind

/ u®(1 + u? + 2ué)’du
0

with two different . Then we apply (A.1) to express each of them as P! (z)
and use the recurrence formula [6, Sect. 3.8, Eq-n (18)]

(v —p+1)P  (cosy) — (v + p+ 1) cos 1 Pt (cos b)
= sin 6y P (cos 6)
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to arrive at (A.2) with ¢ = 0. However, the explicit computation of the
derivatives for bigger ¢ becomes cumbersome.

In the case, we are interested in, A = 22 and s = —p, and formula

2
(A.2) reads as follows.

COROLLARY A.3. — For any integer ¢ =0,1,2,..., real £, —1 < £ < 1,
and complex p such that
g<Rp<qg+1,

the Mellin transform of the function h, is

VAR 0+ A=) e
sinmp T((n —2)/2) e nERn

M(hnap) =

where & = cos By, or using the equation
V(n = 3)! = 2"7T((n - 1)/2)T((n - 2)/2),
which can be immediately proved by induction,
M (i, p)

m2 2 [ o+ W0 = 1)/2)(1 =€)/ gy

- (n—3)!sinmp *P*(”*U/2(§)'
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