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Numerical characterization of nef arithmetic divisors
on arithmetic surfaces

Arsusat Morrwaxi®)

ABSTRACT. — In this paper, we give a numerical characterization of nef
arithmetic IR-Cartier divisors of C%-type on an arithmetic surface. Namely
an arithmetic R-Cartier divisor D of C9-type is nef if and only if D is
pseudo-effective and @(52) = \/151(5).

RESUME. — Dans le présent article, nous donnons une caractérisation
numérique des R-diviseurs arithmétiques nef et de type C° sur une sur-
face artihmétique. Plus exactement, nous montrons qu’'un R-diviseur de
Cartier D de type C9 est nef si et seulement si D est pseudo-effectif et

deg(D”) = vol(D).

Introduction

Let X be a generically smooth, normal and projective arithmetic surface
and let X — Spec(Of) be the Stein factorization of X — Spec(Z), where
K is a number field and Og is the ring of integers in K. Let L be an
arithmetic divisor of C*°-type on X with deg(Lk) = 0 (cf. Conventions
and terminology 2). Faltings-Hriljac’s Hodge index theorem ([6], [8]) says
that -

deg(L”) <0
and the equality holds if and only if L = @S\) + (0,7) for some F.-invariant
locally constant real valued function n on X(C) and ¢ € Rat(X )6 =
Rat(X)* ®z Q. The inequality part of their Hodge index theorem can be
generalized as follows: Let D be an integrable arithmetic R-Cartier divisor
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of C%-type on X, that is, D = P — @ for some nef arithmetic R-Cartier
divisors P and Q of C%type (cf. Conventions and terminology 2 and 5). If
deg(Dg) > 0, then

deg(EZ) < vol(D)
(cf. [12, Theorem 6.2], [13, Theorem 6.6.1], Theorem 4.3). This inequality

is called the generalized Hodge index theorem. It is very interesting to ask
the equality condition of the inequality. It is known that if D is nef, then
d/e\g(bz) = \7(;1(3) (cf. [12, Corollary 5.5], [13, Proposition-Definition 6.4.1]),
so that the problem is the converse. In the case where deg(Dg) = 0 (and

hence ;(;l(ﬁ) = 0), it is nothing more than the equality condition of the
Hodge index theorem (cf. Lemma 4.1). Thus the following theorem gives an
answer to the above question.

THEOREM 0.1 (cf. Theorem 4.3). — We assume that deg(Dg) > 0.
Then D is nef if and only if deg(52) = vol(D).

For the proof of the above theorem, we need the integral formulae of
the arithmetic volumes due to Boucksom-Chen [4] and the existence of the
Zariski decomposition of big arithmetic divisors [13]. From the point of
view of a characterization of nef arithmetic R-Cartier divisors, the following
variant of the above theorem is also significant.

COROLLARY 0.2 (cf. Corollary 4.4). — D is nef if and only if D is pseudo-
effective and deg(ﬁ2) = vol(D).

Let T(ﬁ)ﬁe the set of all arithmetic R-Cartier divisors M of C%type on
X such that M is nef and M < D. As an application of the above theorem,

we have the following numerical characterization of the greatest element of
T(D).

COROLLARY 0.3 (cf. Corollary 5.4). — We assume that X is regular.
Let P be an arithmetic R-Cartier divisor of C°-type on X . Then the follow-
ing are equivalent:

(1) P is the greatest element of Y(D), that is, P € T(D) and M < P
for all M € T(D).

(2) P is an element of Y (D) with the following property:
deg(P-B) =0 and deg(B’) <0

for all integrable arithmetic R-Cartier divisors B of C°-type with
(0,0) S B < D — P (c¢f. Conventions and terminology 5).
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Finally I would like to thank Prof. Yuan and Prof. Zhang for their helpful
comments. [ also express my thanks to the referee for giving me several
comments and remarks.

Conventions and terminology

Here we fix several conventions and the terminology of this paper. An
arithmetic variety means a quasi-projective and flat integral scheme over Z.
It is said to be generically smooth if the generic fiber over Z is smooth over
Q. Throughout this paper, X is a (d + 1)-dimensional, generically smooth,
normal and projective arithmetic variety. Let X — Spec(Og) be the Stein
factorization of X — Spec(Z), where K is a number field and O is the
ring of integers in K. For details of the following 2 and 4, see [13] and [15].

1. A pair (M, || -||) is called a normed Z-module if M is a finitely generated
Z-module and || - || is a norm of My := M ®7z R. A quantity

(vol({x € Mg ||| < 1))

vol(Mg /(M/M;or)) ) log #(Mior)

does not depend on the choice of the Haar measure vol on My, where M,
is the group of torsion elements of M. We denote the above quantity by

XM, -1

2. Let K be either Q or R. Let Div(X) be the group of Cartier divisors on
X and let Div(X)g := Div(X) ®z K, whose element is called a K-Cartier
divisor on X. For D € Div(X)g, we define H°(X, D) and H°(Xg, D)
to be

{HO(X,D) ={¢ € Rat(X)* [ D+ (¢) = 0} U{0},
HO(XK,DK) = {(]5 S Rat(XK)X | Di + (¢)K >0 on XK} U {0},

where X is the generic fiber of X — Spec(Of).
A pair D = (D, g) is called an arithmetic K-Cartier divisor of C>-type
(resp. of CV-type) if the following conditions are satisfied:

(a) D is a K-Cartier divisor on X, that is, D = >"!_, a;D; for some
Dy,...,D, € Div(X) and aq,...,a, € K.

(b) g:X(C) - RU{£oo} is a locally integrable function and g o Fo, =
g (a.e.), where F, : X(C) — X (C) is the complex conjugation map.
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(¢) For any point x € X(C), there exist an open neighborhood U, of =
and a C*°-function (resp. continuous function) wu, on U, such that

9=+ (~a;)log|fil* (a.e.)

i=1

on U,, where f; is a local equation of D; over U, for each i.

The function g is called a D-Green function of C*°-type (resp. of C°-
type). Note that dd®([u,]) does not depend on the choice of local equations
fi,--+, fr, so that dd®([u,]) is defined globally on X (C). It is called the first
Chern current of D and is denoted by ¢1(D), that is, ¢; (D) = dd°([g]) + 6p.
Note that, if D is of C*-type, then cl(D) is represented by a C*°-form,
which is called the first Chern form of D. Let C be either C* or C°. The
set of all arithmetic K-Cartier divisors of C-type is denoted by Dch(X K-
Moreover, the group

{(D.9) € Dive(X)q | D € Div(x)}

is denoted by 5i;c(X ). An element of ﬁi\vc(X ) is called an arithmetic
Cartier divisor of C-type. For D = (D,g),E = (E,h) € Diveo(X)g, we
define relations D = F and D > FE as follows:

def

D=F < D=FE, g=h(ae),
D>FE &Ly p> E, g>h (ae).

Let Rat(X )y := Rat(X)* ®z K, and let

() : Rat(X)% = Div(X)g and ()i : Rat(X)} — Dives (X)g
be the natural extensions of the homomorphisms
Rat(X)”* — Div(X) and Rat(X)* — Divoe (X)

given by ¢ — (¢) and ¢ — @;), respectively. Let D be an arithmetic R-
Cartier divisor of C%-type. We define I'* (X, D) and I'g (X, D) to be

~

I*(X,D {d)ERat(X)X |E+@)>(0,0)},
TA(X. D) = {6 € Rat(X) | D+ (9 > (0,0) }.

\_/

Note that T'X

oX, D) = >, T*(X,nD)Y". Moreover, we set

n=1

A%X,D):=T*(X,D)u{0} and HZ(X,D):=T%(X,D)U{0}.
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For ¢ € X, we define the K-asymptotic multiplicity of D at & to be

pg (D) =4 M {multf(D + (k) | ¢ € TR(X, E)} if (X, D) # 0,
) o0 otherwise,

(for details, see [13, Proposition 6.5.2, Proposition 6.5.3] and [15, Section 2]).

3. Let D = (D, g) be an arithmetic R-Cartier divisor of C%-type on X. Let
¢ € H°(X(C), D¢), that is, ¢ € Rat(X(C))* and (¢) + D¢ = 0 on X(C).
Then |¢|exp(—g/2) is represented by a continuous function |¢[g on X (C)
(cf. [13, SubSection 2.5]), so that we may consider sup{|¢|;(x) | = € X(C)}.

We denote it by ||¢||5 or [|¢]|,. Note that, for ¢ € HO(X, D), ¢ € H°(X, D)
if and only if [|¢[|5 < 1. We define vol(D) and vol, (D) to be

—~ log #H°(X, mD)
vol(D) := hslnjllop I (A1)

A T (RS ]
It is well known that ;(;l(b) > ;(;IX (D). More generally, for &1,...,& € X
and py,. .., € Rsg, we define vol(D; u1&1, . . ., &) to be

‘a(ﬁv /nglv s 7/141&) =

_ log# ({¢ € TX(X,mD) | multe,(mD + (9) > s (vi) } U {0})
fim sup M+ /(d + 1)! '

Note that \7(;1(3; pé) = ;(;l(ﬁ) for 0 < 11 < pge(D).

4. Let D be an arithmetic R-Cartier divisor of CO-type on X. The effectivity,
bigness, pseudo-effectivity and nefness of D are defined as follows:

o Diseffective <L D > (0,0).

e Dishig <&  vol(D) > 0.

e Dis pseudo-effective &L D + A is big for any big arithmetic
R-Cartier divisor A of CO-type.

e D=(D,g)is nef <&
(a

) d/e\g(E’ o) = 0 for all reduced and irreducible 1-dimensional
closed subschemes C' of X.

(b) ¢1(D) is a positive current.
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A decomposition D = P + N is called a Zariski decomposition of D if
the following properties are satisfied:

(1) P and N are arithmetic R-Cartier divisors of C°-type on X.
(2) P is nef and N is effective.
(3) vol(P) = vol(D).

We set

(D) : — | M is an arithmetic R-Cartier divisor of C°-type
such that M is nef and M < D ’

Y(D) and M < P for all

If P is the greatest element of T(D) (i.e. P €
= N is a Zariski decomposition

M € Y(D)) and N = D — P, then D
of D (cf. Proposition B.1).

ie. P
P+

5. Let D be an arithmetic R-Cartier divisor of C%-type on X. According
o [18], we say D is integrable if there are nef arithmetic R-Cartier divi-
sors P and @Q of C°-type such that D = P — Q. Note that if either D
is of C>-type, or c¢;(D) is a positive current, then D is integrable (cf.
[13, Proposition 6.4.2]). Moreover, for integrable arithmetic R-Cartier di-
visors Dy, ...,Dgq of C%type on X, the arithmetic intersection number
d/eTg(Eo .-+ Dy) is defined in the natural way (cf. [13, SubSection 6.4], [15,
SubSection 2.1]). Note that if D = P+ N is a Zariski decomposition and D
is integrable, then N is also integrable.

6. We assume that X is regular and d = 1. Let Dy,..., Dy be R-Cartier
divisors on X. We set D; = > a;cC for each i, where C' runs over all
reduced and irreducible 1-dimensional closed subschemes on X. We define
max{Di,..., D} to be

max{D1,..., Dy} := Z max{ai c,...,axctC.
C

Let Dy = (D1,91),... ,Ekf (Dk,gk) be arithmetic R-Cartier divisors of
C’-type on X. Then max{Dy,..., Dy} is defined to be

max{Dy,..., Dy} := (max{Dy,..., Dy}, max{gi,...,gx}).

Note that max{D;,..., Dy} is also an arithmetic R-Cartier divisor of C°-
type (cf. [13, Lemma 9.1.2]).
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1. Relative Zariski decomposition of arithmetic divisors

We assume that X is regular and d = 1. The Stein factorization X —
Spec(Ok) of X — Spec(Z) is denoted by 7. Let D = (D, g) be an arithmetic

R-Cartier divisor of C%-type on X. We say D is relatively nef if ¢;(D) is a

positive current and d/(%(ﬁ| o) = 0 for all vertical reduced and irreducible
1-dimensional closed subschemes C' on X. We set

Tre(D) == {M ’

M is an arithmetic R-Cartier divisor of C%-type
such that M is relatively nef and M < D '

THEOREM 1.1 (Relative Zariski decomposition). — If deg(Dg) > 0,
then there is the greatest element Q of Y,(D), that is, Q € Yo (D) and
M < Q for all M € Y,.;(D). Moreover, if we set N := D — Q, then Q and
N satisfy the following properties:

(a) N is vertical.
(b) deg(@-N) = 0.
(c) For any P € Spec(Ok), 7 1(P)reqa € Supp(NV).

(d) The natural homomorphism H°(X,nQ) — H°(X,nD) is bijective
and || - ||, = || - Il,,5 for eachn > 0.

(¢) vol,(Q) = vol, (D).

Before staring the proof of Theorem 1.1, we need several preparations.
Let D be an R-Cartier divisor on X. We say D is w-nef if deg(D|,) > 0 for
all vertical reduced and irreducible 1-dimensional closed subschemes C' on
X. First let us consider the relative Zariski decomposition on finite places.

LEMMA 1.2. — Let D be an R-Cartier divisor on X and let (D) be the
set of all R-Cartier divisors M on X such that M is w-nef and M < D.
If deg(Dk) = 0, then there is the greatest element Q of X(D), that is,
Q € X(D) and M < Q for all M € X(D). Moreover, if we set N :== D — @,
then @ and N satisfy the following properties:

(a) N is vertical.

(b) deg(Q|,) = 0 for all reduced and irreducible 1-dimensional closed
subschemes C in Supp(N).

(c) For any P € Spec(Ox), 7 1 (P)req € Supp(NV).
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(d) The natural homomorphism H°(X,nQ) — H°(X,nD) is bijective for
each n = 0.

Proof. — Let us begin with following claim:
Cram 1.3. — X(D) # 0.

Proof. — First we assume that deg(Dg) = 0. Then, by using Zariski’s
lemma, (cf. [15, Lemma 1.1.4]), we can find a vertical and effective R-Cartier
divisor E such that deg((D — E)|,) = 0 for all vertical reduced and irre-
ducible 1-dimensional closed subschemes C' on X, and hence X(D) # 0.

Next we assume that deg(Dg) > 0. Let A be an ample Cartier divisor on
X. As deg(Dg) > 0, H(Xx,mDg — Ak) # {0} for some positive integer
m, and hence H°(X, mD — A) # {0}. Thus, there is ¢ € Rat(X)* such that
mD — A+ (¢) >0, that is, D > (1/m)(A — (¢)), as required. O

Craw 1.4. — If Lq,...,Lx are w-nef R-Cartier divisors, then
max{Ly,...,Li} is also m-nef (c¢f. Conventions and terminology 6).

Proof. — We set L, := max{Ly,..., Ly} — L; for each i. Let C be a
vertical reduced and irreducible 1-dimensional closed subscheme on X. Then
there is 4 such that C'  Supp(L;). As L; is effective, we have deg(L;|,) > 0,
so that

deg(max{L,...,L;}|o) = deg(Li|o) + deg(L;|~) = 0.
O

For a reduced and irreducible 1-dimensional closed subscheme C' on X,

we set
qc = sup{multc(M) | M e Z(D)}v

which exists in R because multe (M) < multe (D) for all M € X(D). We fix
M, € £(D).

CLAIM 1.5. — There is a sequence {My,}>2, of R-Cartier divisors in
X(D) such that My < M, for alln > 1 and lim,_, multc(M,) = qc for
all reduced and irreducible 1-dimensional closed subschemes C in Supp(D)U
Supp(Mp).

Proof. — For each reduced and irreducible 1-dimensional closed sub-
scheme C' in Supp(D) U Supp(Mp), there is a sequence {M¢ ,,}22 1 in X(D)
such that

lim multc(Mce,n) = gc-
n—oQ

- 724 —



Numerical characterization of nef arithmetic divisors
If we set

M, = max ({MC,n}CQSUPP(D)USUPp(Mo) U {MO}) )
then My < M,, and M,, € X(D) by Claim 1.4. Moreover, as
multc(Mc,,) < multe(M,) < qc,
lim,, o multe (M) = gc. O
Since max{My, M} € (D) for all M € (D) by Claim 1.4, we have
multe(My) < go < multe(D).

In particular, if C' Z Supp(D) U Supp(My), then gc = 0, so that we can set
Q:=>qcC.

CLAM 1.6. — Q is the greatest element Q in X(D), that is, Q € (D)
and M < Q for all M € (D).

Proof. — By Claim 1.5, we can see that @ € X(D), so that the assertion
follows. O

We need to check the properties (a) — (d).

(a) We choose effective R-Cartier divisors N; and Ni such that N =
N1+ Na, N7 is horizontal and Ny is vertical. If N7 # 0, then Q@ S Q+N; < D
and QQ + N, is m-nef, so that we have N7 = 0, that is, N is vertical.

(b) Let C be a vertical reduced and irreducible 1-dimensional closed
subscheme in Supp(V). If deg(Q|.) > 0, then Q@ +€C' is m-nef and Q +€eC <
D for a sufficiently small e > 0, and hence deg(Q|,) = 0.

(c) We assume the contrary. Then we can find § > 0 such that é7—1(P) <
N, so that @ S Q + én~1(P) < D and Q + é7n—'(P) is m-nef. This is a
contradiction.

(d) Tt is sufficient to see that if ¢ € T'*(X,nD), then ¢ € T'*(X,nQ).
Since (—1/n)(¢) € (D), we have (=1/n)(¢) < @, that is, nQ + (¢) > 0.
Therefore ¢ € T'* (X, nQ). |

Moreover, we need the following lemma.

LEMMA 1.7. — Let S be a connected compact Riemann surface and let
D be an R-divisor on S with deg(D) > 0. Let g be a D-Green function
of C%-type on S and let G(D,g) be the set of all D-Green functions h of
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C -type on S such that c¢i(D,h) is a positive current and h < g (a.e.).
Then there is the greatest element q of G(D,g), that is, ¢ € G(D,g) and
h < q (a.e.) for all h € G(D,g). Moreover, q has the following property:

(1) [6llng = [9llng for all 6 € HO(S,nD) and n > 0.
9 —g)ei(D, q) = 0.
()/S<g der(D.q)

Proof. — The existence of ¢ follows from [3, Theorem 1.4] or [13, The-
orem 4.6]. We need to check the properties (1) and (2).

(1) Clearly ||¢|lng = ||@llng because ¢ < g (a.e.). Let us consider the
converse inequality. We may assume that ¢ # 0. We set

o = {a Liou(10 1012, |

Since D > (—1/n)(¢) and (1/n)log(|9|*/||¢ll7,) is a (—=1/n)(¢)-Green func-
tion of C*°-type with the first Chern form zero, by [13, Lemma 9.1.1], ¢’
is a D-Green function of C%-type such that c;(D,q’) is a positive current.
Note that [|¢[|2, > |¢|> exp(—ng) (a.e.), that is,

9= (1/n)log(l6*/lI9II7,) (a.e.),

and hence ¢’ € G(D, g). Therefore, as ¢’ > ¢ (a.e.), we have ¢ = ¢’ (a.e.), so

that ¢ > (1/n) log(|62/[6]12,) (a.c.), that is, ]2, > 6[? exp(—ng) (a.c.),
which implies [|@]lg > 1|6 ng-

(2) If deg(D) = 0, then the assertion is obvious because ¢, (D, ¢) = 0, so
that we assume that deg(D) > 0. First we consider the case where g is of
C>-type. We set o := ¢1(D, g) and

¢ :=sup {¢ | ¢ is an a-plurisubharmonic function on S and ¢ < 0}

(cf. [3]). Then, by [13, Proposition 4.3], ¢ = g + ¢ (a.e.). In particular, ¢ is
continuous because g and ¢ are of C%-type. If we set D = {z € S | p(z) =
0}, then, by [3, Corollary 2.5], ¢1(D, q) = 1pa, where 1p is the indicator
function of D. Thus

/(g —q)a(D,q) =0.
S

Next we consider a general case. Let ¢’ be a D-Green function of C°°-
type. We set ¢ = ¢’ + u (a.e.) for some continuous function u on S. By
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using the Stone-Weierstrass theorem, we can find a sequence {u,} of C*°-
functions on S such that lim, o |[|tn — t|lsup = 0. We set g, := ¢’ + up.
Let g, be the greatest element of G(D, g,). As

g — Jun — tllsup < gn < g+ [[un — ullsup (ace.),

we can see ¢ — [[un — ullsup < gn < ¢+ [|un — ullsup (a.e.). Thus, if we set
gn = ¢ + v, (ae) and ¢ = ¢’ + v (a.e.) for some continuous functions v,
and v on S, then lim,,_,« ||vy, — V||lsup = 0. Moreover, by using the previous
observation,

—fs Cl D Qn fS Up — U Cl(D Qn)

Since ¢1(D,g,) = c1(D,g') + dd°([v,]) = 0, by using [5, Corollary 3.6] or
[15, Lemma 1.2.1], we can see that ¢;(D,q,) converges weakly to ¢;(D,q)
as functionals on C°(S). In particular, there is a constant C' such that
Jse1(D,gn) < C for all n. Thus

[ = waa - [ <uv>c1<D,q>\

<

/3 (tn — va)e1 (D, gu) — /g (u—v)er(D, gn)

+

/S(u —0)er(D, gn) /S(u — e (D, q)’
<= 0) = (= )lhanC -+ | [ (0= 0 (Do) = [ (- v)q(D,q)] .

Therefore,
lim | (u, —vn)e1(D,gqn) = /(u —v)e1(D, q),
and hence the assertion follows. O

Proof of Theorem 1.1. — Let us start the proof of Theorem 1.1. First we
consider the existence of the greatest element of Y,..;(D). By Lemma 1.2,
there is the greatest element @ of (D). Note that D — @ is vertical. On
the other hand, let G(D) be the set of all D-Green functions h of C%-type
such that ¢1(D,h) is a positive current and h < g (a.e.). By Lemma 1.7,
there is the greatest element ¢ of G(D), that is, ¢ € G(D) and h < q (a.e.)
for all h € G(D). Let us see that ¢ is Fs-invariant. For this purpose,
it is sufficient to see that F%(q) € G(D) and h < F%(q) (a.e.) for all
h € G(D). The first assertion follows from [13, Lemma 5.1.2]. Let us see
the second assertion. Since F* (h) € G(D) by [13, Lemma 5.1.2], F% (k) <
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q (a.e.), and hence h < F% (q) (a.e.). Here we set Q := (Q,q). Clearly Q €
Y,e1(D). Moreover, for M € Y, (D), (M’ 1) := max{Q, M} € Y, (D)
by Claim 1.4 and [13, Lemma 9.1.1] (for the definition of max{Q, M}, see
Conventions and terminology 6). In particular, M’ € (D) and h' € G(D),
and hence (M',h') = Q, that is, M < Q, as required.

Finally let us see (a) — (e). As @ is the greatest element of X(D), (a), (c)
and the first assertion of (d) follow from Lemma 1.2. The second assertion
of (d) follows from (1) in Lemma 1.7. The property (e) is a consequence of
(d). Finally we consider (b). If we set N = (N, k), then d/e\g(a (N,0))=0

by (b) in Lemma 1.2, and deg(Q - (0,k)) = 0 by (2) in Lemma 1.7, and
hence deg(Q - N) = 0. O

2. Generalized Hodge index theorem for \7(;1X

In this section, we consider a refinement of the generalized Hodge index
theorem on an arithmetic surface, that is, the case where d = 1. As in
Conventions and terminology 5, an arithmetic R-Cartier divisor D of C°-
type on X is said to be integrable if D = P — @ for some nef arithmetic
R-Cartier divisors P and @ of C%-type.

THEOREM 2.1. — Let D be an integrable arithmetic R-Cartier divisor
of C°-type on X such that deg(Dg) = 0. Then deg(52) < voly (D) and the

equality holds if and only if D is relatively nef. In particular, deg(ﬁQ) <
vol(D).

Proof. — Let 1 : X’ — X be a desingularization of X (cf. [11]). Then
d/e?g(EZ) = d/e\g(u*(b)2) an(i_;(;lx(ﬁ) = \ax(u*(b)). Moreover, D is rela-
tively nef if and only if p*(D) is relatively nef. Therefore we may assume
that X is regular.

CrLAM 2.2. — If D is relatively nef, then d/eTg(52) = ;(;IX(E).

Proof. — We divide the proof into five steps:

Step 1 (the case where D is an arithmetic Q-Cartier divisor of C*-type

and ¢q (D) is a semi-positive form) : In this case, the assertion follows from
Ikoma [9, Theorem 3.5.1].

Step 2 (the case where D is of C*°-type, c;(D) is a positive form and
deg(ﬁ| o) > 0 for all vertical reduced and irreducible 1-dimensional closed
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subschemes C) : We choose arithmetic Cartier divisors Dy, ..., D; of C*°-
type and real numbers a1, ...,a; such that D = a;Dq + - -- + a;D;. Then
there is a positive number &y such that c;(by Dy + - -+ + b D;) is a positive
form for all by,...,b € Q with |b; — a;] < & (Vi = 1,...,1). Let C be
a smooth fiber of X — Spec(Og) over P. Then, for by,...,b € Q with
|b,‘ —ai| < 50 (VZ: 1,...,[),

deg ((01Dy + -+ bDy) ) = deg((by D1+ - +b,Dy) ) log #(Oxc /P) > 0.

Let C4,...,C, be all irreducible components of singular fibers of X —
Spec(Ok ). Then, for each j = 1,...,r, there is a positive number §; such
that

deg (01 Dy + -+ 0Dy, ) >0
for all by,...,b € Q with |b; —a;] < §; (Vi = 1,...,1). Therefore, if we
set 6 = min{dg, d1,...,0,}, then, for by,..., b € Q with |b; — a;| < 0 (Vi =
1,...,0),
c1(b1D1 + -+ b Dy)

is a positive form and d/e\g ((blﬁl + 4 blbl)’c) > 0 for all vertical re-
duced and irreducible 1-dimensional closed subschemes C' on X, and hence

deg((b1 D1 + - - - + b D)%) = voly (b1 Dy + - - + b, Dy)

by Step 1. Thus the assertion follows by the continuity of ‘;‘;lx due to Tkoma
[9, Corollary 3.4.4].

Step 3 (the case where D is of C*®-type and c¢;(D) is a semi-positive
form) : Let A be an ample arithmetic Cartier divisor of C*-type on X.
Then, for any positive ¢, c; (D+eA) is a positive form and d/e\g( (D + €A) ’C) >
0 for all vertical reduced and irreducible 1-dimensional closed subschemes
C on X, so that, by Step 2,

deg((D + €A)?) = vol, (D + €A).
Therefore the assertion follows by virtue of the continuity of \7(;1X.

Step 4 (the case where deg(Dg) > 0) : Let h be a D-Green function of
C*>-type such that ¢1(D, h) is a positive form. Then there is a continuous
function ¢ on X (C) such that D = (D, h+¢), and hence c; (D, h)+dd°([¢]) >
0. Thus, by [13, Lemma 4.2], there is a sequence {¢,}52; of F-invariant
C°-functions on X (C) with the following properties:

(a) limpoo [[dn — Bllsup = 0.
(b) If we set D,, = (D,h + ¢,), then c¢;(D,,) is a semipositive form.
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Then, by Step 3, d/e\g(EQ) = vol (D ) for all n. Note that lim,,_,« vol +(Dy) =
vol, (D) by using the continuity of vol Moreover, by [15, Lemma 1.2.1],

lim deg(D;,) = deg(D”),

n— oo

as required.

Step 5 (general case) : Finally we prove the assertion of the claim. As
before, let A be an ample arithmetic Cartier divisor of C*°-type on X . Then,
for any positive number €, deg(Dg + €Ag) > 0. Thus, in the same way as
Step 3, the assertion follows from Step 4. O

Let us go back to the proof of the theorem. Let Q be the greatest element
of Trer(D) (cf. Theorem 1.1) and N := D — Q. Then, by using Claim 2.2
and the properties (b) and (e) in Theorem 1.1,
~ = T~ =2~~~ _5 o~ _3 — 2
vol, (D) —deg(D") = vol, (Q)—deg(D") = deg(Q") —deg(D") = —deg(N").

On the other hand, if we set N = (N, k), then
— — 1
deg(N°) = deg((N,0)2) + = / kdde (k)
2 Jx )

because N is vertical. By (c¢) in Theorem 1.1 together with Zariski’s lemma,
deg((NV,0)?) < 0 and the equality holds if and only if N = 0. Moreover, by
[15, Proposition 1.2.3 and Proposition 2.1.1],

/ kdde (k) < 0
X(©)

and the equahty holds if and only if k is locally constant. Thus deg( ) <0
that is, VOIX (D) > deg(DQ) Moreover, if D is relatlvely nef, then vol (D) =
d/eTg(EQ) by Claim 2.2. Conversely, if volX (D) = deg(D ), that is, deg(NQ) =

0, then N = 0 and k is locally constant, and hence D = Q+(0, k) is relatively
nef. O

As a corollary of the above theorem, we have the following:

COROLLARY 2.3. — We assume that X is regular. The following are
equivalent:

(1) Q is the greatest element of Y ,1(D).

(2) Q is an element of Y,;(D) with the following properties:
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(i) D — Q is vertical.

(i1) d/e\g(é -B) = 0 and EQE(EQ) < 0 for all integrable arithmetic
R-Cartier divisors B of C°-type with (0,0) < B< D — Q.

Proof. — First, let us see the following claim:

CLAIM 2.4. — Let ﬁl_and D5 be arithmetic R-Cartier divisors of CO-
type on X such that D1 < Da. If the natural map H°(X,nD1) — H°(X,nDs)
is bijective for each n > 0, then vol,(D1) < vol, (Ds),

Proof. — This is obvious because || - ||, 5, = I - ||, 5,- O

(1) = (2) : By the property (a) in Theorem 1.1, D — @ is vertical. For
0 <e<1, weset D. = Q+ eB. Then D, is integrable and Volx(ﬁe) =

\70\1X (Q) because
Vol (@) < voly(De) < voly (D) and  vol, (@) = voly (D)

by Claim 2.4 and the properties (d) and (e) in Theorem 1.1. Thus, by using
Theorem 2.1,

deg(D?) < voly (D.) = vol (@) = deg(Q"),

which implies 2d/e\g(§ -B) + ecTe\g(Fz) < 0. In particular, Jé\g(a -B) <0.
On the other hand, as B is vertical,
—_— —_— 1 —
do5(@ B) = dex(@- (B.0) + 5 [ a@b>0
X(©
where B = (B,b). Therefore, d/eTg(@ -B) = 0 and d/eTg(EQ) < 0. Here we
assume that deg(§2) = 0. Note that

TP /e\ 2 1 c
deg(B") = deg((B.0)*) + ; /X(C) bdde (b).

Thus, by using the property (c¢) in Theorem 1.1, Zariski’s lemma and [15,
Proposition 1.2.3 and Proposition 2.1.1], B=0 and b is a locally constant
function. In particular, @ + B is relatively nef and @ + B < D, so that
B=0.

(2) = (1) : Let M be an element of Tre_l(ﬁ). If we set_z ::_max{@,_ﬁ}
(cf. Conventions and terminology 6) and B = (B,b) := A — @, then B is
effective, A < D and A is relatively nef by Claim 1.4 and [13, Lemma 9.1.2].

Moreover, -
B=A-Q<D-Q.
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If we assume B Z (0,0), then, by the property (ii), (Te\g(é -B) = 0 and
deg(§2) < 0. On the other hand, as A is relatively nef, B is effective and B
is vertical by the property (i),

dox(B") = 4p(@+BB) = deg(AB) = deg(A(B.0) 5 [ a(@p >0,
X(©)

which is a contradiction, so that B = (0,0), that is, @ = A, which means
that M < Q, as required. O

Remark 2.5. — Let D be an integrable arithmetic R-Cartier divisor of
C-type on X with deg(Dx) > 0. For a positive number €, we set

—
g des@)
[K : Q] deg(Dk)
Then, as (Te\g((ﬁ —(0,a))?) = 2¢[K : Q]deg(Dg) > 0, by Theorem 2.1,
there is

¢ € H(X,n(D — (0,))) \ {0}
for some n > 0. Note that ||¢||n(57(0 o) = l#]l,,5 exp((na)/2), so that

ndeg(D’)
-Qldeg(Dx) m) ’

¢ € H°(X,nD)\ {0} and 9], 5 < exp <_2[K

which is nothing more than Autissier’s result [2, Proposition 3.3.3].

Remark 2.6. — The referee points out that Step 1 of Claim 2.2 can
be proved by using Randriambololona’s version of the arithmetic Hilbert-
Samuel formula [17].

3. Necessary condition for the equality vol = \7(;1X

This section is devoted to consider a necessary condition for the equality

vol = vol,, as an application of the integral formulae due to Boucksom-Chen
[4].

First of all, let us review Boucksom-Chen’s integral formulae [4] in terms
of arithmetic R-Cartier divisors. For details, see [16, Section 1]. We fix a
monomial order 3 on Zgo, that is, = is a total ordering relation on Z‘io
with the following properties:

(a) (0,...,0) 2 Aforall A€Zd,.
(b) If A2 Bfor A,B € 7%, then A+ C 3 B+C for all C € Z<,,.
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The monomial order 3 on Zgo extends uniquely to a totally ordering relation
< on Z% such that A+C 3 B+ C for all A, B,C € Z¢ with A X B. Indeed,
for A, B € Z%, we define A X B as follows:

AZB &L there is C' € Z%, such that A+ C, B+ C € Z<,

and A+C 2 B+C.

It is easy to see that this definition is well-defined and it yields the above
extension. Uniqueness is also obvious.

As X — Spec(Ok) is the Sten factorization of X — Spec(Z), Xk is
geometrically integral over K. Let K be an algebraic closure of K and
X7 = X Xspee(rr) Spec(K). Let zp = (21,...,2a) be a local system of
parameters of O X\ P for P € X(K). Note that the completion 1) X\ P of
O X3z, P with respect to the maximal ideal of O X5z, P is naturally isomorphic

to K[z1,...,24]. Thus, for f € Ox_,p, We can put

f= Z Clay,..., ad)zill T z:ild’ (C(al ,,,,, aa) € F)

(al,...,ad)el‘;o
We define 0rd§P (f) to be

mjn{(ala-“vad) ‘ Clay,...,aq) 7é 0} lff 7&07

%) otherwise,

0rd§P (f):= {

which gives rise to a rank d valuation, that is, the following properties are
satisfied:

(i) ordfp (fg) = ordgp(f) + ordfp (g) for f,g € OX?,P.
.. . ~ ~ =<
(ii) min {ordgp(f),ordgp (g)} Jord;, (f +g) for f,g € Ox?p.
By the property (i), ordfp :Ox_p\{0} = 74, has the natural extension
ord:, : Rat(X%)* — Z¢

given by ordgp( flg) = ordfp (f) - ordfp (g9)- Note that this extension also

satisfies the same properties (i) and (ii) as before. Since ord?P (u) =(0,...,0)

for all u € O%_ p, ordZ, induces Rat(X)* /O%_ p — Z. The composi-
K’ =

tion of homomorphisms

=<
ord?

Div(X%) “% Rat* (X5)/O%_ p —+ Z*
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is denoted by mult, where ap : Div(X%) — Rat(X)* /(9X _p is the nat-

ural homomorphism. Moreover, the homomorphism multN D1V(X—)
Z* gives rise to the natural extension Div(X%)®zR — R? over R. By abuse

zp?

of notation, the above extension is also denoted by multSP

Let D = (D, g) be an arithmetic R-Cartier divisor of C°-type (cf. Con-
ventions and terminology 2). Let V, = @m;@ Vin be a graded subalgebra of
R(Dk) := @®,,-0 H*(Xk, mDk) over K. The Okounkov body A(V,) of V,
is defined by the closed convex hull of

U {multgp (D + (1/m)(¢)) € Ry | ¢ € Vi @ K \ {0}} .
m>0
For t € R, let V! be a graded subalgebra of V, given by

vi=0p <Vm NH°(X,m(D + (0, —2t)))>K ;
m=>=0

where <Vm NHY(X, m(D + (0, —2t)))>K means the subspace of V,, gen-
erated by Vi, N HO(X,m(D + (0,—2t))) over K. Let Gov,y + AVL) —
R U {—o0} be a function given by
G (2) = sup{t e R |z e A(V))} ifze A(VY]) for some t,
(D3Ve) —00 otherwise.

Note that G (B:Va) is an upper semicontinuous concave function (cf. [4, Sub-
Section 1.3]). We define \7(;1(5; Vs) and \70\1X (D; Vi) to be

#log (Vm N AO(X, mﬁ))

\7(;1(3; Ve) := lim sup

m—>00 m®1/(d + 1)! 7
-~ . T )A((meHO(XamD%””mB)
vol(D:Va) = limsup mA(d 1)

Moreover, for £ € X, we define MQ,&(Eé Ve) as follows:

(e (D; Va) =
inf {muu,E (D+L(8)) [mEZsg, p€ Vi NHO(X, mb)\{()}} if N(D;Va) # 0,
00 otherwise,

where N(D; Vo) = {m € Zso | Vi N H°(X,mD) # {0}}. Note that
Vol(D Vo) = vol(D)7 vol (D} Va) = vol (D) and pg¢(D;Ve) = pge(D)

- 734 -



Numerical characterization of nef arithmetic divisors

if Vi = H*(Xg,mDg) for m > 0 (cf. Conventions and terminology 2 and
3). Let ©(D; V) be the closure of

{x €AW | Gpy,y (@) > 0}.

If V, contains an ample series (cf. [16, SubSection 1.1]), then, in the similar
way as [4, Theorem 2.8] and [4, Theorem 3.1], we have the following integral
formulae:

vol(D; V) = (d + 1)[K : Q] /@ (B.V)G@;V.)(az)dz (3.1)
and
voly (D3 Va) = (d+ 1)K : Q] /A (V)G(B;V_)(x)dx. (3.2)

Note that the arguments in [4] work for an arbitrary monomial order. The
boundedness of the Okounkov body is not obvious for an arbitrary monomial
order. It can be checked by Theorem C.1. Let v : R — R be a linear map.
If we give the monomial order <, on Zgo by the following rule:

a<,b <L either v(a) < v(b), or v(a) = v(b) and a <jex b,
then v(a) < v(b) for all a,b € Zgo with a
following lemma.

b. Let us begin with the

NV

LEMMA 3.3. — If V, contains an ample series and ;(;1(5; Ve) > 0, then
we have the following:

(1) ©(D; V) = A(VI) = {x € AVM) | G gy, (@) = o}.

(2) We assume that v is given by v(z1,...,24) = 1 + -+ + x,, where
1 < r < d. We further assume that the monomial order X satisfies the
property: v(a) < v(b) for all a,b € Z, with a 3 b. Let B is a reduced

and irreducible subvariety ofX such that B is gwen byzr ==
» =0 around P. Then pg p(D;Ve) =min {v(z) | x € ©(D;V4)}.

Proof. — (1) Note that
{x € A(VY) | Gy (@) > o} CA(VY) C {x € A(Va) | Gpy, (@) > o}

and {m e A(V,) | Gy (@ x) > 0} is closed because G g5,y is upper semi-

continuous. Thus it is sufficient to show that {x €EAWL) | Gpy,y (@) 2 O} C
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O(D;Ve). Let x € A(Ve) with G 3.y, (x) > 0. As

ol(D: V) = (d + DK : @]/ G oy (@)dz > 0

G(B;V.)
by (3.1), we can choose y € O(D; V,) with G B.v.)(y) > 0. Then
G(B;v,)((l —tr+ty) = (1- t)G(B;v,)(x) + tG(B;V,)(y) 2 tG(B;V.)(?J) >0
for all t € R with 0 < ¢ < 1. Thus z € ©(D; V,).

(2) First let us see the following claim:

CLAIM 3.4. — For L € Div(X)g, v <mu1t§P (L)) = multp(L).

Proof. — Tt is sufficient to see that v (ordfp (f)) = ordp(f) for f €
Ox_\{0}. Weset f = ZBGZi cpzP and a = ordﬁp (f). Note that ordp(f) =
>0

min{r(5) | ¢g # 0}. Thus the assertion follows because ¢, # 0 and v(a) <
v(B) for B € 72, with cg # 0. O

If we set
2y = mult3, (D + (1/m)())

for ¢ € V,y N HY(X,mD) \ {0} and m > 0, then G(B;V.)(x¢) > 0 by
the definition of G(B;V.)’ and hence, x4 € ©(D;V,) by (1). Therefore, by
Claim 3.4,

min{v(z) | © € O(D; Va)} < v(2g) = multp(D + (1/m)(9)),
which implies min{v(z) | z € O(D;V4)} < pg (D; Va).
CLAIM 3.5. —
ngp(D:Ve) <w | mult, | D+ (1/m) > oo |||
$€V,NHO(X,mD)\{0}
where cy € K and Z(;sevmmﬁo(x,mﬁ)\{o} cgd # 0.
Proof. — By the property (ii),

min {ordgp(qﬁ)} = ordip ( Z C¢>¢>)

#EVmNAC(X,mD)\{0} €V, N A0 (X, mD)\ {0}
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on Z4, which yields

min {V <0rd§P (gi))) } <v ordSP Z csd ||,

PEVm NI mPIN {0} $E€ Vi NHO (X,mD)\{0}
and hence

min {1/ (multfP(D + (l/m)(gb)))}

GV NHO(X,mD)\{0}
<v | mults, | D+ (1/m) Z [¥¥0)
$EVmNHO(X,mD)\{0}
Thus the claim follows by Claim 3.4. ]
By the above claim together with (1),
O(D: V) = A(VO) C { € A(Va) | g 5(DiVa) < w(a)},
which shows that min{v(z) | z € ©(D;V4)} = pug, g(D; Va), as required. [

The following theorem is the main result of this section.

THEOREM 3.6. — If V, contains an ample series, \70\1(5;‘/.) =
vol, (D; V4) > 0 and

inf {multe(D + (1/m)(¢)) | m € Zso, ¢ € V;,, \ {0}} =0
for & € Xk, then pg¢(D;Va) = 0.
Proof. — First let us consider the following claim:

CrLaM 3.7. — O(D; V) = A(Va).

Proof. — Tt is sufficient to see that A(V,)° C {x eAVL)]| G (x) = 0}.
We assume the contrary, that is, there is y € A(V,)° with G 5,y (y) < 0.
Then, by using the upper semicontinuity of G(B;V.)’ we can find an open
neighborhood U of y such that U C A(V,)° and G(E;V.)(x) < 0 for all

x € U. Then, as O(D;V,) C A(V,) \ U, by the integral formulae of vol and
voly, (cf. (3.1), (3.2)) and (1) in Lemma 3.3,

vol (DsVa) -
GECE ~ Jy, o @
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/G(B;V.)(a:)dx—F/ G(B;V.)(x)dx
U A(Ve)\U

</ G(B;V.)(m)dxé/ Gy, (@)de
A(Ve)\U O(D;Vs)

vol(D; Va)
(d+ 1)K : Q]

This is a contradiction. O

Let B be the Zariski closure of {£} in X. We choose P € X(K) and a
local system of parameters zp = (21,...,24) at P such that P is a regular
point of Bz and 21 = --- = 2, = 0 is a local equation of Bz at P. Let
v : RY = R be the linear map given by v(xy,...,14) = 1 + --- + 2. We
also choose a monomial order 3 such that v(a) < v(b) for all a,b € Z<,
with a < b. By our assumption,

inf {multe(D + (1/m)(@)) | m € Zso, ¢ € Vin \ {0}} = 0.

This means that min{v(z) | € A(Ve)} = 0, and hence, by Claim 3.7 and
(2) in Lemma 3.3,

4.e(D: Vo) = min{u(x) | = € O(D: Va)} = 0.
U

COROLLARY 3.8. — If Dk is nef and big on the generic fiber X and
vol(D) = voly (D) > 0, then g ¢(D) =0 for all £ € Xk.

Proof. — As Dg is nef and big, in the similar way as [13, Proposi-

tion 6.5.3], for any € > 0, there is ¢ € Rat(XK)é such that

Dk + (¢)g 20 and multe(Dg + (¢)g) <,
which means that
inf {multe(D + (1/m)(¢)) | m € Zso, ¢ € H'(Xx,mDg) \ {0}} = 0.

Thus the corollary follows from Theorem 3.6. ]

4. Equality condition for the generalized Hodge index theorem

Here let us give the proof of the main theorem of this paper. We assume
that d = 1. Let us begin with the following two lemmas.
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LEMMA 4.1. — We assume that X is regular. For an integrable arith-
metic R-Cartier divisor D of CY-type on X (cf. Conventions and terminol-
ogy 5), we have the following:

(1) We assume that deg(Dg) = 0. Then d/e\g(ﬁ2) = 0 if and only if
D = (¢)g + (0,\) for some ¢ € Rat(X)g and A € R. Moreover, if
(Te\g(EQ) = 0 and D is pseudo-effective, then D = (1)g + (0,A) for
some 1p € Rat(X)g and X € R.

(2) The following are equivalent:
(a) deg(Dg) =0 and D is nef.

(b) deg(Dg) =0, D is pseudo-effective and d/e\g(EQ) =0.

Proof. — (1) First we assume that d/e\g(EQ) = 0. By [15, Theorem 2.2.3,
Remark 2.2.4], there are ¢ € Rat(X)p and an Fi-invariant locally constant

o~

real valued function n on X(C) such that D = (¢)g + (0,1). Let K(C)
be the set of all embeddings ¢ : K < C. For each o € K(C), we set
Xo =X XG ec05) Spec(C), where XS pec(Oy) Means the fiber product with
respect to 0 : K — C. Note that {X,},cx(c) gives rise to all connected
components of X(C). Let n, be the value of n on X,. We set

1
(K : Q]

A= Z Ny and &=n—A\.

ceK(C)

Then & = &, for all 0 € K(C) and ZJGK((C) &, = 0. Thus, by Dirichlet’s

unit theorem, there is u € O ® R such that (u)p = (0,€). Therefore, we
have

—

D = (pu)g + (0, A).

The converse is obvious. We assume that (TeTg(E2) = 0 and D is pseudo-

—

effective. Then D = (¢) + (0, A) for some ¢ € Rat(X)y and A € R. Let A
be an ample arithmetic Cartier divisor of C'°°-type. Then,

ALK : Q] deg(Ak)
2 )

0< deg(A-D) =

and hence A > 0, as required.

(2) (a) = (b) follows from the non-negativity of d/e\g(ﬁz) ([13, Propo-
sition 6.4.2], [15, SubSection 2.1]) and the Hodge index theorem ([15, The-

orem 2.2.3]). Let us show that (b) = (a). By (1), D = (¢)g + (0, ) for
some 1) € Rat(X)g and A € R.o. Thus the assertion is obvious. O
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LEMMA 4.2. — In this lemma, X is not necessarily an arithmetic sur-
face, that is, X is a (d + 1)-dimensional, generically smooth, normal and
projective arithmetic variety. Let D be an arithmetic R-Cartier divisor of
C°-type on X. Then,

e(d+ 1)[K : Q]vol(Dg)
2

vol(D) < vol(D + (0,¢)) < vol(D) +
for e € Ry.

Proof. — The first inequality is obvious. Note that || - [|,, 5, =

e~ ||-]],,p for all m > 0. Thus, by using [12, (3) in Proposition 2.1], there
is a constant C' such that

log #H° (X, m(D + (0,¢))) o log #H°(X, mD)
ma+tl/(d+1)! S omdt/(d +1)!
|, eld+ DK : Q] dimg H(Xyc,mD)
2 md/d!

logm

+C

holds for m > 1. Thus the second inequality follows. O
The following theorem is the main result of this paper.

THEOREM 4.3. — Let D be an integrable arithmetic R-Cartier divisor of
C°-type on X with deg(Dg) > 0. Then deg(bQ) = vol(D) if and only if D
s nef.

Proof. — Let v : X’ — X be a desingularization of X (cf. [11]). Then
d/eTg(V*(b)z) :_d/e'\g(EQ) and \7(;1@*(5)) = \ﬁ(ﬁ). Moreover, v*(D) is nef
if and only if D is nef. Therefore, we may assume that X is regular.

By [12, Corollary 5.5] and [13, Proposition-Definition 6.4.1], if D is nef,

then ie?g(ﬁQ) = \7(;1(5)7 so that we need to show that if (Te\g(32) = @(ﬁ),
then D is nef.

First we assume that D is big. Note that
deg(D’) < voly (D) < vol(D).

Thus, by Theorem 2.1 and Corollary 3.8, D is relatively nef and g ¢(D) =
0 for ¢ € Xk. By [13, Theorem 9.2.1], there is a greatest element P of
Y (D) (cf. Conventions and terminology 4). If we set N := D — P, then
D = P+ N is a Zariski decomposition of D (cf. Proposition B.1). Then, by
[13, Claim 9.3.5.1] or [16, Theorem 4.1.1],

multe (N) = pr ¢(D) =0
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for all £ € X, which implies that N is vertical. In particular, d/e?g(b|c) >0
for all horizontal reduced and irreducible 1-dimensional closed subschemes
C on X, and hence D is nef because D is relatively nef.

Next we assume that D is not big. Then d/e\g(ﬁ2) = vol(D) = 0. Thus,
for € € Ry,

e[K : Q] deg(Dx) = deg((D+(0,€))?) < vol(D+ (0, ¢)) < €[K : Q] deg(Dr)

by the generalized Hodge index theorem (cf. Theorem 2.1) and Lemma 4.2,
and hence D+ (0, €) is big and d/e%((ﬁ—i—(o, €)?) = \ﬁ(ﬁ—i—(o, €)). Therefore,
by the previous observation, D + (0, €) is nef for all € € Rs, which means
that D is nef. O

As a corollary of the above theorem, we have the following:

COROLLARY 4.4. — Let D be an integrable arithmetic R-Cartier divisor
of C%-type on X. Then D is nef if and only if D is pseudo-effective and
deg(D”) = vol(D).

Proof. — We need to show that if D is pseudo-effective and cTe\g(Ez) =

\a(ﬁ), then D is nef. Clearly deg(Dg) > 0. If deg(Dg) > 0, then the
nefness of D follows from Theorem 4.3. Moreover, if deg(Dg) = 0, then (2)
in Lemma 4.3 implies the assertion. (I

5. Negative part of Zariski decomposition

We assume that d = 1. As an application of Theorem 4.3, let us see that
the self-intersection number of the negative part of a Zariski decomposition
is negative.

THEOREM 5.1. — Let D be an integrable arithmetic R-Cartier divisor
of CO-type on X such that deg(Dg) > 0. Let D = P + N be a Zariski

decomposz'tion_ofﬁ (¢f. Conventions and terminology 4). Then d/%(NQ) <0
if and only if D is not nef.

Proof. — First of all, note that D is pseudo-effective. As d/e\g(ﬁ-ﬁ) =0
by the following Lemma 5.2,

vol(D) — deg(D”) = vol(P) — deg(D”") = deg(P") — deg(D") = ~deg(N").

In addition, by Corollary 4.4, D is not nef if and only if \ﬁ(ﬁ) > d/e\g(ﬁz).
Thus the assertion follows. 0
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LEMMA 5.2. — Let D be an integrable arithmetic R-Cartier divisor of
CO-type on X. If D = P+ N is a Zariski decomposition of D, then deg(P -
N) =0 and deg(N) <0.

Proof. — For 0 < € < 1, we set D, = P + eN. Then D, is integrable
and vol(P) = vol(D.) because

vol(P) < vol(D.) < vol(D) = vol(P).
Thus, by the generalized Hodge index theorem (cf. Theorem 2.1),
deg((P + €N)?) = deg(D,) < vol(D;) = vol(P) = deg(P"),

and hence o .,
2deg(P - N) + edeg(N") < 0.

In particular, d/e\g(ﬁ - N) < 0. On the other hand, as P is nef and N is
effective, deg(P - N) > 0. Thus deg(P - N) = 0 and deg(N ") < 0. O

Remark 5.8. — If D is big, then the Zariski decomposition D = P+ N is
uniquely determined by [16, Theorem 4.2.1]. Otherwise, it is not necessarily
unique.

As a consequence of the above theorem, we have the following numer-
ical characterization of the greatest element of Y(D) (cf. Conventions and
terminology 4).

COROLLARY 5.4. — We assume that X is reqular. Let D and P be arith-
metic R-Cartier divisors of CO-type on X . Then the following are equivalent:

(1) P is the greatest element of Y(D), that is, P € T(D) and M < P
for all M € T(D).

(2) P is an element of Y (D) with the following property:
deg(P-B) =0 and deg(B’) <0

for all integrable arithmetic R-Cartier divisors B of CO-type with
(0,00s B<D-P.

_ Proof.— (1) = (2) : By Proposition B.1, \Tc;l(ﬁ) = \751(?), so that
P + B is a Zariski decomposition because

vol(P) < vol(P + B) < vol(D).
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Thus d/eTg(F -B) = 0 by Lemma 5.2. As B = (0,0) and P is the greatest
element of Y(D), P + B is not nef, so that deg(EZ) < 0 by Theorem 5.1.

(2) = (1) : Let M be an element of Y (D). If we set A = max{P, M}
(cf. Conventions and terminology 6) and B = A — P, then B is effective,

A < D and A is nef by [13, Lemma 9.1.2]. Moreover,
B=A-P<D-P.

If we assume B = (0,0), then, by the property, deg(P-B) = 0 and deg(B") <
0. On the other hand, as A is nef and B is effective,

0< deg(A-B) =deg(P+ B B) = deg(B").

which is a contradiction, so that B = (0,0), that is, P = A, which means
that M < P, as required. ([

COROLLARY 5.5. — We assume that X is reqular. Let D be an arith-
metic R-Cartier divisor of C°-type on X such that Y(D) # (). Let P be the
greatest element of Y (D) (cf. [18, Theorem 9.2.1]) and let N := D — P.
We assume that N # 0. Let N = ¢1Cy + - -+ + ¢C] be the decomposition
such that c1,...,¢ € Rsg and Cq,...,C) are distinct reduced and irre-
ducible 1-dimensional closed subschemes on X. Let C1 = (Cy,hy),...,C) =
(Cy, hy) be effective arithmetic Cartier divisors of C°-type such that such
that ¢1(C1),...,c1(Cy) are positive currents and

cCi+-+caqC <N
Then o o
deg(P-Cy)=---=deg(P-C;) =0

and the (I x 1) symmetric matriz given by

(deg(@i '6j)> 1<i<l

1<l
is negative definite.
Proof — Forx = (21,...,1) € R, we set B, = 2,01 +---+2;C; and

= Pi— E:,;Jf 0<x; <cforalli=1,...,lI, then B, is integrable and
) < B, < N. Thus, by Corollary 5.4,

Sb

0=deg(P - Bey....cr) = 1deg(P - C) + -~ + cdeg(P - C).
Note that d/%(ﬁ -C;)=0foralli=1,...,1. Therefore,
deg(P-Cy) =~ =deg(P-C}) =0
Here we claim the following:
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CLAM 5.6. — If z € (Ruo)' \ {0}, then d/e\g(ﬁi) <0.

Proof. — Note that By, = tB, and that we can find a positive number
t with tz; < ¢; (Vi). Thus we may assume that z; < ¢; (Vi), and hence the
assertion follows by Corollary 5.4. O

We need to see that if x € R!\ {0}, then d/e\g(gi) < 0. We can choose

y=Wr... ;)2 = (21,...,21) € (Reo)!
such that =y —z and {i | y; # 0} N{j | z; # 0} = 0. Note that either
y # 0 or z # 0. Moreover, deg(B,-B,) > 0 because B, > (0,0), B, > (0,0),

c1(By) and ¢i(B;) are positive currents, and B, and B, have no common
reduced and irreducible 1-dimensional closed subschemes. Thus, by using
the above claim,

deg(B3) = deg((B, — B.)?) = deg(B,) + deg(B-) — 2deg(B, - B.) < 0.
[}

Remark 5.7. — By [13, Theorem 9.3.4, (4.1)], we can find effective arith-
metic Cartier divisors C'y, ..., Cy of Ci—type_such that ¢1(Ch),...,c1(C)) are
positive currents and ¢1Cq7 + -+ ¢C; < N.

Ezample 5.8. — Let P, = Proj(Z[Ty, T1]) and H; = {T; = 0} fori =0, 1.
We fix positive numbers ag, a1 such that ag <_1, a1 < 1and ag +a1 > 1.
Let us consider an arithmetic Cartier divisor D of C*°-type given by

D := (Hy,log(ag + a1|z|2)),

where z = T /Ty. Note that ¢; (D) is a positive form. Moreover, D is pseudo-
effective and not nef (cf. [14, Theorem 2.3]). In [14, Theorem 4.1], we give

the greatest element of Y (D) as follows: Let ¢ be a continuous function on
the interval [0, 1] given by

o) =—(1—2)log(l — ) —zlog(z) + (1 — z)log(ag) + zlog(ay),

and let ¥ = min{z € [0,1] | p(z) > 0} and 6 = max{x € [0,1] | ¢(z) > 0}.
We set

P:=(0Ho—VYHy,p(2)), Ni:=(9Hi,ni(2))and N := ((1—6)Hp,na(z)),

where p(2), n1(z) and ny(z) are Green functions given by
?log |z|? if 2| < ,/al?f’fﬁ),
p(z):= q log(ag + a1]2[?) if \/#1_919) <zl < #39),
log |2|? if 2| > ﬁ/#fe)'
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(o) | o800 F rl#F) — Dlog P if 2 < /&ty

1 =

0 if |2 > /5t
0 if |2 </ oty

ng(2):

log(ay + aplz|72) + (1 — ) log |2|? if |2]| > a6

Then P gives the greatest element of Y(D) and D = P + (N + N). It is
easy to see that

Moreover,
deg(N1 - N1) = deg(Ny - (N1 —9(2))) = deg(N: - (9Ho, n1(2) + 9 log|2[?))

— 1 _
= Odg(Wly) 5 [ @) () + dloglaP)
P'(C)

1
_ _/ dd* (log(ag + a1|2|?)) log(ao + a1|2]?)
2 Jie1ey it

(1 —19)1log(1 =)+ (log(ao) + 1)9
5 :

In the same way,

S 6log(f) + (log(ar) +1)(1 —0)
5 .

Thus the negative definite symmetric matrix (d/eTg(Ni “Nj))ij=1,2 is

(1—=99) log(1—19)4(log(ag)+1)¥ 0
2
( 0 0 log(0)+(log(a1)+1)(1-6) ) :
2

Appendix A. Relative Zariski decomposition
and pseudo-effectivity

We assume that X is regular and d = 1. Let D = (D, g) be an arith-
metic R-Cartier divisor of C%-type on X. In this appendix, we would like
to investigate the pseudo-effectivity of the relative Zariski decomposition.

PROPOSITION A.1. — We assume that deg(Dg) > 0. Let Q be the great-
est element of Tre(D) (cf. Section 1). Then D is pseudo-effective if and
only if Q is pseudo-effective.
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Proof. — Tt is obvious that if @ is pseudo-effective, then D is also
pseudo-effective, so that we assume that D is pseudo-effective.

First we consider the case where deg(Dx) > 0. Then, by [13, Proposi-
tion 6.3.3], D + (0,¢€) is big for any € € R~¢. By the property (d) in The-
orem 1.1, the natural inclusion map H°(X,nQ) — H°(X,nD) is bijective

and | - ||,z =l Il for each n > 0. Moreover, as
I lo@s 0.0 = e |l and |- [ 2| | =,
we have || - ||, 5 0.) = I - B0, @nd hence Q + (0,¢) is big for all

€ € R5¢. Thus the assertion follows.

Next we assume that deg(Dg) = 0. By [15, Theorem 2.3.3], there are
¢ € Rat(X )]E, a vertical effective R-Cartier divisor £ on X and an Fi.-

—~

invariant continuous function 7 on X(C) such that D = (¢)g + (E,n) and
7Y P)rea € Supp(E) for all P € Spec(Of). For each embedding o : K —
C, let Xy = X X3, .0, SPec(C) and let Ay = mingex, {n(z)}. Note that
As = Ao for all 0. Let A : X(C) — R be the local constant function such
that the value of A on X, is A,.

—

Here let us see that Q = (¢)g + (0, A) is the greatest element of T,.;(D).
Otherwise, there is an integrable arithmetic R-Cartier divisor B = (B, b) of
Ctype such that (0,0) S B< D—Q = (E,n—\) and Q + B is relatively
nef. Since b is continuous and

dd*([b)) = c1(B) = c1(Q + B)

is a positive current, b is plurisubharmonic on X (C), that is, b is a locally
constant function. Let b, be the value of b on X,. If we choose z, € X,
with A\, = n(z,), then

0<b, <n(zs) — Ay =0,
and hence b = 0, so that, as Q + B is relatively nef,
0 < deg(Q + B - B) = deg((B,0)?).

On the other hand, by Zariski’s lemma, d/e\g((B, 0)?) < 0. This is a contra-
diction.

By [15, Lemma 2.3.4 and Lemma 2.3.5], (E,\) is pseudo-effective. On
the other hand, by the following Lemma A.2, there is a nef arithmetic R-
Cartier divisor L of C*°-type such that deg(Lg) > 0 and deg(L-(F,0)) = 0.
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Thus,
— deg(Lk)As
< . = oA JT9
0 B deg(L (Ea )‘)) ; 2 ’
and hence ) Ay > 0. Weset X' = (1/[K : Q]) >, Ay and & = A= X'. Then
N >0,),&& =0and & = & for all o, where &, is the value of £ on

X,. Thus, by Dirichlet’s unit theorem, (0,¢) = (/u\)R for some u € O @ R.
Therefore,

Q = (g + (0, ),

which is pseudo-effective. O

LEMMA A.2. — Let Cy,...,C, be vertical reduced and irreducible 1-
dimensional closed subschemes on X such that 7Y (P)yeqa € C1U---UC,
for all P € Spec(Of). Then there is a nef arithmetic R-Cartier dwzsor L of

C>-type such that deg(Ly) > 0 and deg( (Cy,0)) =0 foralli=1,...,7

Proof. — Let A be an ample arithmetic Cartier divisor of C*-type. By
using Zariski’s lemma, we can find a vertical effective R-Cartier divisor F
such that - _

deg((E,0) - (C4,0)) = —deg(A - (C;,0))
for all § = 1,...,r and that d/eg((E, 0) - (C,0)) > 0 for all vertical reduced

and irreducible 1-dimensional closed subschemes C' with C' ¢ {C1,...,C;}.
Thus, if we set L := A+ (F,0), then L is a nef arithmetic R-Cartier divisor

of C*-type, deg(Lg) > 0 and deg( (Ci,0)=0foralli=1,...,r. O

As an corollary, we can give a simpler proof of the main result of [15]
in the case where X is a generically smooth, normal projective arithmetic
surface.

COROLLARY A.3. — Let X be a generically smooth, normal projective
arithmetic surface and let D be an arithmetic R-Cartier divisor of CO-type
on X. If deg(Dg) = 0 and D is pseudo-effective, then there is ¢ € Rat(X)g

such that D + @R > (0,0).

Proof. — Clearly we may assume that X is regular. By Proposition A.1,
we may also assume that D is relatively nef. By the Hodge index theorem (cf.

[15, Theorem 2.2.3]), d/eTg(ﬁz) < 0. We assume that d/eTg;(EQ) < 0. Let A be
an ample arithmetic Cartier divisor of C*°-type on X. As deg(ﬁQ) < 0, we

can find a sufficiently small positive number € with deg((D +e€A)-D) <0.
Moreover, since D + €A is ample, there is a positive number ¢ such that
D + €A+ (0,c) is nef. In particular,

deg((D + €A+ (0,¢)) - D) > 0.
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On the other hand,

deg((D + €A+ (0,¢)) - D) = deg((D + €A) - D) + c[KQ: Q)

deg(DK) < 07

which is a contradiction, so that d/e\g(EQ) = 0. Therefore, by Lemma 4.1,
there is ¢ € Rat(X)g and A € R such that D = (¢)p + (0,A), and hence

—

D+ @R = (0,4) = (0,0).

Appendix B. Small sections of arithmetic R-divisors

Let D be an arithmetic R-Cartier divisor of C%-type on X. In this ap-
pendix, let us consider a generalization of [13, Proposition 9.3.3]. Its proof
is much simpler than one of [13, Proposition 9.3.3].

PROPOSITION B.1. — Let P be the greatest element of Y(D) (cf. Con-

—~

ventions and terminology 4). Then, for ¢ € Rat(X)g, D+ (¢)g is effective

o~

if and only if P+ (¢)r is effective. In particular, the natural inclusion maps
H°(X,nP) — H°(X,nD), H{(X,P)— H{(X,D)

and HY(X,P)— HY(X,D)
are bijective for each n > 0.

o~ o~

Proof. — We assume that D + (¢)p is effective. Then —(¢)p € Y(D),

and hence —(¢)gr < P, that is, P + (¢)p is effective. The converse is
obvious. 0

As a corollary of the above proposition, we have the following.

COROLLARY B.2. — We assume thatd = 1. Let D= F_—I—N be a Zariski
decomposition of D (Conventions and terminology 4). If D is big, then the
natural inclusion maps

H°(X,nP) — H°(X,nD), H{(X,P)— Hy(X,D)
and HY(X,P)— HY(X,D)
are bijective for each n > 0.
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Proof. — Let p: X' — X be a desingularization of X (cf. [11]). Then

p(D) = u*(P) + p*(N)
is a Zariski decomposition of u*(D). Thus, by [16, Theorem 4.2.1], p*(P)

gives the greatest element of Y(u*(D)). Therefore, by Proposition B.1,
HY (X' np*(P)) = HY(X',np*(D)) and HY(X',u*(P)) = HY(X', u*(D))

for each n > 0, where K is either Q or R. Let us consider the following
commutative diagrams:

H(X,nP) —— A°X',np'(P))  HY(X,P) —— Hy (X', w(P))

! || !

H(X,nD) —— H(X’,nu'(D))  Hy(X,D) —— Hy (X', (D))

Note that each horizontal arrow is bijective. Thus the assertions follows. [

Appendix C. A result on subsemigroups of Rgo X Lo

Let d be a positive integer. Let v : R — R? and h : Rt — R be the
projections given by

/U(xlv"'7xdaxd+1):($17"')xd) and h(x17"'axd7$d+1):xd+l-

Let I' be a sub-semigroup of R‘io X Zsq. For a non-negative integer m, we
set

Ty = oL N R x {m})) = v({y €T [ h(y) =m}).
More generally, for a subset X of R and ¢t € R, X, is given by

X, =v(XNRY x {t})) =v({z € X | h(z) =t}).

We define 3(T") and A(T) to be

$(T') = Cone(l') and A(T) = Conv ( U %m) )

m>0

where Cone(T") and Conv (Um>0 %Fm) is the topological closures of the
cone generated by I' and the convex hull of | J,,-, %Fm, respectively. For
6 € RY,, we define I'? to be

r% .= {(z +0m,m) | (x,m) € T}.

Note that T'? is a sub-semigroup of Rgo X Zsp. For simplicity, we denote
2(I), AT), 2(T%) and A(T?) by ¥, A, X and A?, respectively.
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THEOREM C.1. — We assume that there is 0 € R‘;O such thatT? C Z‘Q;l
and I'? generates Z%' as a group, then the following are equivalent:

(1) There is a constant M such that #(T',,) < Mm?® for all m > 1.
(2) A is bounded.

Moreover, under the above equivalent conditions, we have

lim #(L'm) = vol(A) > 0.

m—oo md

Proof. — Note that 'Y, =T',,, +m# and A? = A+ 6. Therefore, in order
to prove the assertion, we may assume that 6§ = 0, that is, I' C Z‘i‘gl and T’
generates Z4t1. Let us begin with the following claim:

Cramm C.2. —
(a) tA C %y for allt > 0.

(b) A has an interior point.

(¢) Try CSmANZY for all m > 1. In particular, if A is bounded, then
#(T'm)

ma

lim sup < volg(A).

m—r o0
(d) If #(T,) < oo for allm > 1, then

lim inf #(m)

m—o0 ma

= VOld(A).

Proof. — (a) As (1/m)T,, € Xy for m > 1, we have A C %;. Thus, for
t>0,tA Ct%, C %,

(b) We assume that A has no interior point. Then there is a hyperplane
H in R? such that A C H. Let W be a subspace of R generated by
H x {1}. Note that dimg W = d.

Here let us see that ' C W. Let (z,m) € T'. If m > 0, then z/m € A,
so that (z,m) = m(z/m,1) € W. Otherwise, we choose (y,n) € T' with
n > 0. Then, as (z+y,n) = (z,0) + (y,n) € T, by the previous observation,
(y,n), (x +y,n) € W, and hence (z,0) = (z+y,n) — (y,n) € W.

By our assumption, (I')r = R4! which contradicts to the observation
rcw.
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(¢) This is a obvious.

(d) First we assume that T is finitely generated, that is, thereis v1,...,v, €
I such that T' = Zsgy1 + - - - + Zs0¥n- By [10, Proposition 3] (note that the
constant C' in [10, Proposition 1] can be taken as a positive integer), there
is v € I' such that
YNzt 4y CT,

which implies that mA N Z4 + v(vy) C Lritn(y)- Indeed, for z € mA N e,
by (a), z € ¥, N Z4, and hence

r+o(y) €(EN VARRES ’Y)m-&-h(’v) € Lhtney)-

In particular, #(mANZ*) < #(T'y45(y)), Which yields (d) in the case where
T is finitely generated.

In general, let T'(1) C T'(2) C --- C T be a sequence of sub-semigroups
of I with the following properties:

(i) T'(4) is finitely generated for all 7.
(ii) I'(i) generates Z*! as a group for all 4.

(iii) U, T(i) =T.

By the previous observation,

lim inf #(U'm) > lim inf #L)m) > voly(A(7)),

m—o0 ma m—00 ma

where A(7) = A(T'(¢)). Note that lim;_, o, vol(A(4)) = vol(A) because A is
the closure of |J; A(7). Hence we obtain the assertion. O

Let us go back to the proof of the theorem. First we assume (1). Then,
by (d), vol(A) < oo and A has an interior point by (b). Therefore, A is
bounded by Lemma C.3 as described below. Next assume (2). Then (1)
follows from (c).

Finally we assume the equivalent conditions (1) and (2). Then, by (c)
and (d),

I I
lim sup #(L'm) < volg(A) < liminf #( m),
m—oo md m—00 md
and hence r
lim # ;n) =volg(A) >0
m—oo M
by (b). O
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LEMMA C.3. — Let K be a convex set in V' such that K has an interior
point. Then the following are equivalent:

(1) K is bounded.
(2) vol(K) < oo.

Proof. — Clearly (1) implies (2). We assume that vol(K) < co and K
is not bounded. Let a be an interior point of K. Considering the translation
given by x — = — a, we may assume a = 0. Then there is a positive number
r such that B C K, where B := {z € V | (z,z2) < r?}. As K is not
bounded, for any M > 0, there is x € K such that (z,z) > M?. Let
H, ={y € V| (z,y) = 0} and let C' be the convex hull generated by
BN H,; and z. Clearly C C K. Moreover, as C' is a cone over BN H,, we

can see that
_ vol(BN Hy)/(x,z)

1(C
wl(C) : ,
and hence (B A HAM
NHg
vol(K) = vol(C) = %.
This is a contradiction because vol(K) < oo. O
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