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The Curie-Weiss Model of SOC in Higher Dimension *)

MATTHIAS GORNY (V)

ABSTRACT. — We build and study a multidimensional version of the Curie-
Weiss model of self-organized criticality we have designed in [2]. For symmetric
distributions satisfying some integrability condition, we prove that the sum S, of
the randoms vectors in the model has a typical critical asymptotic behaviour. The
fluctuations are of order n3/4 and the limiting law has a density proportional to the
exponential of a fourth-degree polynomial.

RESUME. — Nous construisons et étudions une version multi-dimensionnelle du
modele d’Ising Curie-Weiss de criticalité auto-organisée que nous avons introduit
dans [2]. Pour des distributions vérifiant une certaine condition d’intégrabilité, nous
montrons que la somme S, des variables aléatoires du modéle a un comportement
asymptotique critique typique. Les fluctuations sont d’ordre n3/4 et la loi limite
admet une densité proportionnelle & ’exponentielle d’un polynéme de degré quatre.

1. Introduction

In [2] and [5], we introduced a Curie- Weiss model of self-organized criti-
cality (SOC): we transformed the distribution associated to the generalized
Ising Curie-Weiss model by implementing an automatic control of the inverse
temperature which forces the model to evolve towards a critical state. It is
the model given by an infinite triangular array of real-valued random vari-
ables (X¥)1<r<n such that, for all n > 1, (X}, ..., X") has the distribution

1 Lz + - +x,)? =
Z. exp (2M ]l{x§+~--+xg>0} Hdp(a:i),

=1
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where p is a probability measure on R which is not the Dirac mass at 0, and
where Z,, is the normalization constant. We extended the study of this model
in [8], [7], [6] and [9]. For symmetric distributions satisfying some exponential
moments condition, we proved that the sum S,, of the random variables
behaves as in the typical critical generalized Ising Curie-Weiss model: the
fluctuations are of order n*/* and the limiting law is C exp(—Az*) dz where C
and A are suitable positive constants. Moreover, by construction, the model
does not depend on any external parameter. That is why we can conclude it
exhibits the phenomenon of self-organized criticality (SOC). Our motivations
for studying such a model are detailed in [2].

Let d > 1. In this paper we define a d-dimensional version of the Curie-Weiss
model of SOC, i.e, such that the X* 1 < k < n, are random vectors in R%.
Let us start by defining the d-dimensional generalized Ising Curie- Weiss
model. Let p be a symmetric probability measure on R? such that

Voz0 / exp(v]|z]|?) dp(z) < oo
Rd
Assume that its covariance matrix
b :/ 22 dp(2)
Rd

is invertible. It is known to be equivalent to non-degeneracy of p, i.e. that
there no hyperplane has full measure. The d-dimensional generalized Ising
Curie-Weiss model associated to p and to the temperature field T (which is
here a d x d symmetric positive definite matrix) is defined through an infinite
triangular array of random vectors (Xff)lgkgn such that, for all n > 1,
(X}, ..., X™") has the distribution

ﬁexp (21n<T—1(x1 ot ), (T4 +xn)>> [ de(z:),
n 11

where Z,(T) is a normalization. When d = 1 and p = (6_1 + 1)/2, we
recover the classical Ising Curie-Weiss model. Let S,, = X} + --- + X for
any n > 1. By extending the methods of Ellis and Newmann (see [4]) to the
higher dimension, we obtain that, under some « sub-Gaussian » hypothesis
on p, if T'— ¥ is a symmetric positive definite matrix, then

Sp oz -1
%nijd(O,T(T—Z) 2),

the centered d-dimensional Gaussian distribution with covariance matrix

T(T - )" 'S. If T =% (critical case) then

Sn Z
E —
n3/4 n—-+oo

Cpexp(=9¢p(s1,...,84)) ds1 - dsq,
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where C, is a normalization constant and ¢, is an homogeneous polynomial
of degree four in R[X1, ..., Xg4] such that exp(—¢,) is integrable with respect
to the Lebesgue measure on R?. Detailed proofs of these results are given in
section 23 of [6]. These results highlight that the non-critical fluctuations are

normal (in the Gaussian sense) while the critical fluctuations are of order
3/4
n>/ =,

Now we try to modify this model in order to construct a d-dimensional
SOC model. As in [2], we search an automatic control of the temperature
field T', which would be a function of the random variables in the model, so
that, when n goes to 400, T converges towards the critical value ¥ of the
model. We start with the following observation: if (Y},),>1 is a sequence of
independent random vectors with identical distribution p, then, by the law
of large numbers,

Zn 2y g

n n—+oo ’

where

V=1  S,=X (XD 4.4 XPHX™.
This convergence provides us with an estimator of 3. If we believe that
a similar convergence holds in the d-dimensional generalized Ising Curie-
Weiss model, then we are tempted to « replace T by in /m » in the previous
distribution. Hence, in this paper, we consider the following model:

The model. Let (X,’f)n%t 1<k<n be an infinite triangular array of random
vectors in R? such that, for any n > d, (X},..., X") has the distribution
fin.p, the probability measure on (R?)" with density

-1
(:cl,...,:rn)»—>Z—nexp 2<<;xi zi> <2xz>,<2x,>>

with respect to p®” on the set

D} = {(xl,...,mn) IS (Rd)":det (ixit@) >O},

i=1

where

Zp = /D,J{ exp ;<<lel m) <lez> , (lez>> 1:[1 dp(z;).

For any n > d, we denote S, = X} + .-+ X € R? and
T, = X, (X3) + -+ X (X7).
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According to the construction of this model and according to our results in
one dimension, we expect that the fluctuations are of order n3/4. Our main
theorem states that they are indeed:

THEOREM 1.1. — Let p be a symmetric probability measure on R? sat-
isfying the two following hypothesis:

(H1) there exists vg > 0 such that / evoll=ll® dp(z) < oo,
Rd

(H2) the p-measure of any vector hyperplane of R? is less than 1/ /e.

Let X be the covariance matriz of p and let My be the function defined
on R? by

vieR  My(z) = / (=) doly).

Law of large numbers: Under [, ,, (Sn/n,Tn/n) converges in probability
to (0,%).

Fluctuation result: Under fir, ,,

We prove that the matrix ¥ is invertible in subsection 2.2.1. In section 2.2.2,
we prove rigorously that this model is well-defined, i.e. Z,, €]0, 4o0[ for any
n > d. After giving large deviation results in subsection 2.2.3, we show the
law of large numbers in section 3. Finally, in section 4, we prove that the
function

2 — exp (—M4 (2*1/%) /12)

is integrable on R? and that S, /n%/* converges in distribution to the an-
nounced limiting distribution.

Remark : in the case where d = 1, we have already proved this theorem
in [2], [7] and [9]. Moreover we succeeded to remove hypothesis (H2) — which
turns out to be simply p({0}) < 1/y/e when d = 1 — with a conditioning
argument. It seems not immediate that such arguments could extend in the
case where d > 2. However this assumption together with hypothesis (H1)
are technical hypothesis and we believe that the result should be true if p is
only a non-degenerate symmetric probability measure on R? having a finite
fourth moment.
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2. Preliminaries

In this section, we suppose that p is a symmetric probability measure on R?
satisfying hypothesis (H1) and (H2).

2.1. ¥ is a symmetric positive definite matrix

Since p satisfies hypothesis (H1), the covariance matrix ¥ is well-defined. It
is of course a symmetric positive semi-definite matrix. Let H be a hyperplane
of R?. If H is a vector hyperplane then, by hypothesis, p(H) < 1//e < 1. If
H is an affine (but not vector) hyperplane then,

p(H) = p(~H) = 5 (p(H) + p(~H)) < 3 <1,

since p is symmetric and H N (—=H) = @. In both cases p(H) < 1 thus p is a
non-degenerate probability measure on R?. As a consequence Y is positive
definite.

Notice that the hypothesis that p(H) < 1//e is not involved on this point.
We only need that p is non-degenerate.

2.2. The model is well-defined

Let us prove that the model is well defined, i.e. Z,, €]0,4o0[ for any n > d.

LEMMA 2.1. — Letn > 1 and let x4, ..., x, be vectors in R4, We denote
Ap =z + -+ 2 .
* If n < d, then A,, is non-invertible.

x If n = d, then A, is invertible if and only if (x1,...,x,) is a basis of RZ.
x If n > d and if the vectors x1,...,x, span R?, then A, is invertible.

Proof. x Let n < d. If n < d, we put 2,41 = --- = 4 = 0. We denote by
B the d x d matrix such that its columns are z1,...,z4. We have then, for
any 1 < k,1 <d,
d d d
(BB)ra =Y BriBui =Y wi(k)w(l) =) (@ w:)ki = (An)k-
i=1 i=1 i=1
Therefore A,, = B'B and thus A, is invertible if and only if B is invertible.
As a consequence A,, is invertible if and only if (z1,...,24) is a basis of
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R?. In the case where n < d, B has at least a null column and thus is not
invertible.

% Let n > d and assume that the vectors z1,...,z, span R% Then there
exists then 1 < iy < --- < ig < n such that (x;,,...,7;,) is a basis of R%. As
a consequence, by the previous case, A,, is the sum of a symmetric positive
definite matrix and n — d other symmetric positive semi-definite matrices.
Therefore A,, is definite thus invertible. O

Let n > d. The non-degeneracy of p implies that its support is not included
in a hyperplane of R%. As a consequence

PO ({(z1,. . wp) € (RY)™ 2 (21,...,34) is a basis of R?}) > 0.
The previous lemma yields
p®n({ (21,...,2,) € (RY™ s 2y 'y + - + @, 2y i invertible}) > 0,
i.e. p®"(D;5) > 0. Therefore Z,, > 0.

Let (-, -) be the usual scalar product on R? and || - || be the Euclidean
norm. We denote:

e S, the space of d X d symmetric matrices.
e S the space of all matrices in Sy which are positive semi-definite.

) SJJr the space of all matrices in S; which are positive definite.

We introduce the sets
A={(z,M)eR*xSS: M —z'xr €S} }.
and
A ={(x,M) eERIxSf*: M —2xr € S }.
The two following lemmas guarantee that Z,, < 400 pour tout n > 1.

LEMMA 2.2. — If (z, M) € A" then (M 'z, z) < 1.

Proof. The matrix M — x 'z is symmetric positive semi-definite. Hence
VyeR!  (z,9)? = (z'zy,y) < (My,y).
Applying this inequality to y = M 'z, we get
(x, M 12)? < (M2, z).
If z = 0 then (M~lz,2) = 0 < 1. If 2 # 0, since M € SJt, we have
(M~'z,x) >0 and thus (M ~'z,z) < 1. O
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Let n > 1. For any (x1,...,7,) € (RY)",

n

:%Zﬂ% — me mmf%Z( — m) Y@ —m) € ST
=1

=1

Therefore, for any (z1,...,2,) € D;,

1< 1 & .
(ngx,,n;xﬁm) [SIAN

() G )

Hence Z, < e™*/? < 400 and the model is well-defined for any n > d.

and thus

2.3. Large deviations for (S, /n,T,/n)

As in the one-dimensional case (see [2]), we introduce

(M~1z, x)
—
For any n > d, the distribution of (S, /n,T,/n) under f, , is

exp(nF'(x, M) amyeary n,p(z, M)

/* exp(nF(s,N))dv, ,(s,N)

F:(z,M)e A r—

)

where 7y, ,, is the law of

S, T, I
when Y7, ...,Y, are independent random vectors with common law p.

We endow R? x S; with the scalar product given by

((IvM)a(yvN)) <5C y>+tr MN Zx7yl+zzm7,jn7,j

=1 j=1
We denote by || - ||4 the associated norm. Notice that
VzeR? VAeS, r(z %2 A) ZZzlzja”: (Az, z).
i=1 j=1
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Let v, be the law of (Z, Z'Z) when Z is a random vector with distribution
p. We define its Log-Laplace A, by

Y (u, A) € RY x Sy A(u, A) =1n /]Rd < exp ((z,u) + tr(MA)) dv,(z, M)

—In / exp ((u, ) + (Az, 2)) dp(=),
Rd
and its Cramér transform I by

Y (z,M) e R x S, I(z, M) = sup ((z,u) +tr(MA) — Au, A)).
(u,A)ER X Sy

Let Da and D; be the domains of R x S; where A and I are respectively
finite. All these definitions generalize the case where d = 1, treated in [2]
and [7].

For any (u, A) € R? x Sz, we have
exp Au, A) < / oxp (Ilull 121 + /6T [#112) d(z)
< / exp ((u, A)lla max(l=[, 12]P)) d(z)

< exp ([ (u, A)lla) +/Rd exp ([|(u, A)llal|2]1*) dp(2)-

Therefore hypothesis (H1) is sufficient to ensure that (0, O4) belongs to ﬁA,
where O, denotes the d x d matrix whose coefficients are all zero. As a
consequence Cramér’s theorem (cf. [3]) implies that (7, ,)n>1 satisfies the

large deviation principle with speed n and governed by the good rate function
1.

3. Convergence in probability of (S, /n,T,/n)

We saw in the previous section that, under the hypothesis of theorem 1.1,
the sequence (¥,,,,)n>1 satisfies the large deviation principle with speed n
and governed by the good rate function I. This result and Varadhan’s lemma
(see [3]) suggest that, asymptotically, (S, /n, T;,/n) concentrates on the min-
ima of the function I — F. In subsection 3.3.1, we prove that I — F' has a
unique minimum at (0,%) on A* and we extend F' on the entire closed set
A so that it remains true on A. This is the key ingredient for the proof of
the law of large numbers in theorem 1.1, given in subsection 3.3.2.

— 08 —
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3.1. Minimum de [ — F

PROPOSITION 3.1. — If p is a symmetric non-degenerate probability mea-
sure on R, then
(M~tx, z)
5 .

Moreover, if A is finite in a neighbourhood of (0,0y), then the function I — F
has a unique minimum at (0,%) on A*.

Ve eRN\{0} VMeSS/ ™ I(z,M)>

Proof. Let € RN\{0} and M € S . By taking A = —M lzzM~1/2
and u = M_lx, we get
1 M1
(u,2) + tr(AM) = (M ~',2) — Ste(Mla's) = %:m

As a consequence
M—l
I(z, M) > w
For any z € R?, we have @M 'z = (M 'z, z) = tr(z {M~'z)) € R thus
(M~1x,2) (M~1x,2)?

5 tr(zfeM 1) = s

—A (M_la:, —;M‘lmtxM_l> .

1
—§tr(z MM = —
Therefore
1 M—l 2
A (M_lx, —2M_1xta;M_1> = ln/ exp ((M_lx,z> - <;’Z>) dp(z).
R4

By symmetry of p, we have, for any s € R?,

/Rd exp (<8,z> - <s;>2) dp(z) = /Rd exp (_<s,z> - <322>2> dp(2)
=5 (Lo (=5 ) e+ [ e (<tn20 - 225 ) o)

= /Rd cosh((s, z)) exp <—<8’22>2> dp(z).

As a consequence
-1 | g |
A M x, —§M x'zM =

ln/Rd cosh ((M ™'z, 2)) exp <—W1;’Z>2> dp(z).
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It is straightforward to see that the function y — 1 — cosh(y) exp(—?2/2)
is non-negative on R and vanishes only at 0. Hence, for any z € R,

/Rd cosh ((s, z)) exp <<5’2Z>2> dp(z) <1,

and equality holds if and only if p({z : (s, z) = 0}) = 1. The non-degeneracy
of p implied that the equality case only holds if s = 0. Applying this to
s = M~z # 0, we obtain

A (Mlx, ;Mlxtle) <0,
and thus I(z, M) > (M~ 1z, z)/2.
Suppose now that x =0 and M € S(;H'. Then

I(x, M) — M

If we assume that A is finite in a neighbourhood of (0,...,0,0y), then
I1(0, M) = 0 if and only if M = X (see proposition I111.4 of [6]). This ends
the proof of the proposition. O

= 1(0, M).

However, in order to apply Varadhan’s lemma, F' must be extended to an
upper semi-continuous function on the entire closed set A. To this end, we

put

¥ (2, M) € AN F(z, M) = %

and it is easy to check that F' is indeed an upper semi-continuous function
on A.

Now we prove the inequality in proposition 3.1 holds on A.

Let (z, M) € R? XS;. We denote by 0 < A1 < Ay < ..., < Ag the eigenvalues
(not necessary distinct) of M. There exists an orthogonal matrix P such that
M = PD'P, where D is the diagonal matrix such that D;; = A for any
i€ {1,...,d}. We have

I(z, M) = sup ((z,u) + tr(PD'PA) — A(u, A))
(u,A)ERI xSy

= sup ((z,u) + tr(DA) — A(u, PA'P)).
(u,A)ERI xSy

Assume that M ¢ Sj+ and denote by k = kjp; > 1 the dimension of the
kernel of M. Let a €] — 00, 0[. By taking u = 0 and A the symmetric matrix
such that

o a if 1=17€ 1,...7]6,
v (i,5) € {1,...,d} Am':{ 0 otherwige { }
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we obtain
I(z,M) > —A(u, PA'P) = —ln/ exp (PA'Pz, z) dp(z),
R
i.e.

k
VaeR I(a:,M)}—ln/ exp aZ(tpz)? dp(z).
R = /
For any z € R%, we have
k
Z (th)j =0 <= zeKer(M)
Jj=1
since (Pey,..., Pex) is a basis of Ker(M) (they are the eigenvectors of M
associated to the eigenvalue 0). As a consequence

k
Yz e R4 exp az (th)j T Tker(ary2 (2)-
j=1

Moreover the left term defines a function which is bounded above by 1.
Therefore the dominated convergence theorem implies that

/exp aZ(th)j dp(z) — p(Ker(M)l),

a—r— o0

hence

I(z, M) > — lnp(Ker(M)J‘)7
so that I(z, M) > 1/2 as soon as p(Ker(M)+) < e~1/2. Since Ker(M)* is
included in some vector hyperplane of R?, we obtain the following proposi-
tion:

PROPOSITION 3.2. — If p is a symmetric probability measure on R? sat-
isfying hypothesis (H1) and (H2), then I — F has a unique minimum at
(0,%) on A.

3.2. Convergence of (S,/n,T,/n) under i, ,

Let us first prove the following proposition, which is a consequence of Varad-
han’s lemma.

PROPOSITION 3.3. — Let p be a symmetric probability measure on R?
with a positive definite covariance matriz 3. We have

liminf 1 InZ, > 0.
n—+oo n
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Suppose that p satisfies hypothesis (H1) and (H2). If A is a closed subset of
Re x Sy which does not contain (0,%), then

1 Mt "
limsup — ln/ exp (W) dvp, p(z, M) < 0.
A*NA

n—+oo N 2

Proof. The set & the interior of A* contains (0, ) thus Cramér’s theorem
(cf. [3]) implies that

1 1 M-
liminf — In Z,, = liminf — In / exp (M) v, ,(x, M)

n—+oo n n—+oo n 2

}Llinirg—lnunp(A*) > —inf {I(x,M) s(x, M) € &} -
We prove now the second inequality. Since p verifies hypothesis (1), we have
that (0,04) € DA Cramér’s theorem implies then that (¥, ,)n>1 satisfies the
large deviation principle with speed n and the good rate function I. Since F'
is upper semi-continuous on the closed set A, a variant of Varadhan’s lemma
(see Lemma 4.3.6 of [3]) yields

1 M1
limsup — ln/ exp (n(x,x)) AV, p(z, M)
A*NA

n—4oo N 2

< limsup l111/ exp (nF(z, M)) dv, ,(x, M) < sup (F —1).
n—+oo M ANA ANA

Since p satisfies hypothesis (H2), proposition 3.2 implies that I — F' has a

unique minimum at (0,%) on A. Since the closed subset A N A does not

contain (0,X) and since F' is upper semi-continuous and I is a good rate

function, we have

sup (F'—1)<0.
ANA

This proves the second inequality of the proposition. O

Proof of the law of large numbers in theorem 1.1. Suppose that p is
symmetric and satisfies hypothesis (H1) and (H2). Let us denote by 6,, , the
law of (S, /n,T,/n) under [, ,. Let U be an open neighbourhood of (0, X)
in R? x Sy. Proposition 3.3 implies that

1 1 Mt .
limsup —In#6,, ,(U¢) = limsup — ln/ exp (71(29:796)) dvy, ,(x, M)
AU

n—+oo T n—+oo T

1
— liminf —1In Z,, < 0.

n—+oco n
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Hence there exist € > 0 and ng > 1 such that 6, ,(U°) < e "¢ for any
n = ng. Therefore, for any neighbourhood U of (0, %),

S, T,
lim 7, Zn In ) —
e () €07) o

i.e. under [, ,, (Sn/n,T,/n) converges in probability to (0, ). O

4. Convergence in distribution of Tn_l/2 Sn/nl/4
under [, ,

In this section, we generalize theorem 1 of [9] to the higher dimension in
order to prove our fluctuation result.

THEOREM 4.1. — Let p be a symmetric non-degenerate probability mea-
sure on R? such that

[P dp(a) <+
Rd
Let X the covariance matriz of p and let My be the function defined in the-

orem 1.1. Then, under fin,p,

1
—— My (2722 ) d
]‘ T*l/QS "25 eXp( ]‘2 4( Z>> i

1/4 n n o0 1 ’
" - /Rd exp (—12M4(E_1/2u)) du

In the proof of this theorem, we show that the limiting law is well defined.
Notice that, if d = 1, then ¥7%/2 = ¢! and

pazt

VzeR  My(S7V%2) ="

Hence theorem 4.1 is indeed a generalization of theorem 1 of [9]

4.1. Proof of theorem 4.1

Let (X¥),>d, 1<k<n be an infinite triangular array of random variables such
that, for any n > d, (X},..., X") has the law [, ,. Let us recall that

Vn>1 S,=Xp+ +X" and T, =X {(X})++X2HXD).
and that T,, € S;r+ almost surely. We use the Hubbard-Stratonovich trans-

formation: let W be a random vector with standard multivariate Gaussian
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distribution and which is independent of (X%),>4 1<k<n- Let n > 1 and f
be a bounded continuous function on R%. We put

W | —7
T I

We introduce (Y;);>1 a sequence of independent random vectors with com-
mon distribution p. We denote

n

n 1/2
Ay =>Y; B, = (ZW}@) and B, = {det(B2) > 0}.
=1

i=1
w 1
15, /Rd f<n1/4 + —72Bx An>

2
X exp <;<B;2AmAn> — ”U;H > dw].

We make the change of variables z = n~/4 (w + B, 1An) in the integral and
we get

We have

1
By=———
Zn(2m)d/2

E,=C,E

1g, /]Rd f(z)exp (— M —|—n1/4<z,B;1An>> dz‘|

where C,, = nd/4Zn’1(27r)*d/2. Let Uy,...,Up,e1,...,e, be independent
random variables such that the distribution of U; is p and the distribution of
g; 18 (-1 + 01)/2, for any i € {1,...,n}. Since p is symmetric, the random
variables €1U1, ..., e,U, are also independent with common distribution p.

Therefore
2 n
llzan/ f(z)exp <—M+nl/4<z,B;1 (ZEiUi> >> dz].
Rd 2 —

In the case where the matrix B2 = U,U; + --- + U,U,, is invertible, we
denote

E,=C,E

n —1/2
VZ'G{L...,TL} Ay = (ZthUj> U;.
j=1

By using Fubini’s theorem and the independence of ¢;,U;, ¢ > 1, we obtain

s, [ IG)ew (—@”)
(Ul,...,Un)> dz].

. Vi, (s o
x E (Eexp (n 5l<z,al,n>)

E,=C,E
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s, /]R o <_\/ﬁ!z”2) exp (2:: In cosh (n1/4<z,ai}n))> dz].

We define the function g by

Therefore

E,=C,E

2
VyeR g(y):lncoshy—y?.

It is easy to see that g(y) < 0 if y > 0. Therefore

n n n
S o) = 3o (1 a0m) ) — < (z ) > = 1) = P
=1 =1

i=1

As a consequence

E,=C,E

13, /Rdf(Z)eXp (Zg(nl/‘L(z,aiﬂ,,))) dz‘| .

Now we use Laplace’s method. Let us examine the convergence of the term
in the exponential: for any z € R% and i € {1,...,n}, the Taylor-Lagrange
formula states that there exists a random variable &, ; such that

n{z,ain)* | 132z, ai0)°

1/4 ) _ ) i, ) (5) )
g(n / <Zvaz,n>> - 12 + n1/45! g (gn,z)-

Let z € R4, We have

ni(z,amﬁ4 :ni<B;1z, * %i >4.
i=1 i=1

i=1

We denote ¢, = /nB,;'z. We have
n 1 n 1 n d
nYy (eain)t == (G U == [ DG (U
i=1 i=1 i=1 \j=1

= Z (C’Vl).]l (Cn)]z (C’ﬂ J3 CTL l Z )]3 (U )j4 .

1<j1,42,93,7a<d i=1

3

3

Since p is non-degenerate, its covariance matrix X is invertible. Moreover p
has a finite fourth moment thus the law of large numbers implies that

a.s _
(o =3 BTV
n—-+oo

and that, for any (j1, j2, js, 1) € {1,...,d}%,

n

1 a.s
D W), (U3, (U, Ui = /Rd YirYjzYisYis AP(Y)-

n n—-+oo
=1
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As a consequence

HZ<Z,G¢,7L>4 a5 My (271/22).

—+o0
i=1

Since p has a finite fifth moment, we prove similarly that

n3/22<z,aivn>5 a8 M; (2_1/22),

. n—-+o0o
i=1

where M5 (2) = [pa(2,y)® dp(y) for any z € R%. Finally, by a simple compu-
tation, we see that ¢(® is bounded over R. Hence

- 1
R S g(nzan) S oM (2*1/2 ) .
Vze p— g(TL <Z’ i, >) n—400 12 4 &
LEMMA 4.2. — There exists ¢ > 0 such that
cllz)l*

VzeRY VYn>1 gn1/4<z,ain> ——.
; ( ) L+ |[z[?/v/n

Proof. We define h by

VyeR\0) Ay = ;@/29@),

It is a non-negative continuous function on R\{0}. Since g(y) ~ —y*/12
in the neighbourhood of 0, the function h can be extended to a function
continuous on R by putting h(0) = —1/12. Next we have

1+ y? In cosh 1
VyeR0)  aly) = THL x (RGR0)

so that h(y) goes to —1/2 when |y| goes to +oo. Therefore h is bounded by
some constant —c with ¢ > 0. Hence, for any z € R and n > 1,

n

n 4y a3
Zg(n1/4<zvai,n>) < —nclz ( < ’ 'an>)

p ne 1+ (n1/4<z,ai7n>)2.

We easily check that x — 22/(1+x) is convex on [0, +o0[. As a consequence

1\ 1/4 2)?
n (4500 (042, a5n) 1
Zg(nl/4<zaai,n>) < —ne 1n( ) )2 _ CHZH2 ,
Pt 1+ 150 (042, ain)) L+ [|z?/v/n

since (2,a1.,)? 4+ + (2,an.0)% = 1. O
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If ||z|| < n'/* then 1+ |z]|?/y/n < 2 and thus, by the previous lemma,

Y cl|z||*
Lo, Lyeginra exp (Zg(n1/4<zaai,n>)> < exp (— H2H ) .

i=1
Thus the dominated convergence theorem implies that

Z — exp (—M4 (2_1/22> /12)
is integrable on R? and that
E [ﬂgn /d L, cnisa f(z)exp (Zg(nl/‘l(z,ai’n))) dz]
Re i=1

1 _
— y f(z)exp (-121\/[4 (E 1/22)) dz.

n—-+oo

If ||z]| > n'/* then 1 + ||2]|?/v/n < 2|2||?/+v/n and thus, by the previous
lemma,

E l]lgn /Rd L jspisa f(z)exp (Zg(n1/4(z7ai,n>)> dz]

=1

2 27)4/2
<l [ exp (—UEEY 4, - Wl @7
o R 2

nd/4cd/2 n—+o00

and thus
&:]E 15 / f(z)exp Zn:g(nl/4<z ain>) dz
Cn n Rd 1/:1 ) ,T

1 —1/2
e L fE e (12M4 (2 z)) dz.

If we take f =1, we get

1 Z,(2m)Y? 1 12
07774 = W n—>—+>oo /Rd exXp —EM4 (Z Z) dz.

Summarizing, we have proved that

1 —1/2
exp | ——=My (X 12, ) dz
W 1 papg 2 ( il )
’I’Zl/4 ’I’L1/4 n nn—)oo/

Since (Wn~'/*),51 converges in distribution to 0, Slutsky’s lemma (theo-
rem 3.9 of [1]) implies the convergence in distribution of theorem 4.1.
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We remark that we needed the hypothesis that p has a finite fifth moment
in order to use Taylor-Lagrange formula. This hypothesis may certainly be
weakened by assuming instead that

Je>0 / |12]|147¢ dp(z) < +oo.
Rd

4.2. Proof of the fluctuation result in theorem 1.1.

In section 3, we proved the law of large numbers in theorem 1.1. It implies
that, under iy, ,, T,/n converges in probability to X. Moreover hypothesis
(H1) implies that (0,04) € Da and thus p has finite moments of all orders.
Theorem 4.1 and Slutsky lemma yield

1
1/2 exp —*M4 2_12’ ) dz
Sn _ (Ta\Y L apg 2 ( pMa(37e) .
n3/4 nl/a—n nn%oo/ 1 M (2_1 ) d
]Rdexp T3 Ma u u

Bibliography

[1] P. BILLINGSLEY, Convergence of probability measures, second ed., Wiley Series in
Probability and Statistics: Probability and Statistics, John Wiley & Sons, 1999, A
Wiley-Interscience Publication.

R. CErRrF & M. GORNY, “A Curie-Weiss model of self-organized criticality”, Ann.

Probab. 44 (2016), no. 1, p. 444-478.

[3] A. DEMBO & O. ZEITOUNI, Large deviations techniques and applications, second
ed., Stochastic Modelling and Applied Probability, vol. 38, Springer, 2010, Corrected
reprint of the second (1998) edition.

[4] R. S. ELLis & C. M. NEWMAN, “Limit theorems for sums of dependent random vari-
ables occurring in statistical mechanics”, Z. Wahrsch. Verw. Gebiete 44 (1978), no. 2,
p- 117-139.

[5] M. GORNY, “A Curie-Weiss model of self-organized criticality: the Gaussian case”,
Markov Process. Related Fields 20 (2014), no. 3, p. 563-576.

(6] , “Un modele d’Ising Curie-Weiss de criticalité auto—organisée”, PhD
Thesis, Université Paris-Sud (France), 2015, https://tel.archives-ouvertes.fr/
tel-01167487.

[2

(7] , “The Cramér condition for the Curie-Weiss model of SOC”, Braz. J. Probab.
Stat. 30 (2016), no. 3, p. 401-431.
8] , “A dynamical Curie-Weiss model of SOC: the Gaussian case”, Ann. Inst.

Henri Poincaré Probab. Stat. 53 (2017), no. 2, p. 658-678.
[9] M. GOrNY & S. R. S. VARADHAN, “Fluctuations of the self-normalized sum in the
Curie-Weiss model of SOC”, J. Stat. Phys. 160 (2015), no. 3, p. 513-518.

- 108 —


https://tel.archives-ouvertes.fr/tel-01167487
https://tel.archives-ouvertes.fr/tel-01167487

	1. Introduction
	2. Preliminaries
	2.1. Sigma is a symmetric positive definite matrix
	2.2. The model is well-defined
	2.3. Large deviations for (Sn/n,Tn/n)

	3. Convergence in probability of (Sn/n,Tn/n)
	3.1. Minimum de I-F
	3.2. Convergence of (Sn/n,Tn/n) under widetilde mun, rho

	4. Convergence in distribution of smashTn-1/2Sn/n1/4under widetilde mun, rho
	4.1. Proof of theorem 4.1
	4.2. Proof of the fluctuation result in theorem 1.1.

	Bibliography

