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Existence and uniqueness of S!'-invariant
Kihler—Ricci solitons )
JOHANNES SCHAFER (V)
ABSTRACT. — We use the momentum construction for Sl-invariant Kéhler met-

rics as developed by Hwang—Singer to construct new examples of steady Kéahler—Ricci
solitons. We also prove that these solitons are unique in their Kéhler class, provided
the vector field and the asymptotic behaviour are fixed.

RESUME. — Nous utilisons la construction des métriques kéhleriennes Sl-inva-
riantes de Hwang—Singer pour construire des nouveaux exemples de solitons de
Kaéahler—Ricci. Nous montrons en outre que ces solitons sont uniques dans leur classe
kéhlerienne, si le champ de vecteurs et les asymptotiques sont fixes.

1. Introduction

A steady Kdihler—Ricci soliton is a Kahler manifold (M, g) whose Kéhler
form w satisfies

Ric(w) = —Lxw (1.1)

for some vector field X which is the real part of a holomorphic vector field.
Solutions to (1.1) are natural generalizations of Ricci-flat metrics and arise
as self-similar solutions to Ricci flow.
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If the vector field X is non-zero, the manifold must be non-compact [19].
In general, there is no classification for steady Kéhler—Ricci solitons available
and only few examples are known. Even if a manifold admits a Kédhler—Ricci
soliton, it is not understood which subset of the Kéahler cone contains further
examples of Ricci solitons. It is also not clear, how many solitons there are
in each Kéhler class.

All known examples with X # 0 are divided into two classes. One class
contains explicitly constructed solutions by using ODE methods ([4, 6, 10,
11, 12, 15, 21, 24, 26]), while the other examples are obtained by using PDE
gluing methods ([2]). The explicit examples are constructed on Euclidean
space or on holomorphic vector bundles over Kéahler manifolds, while the
gluing method produces solitons on certain crepant resolutions of orbifolds

c/G.

In this article, we use the momentum construction introduced by Hwang—
Singer [18] to find new examples of steady Kéahler—Ricci solitons. More pre-
cisely, we prove the following theorem.

THEOREM 1.1. — Let 7 : Kpy — (M, gn) be the canonical line bundle
over a compact Kihler manifold. Assume that the Ricci form of gpr is positive
semi-definite and has constant eigenvalues with respect to gpr. Then Ky
admits a 1-parameter family of complete steady Kdhler—Ricci solitons in the
Kdhler class [m*wpy].

Theorem 1.1 generalises results obtained in [4, 6, 10, 11, 24, 26]. The
main difference is that we do not assume (M, gps) to be a Kiahler—Einstein
Fano manifold, but only require that Ric(wps) has constant eigenvalues.

Under the same assumption, Hwang—Singer [18] used Calabi’s ansatz to
construct Kéhler—Einstein metrics on line bundles. They observed that the
constancy of eigenvalues is sufficient to reduce the Kéhler—Einstein equation
to a single ODE, which is linear after applying a certain transformation.
We prove Theorem 1.1 by adapting their construction to the case of steady
Kahler—Ricci solitons.

Theorem 1.1 produces new examples if the base M is a flag variety. More
concretely, consider the canonical bundle over M = P(T*CP"), the pro-
jectivization of the cotangent bundle T*CP". Previously, it was only known
that compactly supported Kéhler classes admit steady solitons ([10, 24, 26]),
whereas Theorem 1.1 shows they sweep out the entire Kéhler cone.

Another interesting feature of Hwang—Singer’s construction is that it can
also be applied to certain vector bundles of rank > 2. Then we obtain a
result analogue to Theorem 1.1.
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Existence and uniqueness of Kéhler—Ricci solitons

THEOREM 1.2. — Let w : E — D be a holomorphic vector bundle of
rank m over a compact Kihler manifold (D,wp). Assume that E admits
a Hermitian metric h such that the corresponding curvature form -~ of the
tautological bundle (Op(gy(—1), h) is negative semi-definite and has constant
etgenvalues with respect to the Kahler metric wy = p*wp —-y, wherep : M =
P(E) — D is the natural projection. Additionally, suppose that

Ric(wp) = —myy. (1.2)

Then E admits a 1-parameter family of complete steady Kahler—Ricci solitons
in the class [m*wp).

This can be applied to certain sums of line bundles and again, if the base
is a flag variety, it constructs steady solitons in each Kéhler class, generalising
results in [21] and [10, Theorem 4.20].

Given a Kéhler—Ricci soliton, it is an interesting question whether or not
it is unique in its Kéhler class. It is natural to fix a vector field for this
question because there can be families of solitons as in Theorem 1.1 and 1.2
for instance. In general, this question seems to be largely open.

In the special case of Ricci-flat Kéahler metrics, the question of uniqueness
is studied under additional assumptions on the asymptotic behaviour of the
metric ([9, 14, 16, 20]). For example, asymptotically conical Ricci-flat metrics
are unique in their Kéhler class [9)].

In the different setting of solitons with X # 0, there are only few results
such as [2]. Assuming that two steady solitons wy, ws with the same vector
field are related by w; = ws + +/—190u, [2, Proposition 1.2] shows that
w1 = we provided u and its derivatives tend to zero at infinity.

In this work, we extend the previous result for the metrics constructed
in Theorem 1.1 and 1.2.

THEOREM 1.3. — Let E — D be a holomorphic vector bundle satisfying
the assumptions in Theorem 1.1 or 1.2 and denote the steady Kihler—Ricci
solitons constructed in Theorem 1.1 or 1.2 by w,. Suppose that w is a Kihler—
Ricci soliton on E with the same vector field as w, such that (w] = [w,] €
H2(E). If moreover w, —w € C°(A2T*E) for some & > 2, then w, = w.

We reduce the proof of Theorem 1.3 to [2][Proposition 1.2] by proving a
00-Lemma with controlled growth. Assuming that w, — w is asymptotic to
zero, in a suitable sense, we show that there exists a smooth function u such
that w, —w = +/=190u and u € C> ,(E), i.e. u and all its derivatives tend
to zero because 2 — § < 0.
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The strategy for finding such a function u is analogue to [9, Section 3]. The
main point is proving that all harmonic 1-forms of a certain growth behaviour
are identically zero which requires non-negative Ricci curvature. We will
see that this is indeed true for the metrics w, constructed in Theorem 1.1
and 1.2.

This article is structured as follows. In Section 2, we recall Hwang—
Singer’s construction of Kéhler metrics and prove Theorem 1.1. For proving
Theorem 1.2, we have to make some adjustments which are explained in Sec-
tion 3. The metrics are studied more closely in Section 4. Here we observe
in particular that the curvature of these metrics is bounded and that the
Ricci curvature is non-negative. Then, in Section 5, we prove Theorem 1.3
by studying the Laplace operator and harmonic 1-forms of the metrics con-
structed in Theorem 1.1 and 1.2. After this paper was submitted for publi-
cation, Conlon and Deruelle [8] posted a preprint on the arXiv containing a
new existence result for steady Kéhler—Ricci solitons. There is some overlap
between their main result [8, Theorem A] and our Theorems 1.1 and 1.2,
compare Remarks 2.6 and 3.4 below.

2. Calabi’s Ansatz for line bundles

Hwang—Singer’s construction combines Calabi’s ansatz with ideas from
symplectic geometry ([18]). If 7w : (L,h) — (M,wys) denotes a Hermitian
holomorphic line bundle over a K&hler manifold, then Calabi’s idea ([3]) was
to search for Ké&hler metrics of the form

T war + V=100 f(t). (2.1)

Here, ¢t denotes the logarithm of the fibre-wise norm function induced by h
and f is a convex function of one variable. Instead of describing the met-
ric (2.1) in terms of the potential f, Hwang—Singer introduced a new variable
T = 7(t) and a function ¢ = ¢(7) : (0,00) — R4 which is related to the
Legendre transformation F of f by ¢ = 1/F”. In particular, ¢ determines
the metric (2.1) uniquely.

Assuming that the curvature form of h has constant eigenvalues, we will
see in this section that the non-linear Kéahler—Ricci soliton equation (1.1) is
equivalent to a single, linear ODE in the function ¢, which can be solved
explicitly. This leads to a proof of Theorem 1.1. Additionally, we discuss the
main examples to which Theorem 1.1 applies.
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Existence and uniqueness of Kéhler—Ricci solitons

2.1. Notation and set-up

We begin by briefly recalling Calabi’s construction of Kéhler metrics in
the special case of the canonical bundle. We follow the presentation in [18,
Section 2].

Let (M™,wps) be a Kéahler manifold of complex dimension n and equip
its canonical line bundle 7 : K; — M with the Hermitian metric hA induced
by wps. Let « be the curvature form of i and assume that —y > 0, i.e. v is
negative semi-definite. Recall that v is given by

v = —v/—1801og h(s,5) = — Ric(war),

where s : U — Ky is a local holomorphic section of Kjp; and Ric(wys)
denotes the Ricci form of wys. We introduce the radial function r : Ky —
R>¢ defined by r(v) = \/h(v,7) and outside the zero section, we define a
new function ¢ : Kj; \ M — R by t = 2logr. The pullback 7*7 is a d0-exact
form on Kj; \ M and satisfies

Ty = —/—100t. (2.2)

Suppose f: R — R is a smooth function satisfying
lim f(t)=0 and f” >0. (2.3)

Then Calabi’s Ansatz searches for Kahler metrics w of the form
w= 7wy +V—100f(t) = m*wpy — f ()7 + /(O -10t AOt.  (2.4)

Note that w is defined on K\ M, the canonical bundle with the zero section
removed, and it is positive since we assumed —y > 0 and (2.3). Depending
on the behaviour of f(t) as t — +00, w can be extended to all of Kj; and
define a complete metric. When this can happen is explained in the next
subsection. We conclude this subsection by describing the Calabi metric w in
terms of the Legendre transformation of its potential f, which is well-defined
since f is convex by (2.3). We now briefly recall this transformation. Let
I =TIm f" C Ry be the image of f” and define the new variable 7 := f/(¢) € I.
We write I = (0, 72), which means that
. . / . . /
sl}gloo T(S) B tlyfnoo f (t) o O’ 5231007(8) o tggloo f (t) = T2

We point out that in general 79 < +o00, but in the case considered in sub-
sequent sections, we have in fact that 7, = +00. The Legendre transform
F : I — R is defined by the formula

f@)+ F(r) =tr.

~19 —
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One can check that F' is also strictly convex, so that we can define a new
function ¢ : I — R, by

o) = -

Then we obtain the following relations

dr de
T =P =plr), 10 = = el (25)
In particular, (2.3) translates into
>0 onl=(0,72). (2.6)

We can then express the metric w obtained from Calabi’s construction (2.4)
as

w =7 wy — Ty + i\/—71(97' A 0T (2.7)
o(7)
by using equations (2.4) and (2.5). The function ¢ is called the momentum
profile of w. We note that it is possible to reconstruct the Kéhler potential
f of w from its momentum profile by

0 rda
o= [ 2 (2.8)

Hence, the Kahler metric given by Calabi’s Ansatz (2.4) is uniquely deter-
mined by its momentum profile. We emphasize this by writing w = w,,.

2.1.1. Completeness of w,

The Kahler metric w = w, given by (2.7) is a priori only defined on
Ky \ M and is in general not complete. Whether or not w,, extends across
the zero section to a complete metric is determined by the behaviour of
the momentum profile ¢ toward the endpoints of I = (0,72). This is well-
understood and there is the following well-known proposition, whose proof
can be found in [18, Section 2] or [12, Section 6], for example.

PROPOSITION 2.1. — Let w, be given by (2.7). Suppose the profile ¢ :
I — R has a zero of integer order at each endpoint of I = (0,72). Then w,
extends across the zero section if and only if ¢(0) = 0 and ¢'(0) = 1. In
this case, the resulting metric on Ky; is complete if and only if at the upper
endpoint 1o, one of the following conditions (i) and (ii) holds:

(i) The endpoint T2 is finite and ¢ vanishes at least to second order.
(ii) The endpoint T is infinite and ¢ grows at most quadratically.

—920 —
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Remark 2.2. — Note that [18, Proposition 2.3] is identical with Pro-
position 2.1, except that Hwang and Singer require ¢’(0) = 2 instead of
¢©'(0) = 1. This is due to the fact that our K&hler potential f is twice the
potential function used by Hwang and Singer; compare (2.4) with [18, (1.1)].

If the metric w,, extends to the total space of Kjs, we would like to identify
its de Rham cohomology class. Since we assumed (2.6), i.e. I = (0,72), it
follows immediately that [w,] = [m*wy] € H2(Kpr). We refer to the class
[T*war] as the Kahler class of w,,.

More generally, we define a Kéhler class on Kj; simply to be a class
in H?(K)) containing positive (1,1) forms and the Kihler cone is the set
of all such Kahler classes. Using this definition, the projection map 7* :
H?*(M) — H?*(K)) identifies the Kéhler cone of the compact base M with
the Kéhler cone of K. Indeed, given a Kéahler form on Ky, its restriction
to M clearly is a Kédhler form on M. Conversely, given a Kéhler form wy,
on M, Calabi’s Ansatz always produces a positive (1,1) form in the class
[m*war], for example consider w, with ¢(7) = 7, which extends to Ky by
Proposition 2.1.

2.1.2. The Ricci form

In this paragraph, we provide a description of the Ricci-form of w,. The
computations can be found, for example, in [18, Section 2.1]. Denote the
Kaéhler metric of wys by gas and the curvature form of (K, h) by «. It gives
rise to an endomorphism B : T"9M — TYOM of the holomorphic tangent
bundle, which is locally defined by B := g;}fy = gﬁfng. As in Theorem 1.1,
we assume from now on that the eigenvalues of B are constant over M. This
condition is sufficient to reduce the soliton equation (1.1) to an ODE. These
conditions guarantee that the function @ : I x M — R defined by

Q = det (g (wn — 7)) = det (Id —7B) (2.9)

only depends on the parameter 7, i.e. is constant over M. Also observe that
@ is a positive function because —v > 0 and 7 > 0. @) naturally appears in
the computation of Ric(w,). Indeed, the Ricci form is given by

. — * Ric(w (@Q)/W* 1 (pQ) / 9+ A Fr
Ric(wy,) = 7" Ric( M)-FiQ v " (Q ) V=101 AdT, (2.10)

see [18, (2.14)].

- 21 —
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2.2. Reduction to an ODE

We use the previously derived formula for the Ricci curvature to show that
the Kéahler—Ricci soliton equation is equivalent to an ODE in the function
(7). Our presentation is similar to [12, Section 4].

By definition, the soliton vector field X must be the real part of a holo-
morphic vectorfield, i.e. LxJ = 0. On the line bundle Kj;, there is a natural
choice for X, which we now describe. Kj; admits a holomorphic C*-action
by fibre-wise multiplication and the corresponding holomorphic vector field
7 is given by Z = 208%0, where zg denotes the fibre coordinate of K. In
terms of the radial function ¢ defined at the beginning of this section, we can
write Z as

ZzReZ—H/—lImZ:%—\/—lJ%. (2.11)

So it is natural to set X := pReZ = u% for some constant 0 # p € R.
Before deriving the ODE, we need to calculate the following Lie-derivative:

Lxw, =d(1xw,) = V—100(Lx f)(t) = pv/—100f' (t). (2.12)

Here, we used 2v/—100 = d.Jd and Lx.J = 0 to obtain the second equality.
We shall write out equation (2.12) in terms of fibre and base direction, as
we did for the Ricci-form in (2.10):

/
—Lxwy = pp(r)ry — p-(r)v/ =107 A Br. (2.13)
P
Now we are in position to see by comparing (2.10) and (2.13) that the soliton
equation (1.1) for w,, is equivalent to the following two equations

Ric(war) + %Q)'vw = pplr )y (2.14)
(‘PQ)/ ' _ /
(“25) 0 =we'tr (2.15)

Since Ric(wpr) = —v, we see that differentiating (2.14) gives (2.15), so that
we proved the following Lemma:

LEMMA 2.3. — Suppose that w, is a Kdhler metric with momentum pro-

file ¢. Then (1.1) with X = u% is equivalent to the following equation:

o)+ (gm - u) o(r) =1 (2.16)

—929 _



Existence and uniqueness of Kéhler—Ricci solitons

For the rest of this paragraph, we study the solution ¢ to Equation (2.16).
This is a linear ODE of the form y’ + p(x)y = ¢(z), which has an explicit
one-parameter family of solutions given by

y = exp (- / p(a:)dx) ( / o(z) exp ( / p(x)dx) dz + K) @17

Applying (2.17) to (2.16), we have

o(r) = % < /0 " e rQ () + K) , (2.18)

where K > 0 is determined by the initial value lim,_,q (7). Justified by (ii)
of Proposition 2.1, we will assume that K = 0.

One can compute the integral (2.16) explicitly in terms of the coefficients
b; > 0 of the polynomial Q(7) = det (Id —7B) = bp7" + b1 781 + - + by.
Note that the degree k of @ could be less than n since B is allowed to have
zero eigenvalues. In fact, it is straight forward to see that
erT v(T)
— - 2.19
Q@ Q) (219)

where v is given by

ko J
= ZZ b] l' ,U*j+1 I (220)

j=01=0
We point out that the explicit expression for v is not relevant, but rather
that it has the form
e’ (=bp/p) T + Rp_1(7)
Q(7) Q(7)
for a polynomial Rj_; of degree k — 1. Hence, we found an explicit solution
for the soliton ODE (2.16). Also note that ¢ is defined on [0, +00) since
Q(0) > 0. Moreover, ¢ is clearly positive on (0, 400).

p(r) = v(0)

(2.21)

With these observations, we can now finish the proof of Theorem 1.1.

2.3. Proof of Theorem 1.1

Let Ky — (M, gnr) be the canonical bundle whose semi-negative cur-
vature form v = — Ric(wys) has constant eigenvalues w.r.t. gps. Suppose
¢ : (0,400) = R is given by (2.18) with K = 0 and, as before, let w, be
defined by (2.7). Since ¢(7) > 0 for all 7 > 0, w,, defines a Kahler metric and
hence is a steady Kéhler—Ricci soliton by Lemma 2.3. We note that these

—923 -
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metrics can only be complete if g < 0. This can be proven similarly to [11,
Lemma 5.1].

Hence we assume g < 0. From (2.21), we have the following asymptotic
behaviour for large 7:

1
o(1) = ~ +O0(1/7). (2.22)
Also recall that ¢ and the potential f are related by

W0 = ol 0). (223)

Using (2.23) together with (2.22), we conclude that the corresponding po-
tential f(t) is indeed defined for all £ € R, i.e. w,, is defined on K7 \ M.

It remains to check that w, extends across the zero section and defines a
complete metric as ¢ — +oo. By the first part of Proposition 2.1, w,, extends
provided ¢(0) = 0 and ¢'(0) = 1. Since we assumed K = 0 in (2.18),
we have ¢(0) = 0. Plugging this into (2.16) gives ¢’(0) = 1, as desired.
The completeness as t — +oo follows immediately from the asymptotic
expansion (2.22) and (ii) of Proposition 2.1.

2.4. Examples

Theorem 1.1 immediately recovers all known examples of steady Kéahler—
Ricci solitons on the total space of line bundles ([4, 6, 10, 24, 26]). In these
cases, the base is a product of Kdhler—Einstein manifolds and the considered
Kahler classes are represented by convex combinations of Kéhler-Einstein
metrics on each factor. If the base manifold is a flag variety, Theorem 1.1
produces examples, which have not been mentioned before. In this case,
steady solitons sweep out the entire Kéhler cone.

Ezample 2.4 (Products). — Let (M;,w;), i =1,...,r be Kéhler—Einstein
manifolds with non-negative scalar curvature and denote their canonical bun-
dles by K, — M;. We consider the bundle

Ky :])TI(]M1 (X)---@p:KMT — M =My x---x M,,

where p; : M — M, is the projection. Then Theorem 1.1 applies and gives
a complete steady soliton in each Kéhler class of the form Y., o;[pfw;] €
H?(M) with o; > 0.

The case r = 1 was first considered in [4] and [6] for M = CP" and in [24]
for a general Kdhler—Einstein Fano manifold. For r > 1, these solitons are
found in [10, Theorem 4.20].

— 24 —
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Ezample 2.5 (Flag varieties). — Let G be a complex semisimple Lie
group, P C G a parabolic subgroup and K C G a maximal compact
subgroup. Then K acts transitively on the flag manifold M = G/P. It is
well-known that M admits a K-invariant complex structure so that its anti
canonical bundle is ample, compare [1, Chapter 8] for example. The previ-
ously mentioned results only produce solitons on the canonical bundle K,
whose Kiihler class is a multiple of [7*c1(M)]. In general, however, H?(M)
is not spanned by [c1(M)]. We claim that every Kahler class admits a steady
Kaéhler—Ricci soliton. Indeed, every Kahler class on M admits a K-invariant
Kaéhler form wy whose Ricci form Ric(wg) is also K-invariant. This means
that the eigenfunctions of Ric(wg ) w.r.t. wg must be K-invariant and hence
constant since K acts transitively on M. So Theorem 1.1 can be applied and
proves the existence of a steady soliton in the class [m*wk].

Remark 2.6. — The new metrics in Example 2.5 can also be obtained
from the recent result [8, Theorem A], which was posted after this paper
was uploaded to the arXiv.

3. Calabi metrics on vector bundles

Given a vector bundle £ — D, Hwang—Singer’s idea was to apply their
construction to the tautological bundle Op(g)(—1) over P(E), the projec-
tivization of E ([18, Section 3.2]). In this section, we explain the changes
which are necessary to prove Theorem 1.2 and provide some examples.

The main difference is that one has to choose a new background metric
on P(E), with respect to which the eigenvalues of the curvature form are
computed. Then the discussion of the previous section can be applied and
again, the soliton equation (1.1) reduces to a simple ODE. In this new setting,
however, the function @ defined by (2.9) will have zeros at 7 = 0, so there
are some details which have to be checked.

3.1. Constructing a Kdhler metric

As in [18, Section 3.2], we explain how to adapt the machinery from the
previous section to the tautological line bundle.

Let 7 : E — (D,wp) be a holomorphic vector bundle of rank m > 2
equipped with an Hermitian metric h and assume that the Kdhler manifold
D has complex dimension d. As in the case of line bundles, we define r :

— 95—
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E — Rso to be the radial function induced by h and let ¢ = logr?. Then
Calabi’s Ansatz has the form

w = m*wp +V—190f(t).

By construction, the projectivization of E is naturally a fibre bundle
p:P(E) — D, with fibre isomorphic to CP™*. Recall that the natural map
Opg)(—1) C p*E — E identifies Op(g)(—1) \ P(E) = E'\ D. By abuse of
notation, we denote the bundle projection of Opgy(—1) also by =, so that
we have a commuting diagram

L:= O]p(E)(—l) — F

Wl l T (3.1)
M:=PE) —L— D

In the notation from the previous section, let us denote the complex dimen-
sion of M by n,i.e.n = d+m—1. Via the natural identification L\M = E\D,
h induces a Hermitian metric on L, which we also simply denote by h. Hence,
we can view r as a function on L and, if v is the curvature form of (L, h),
we have as before 7%y = —/—100t with t = logr?. We again assume that
—v > 0. Then we are looking for metrics of the form

wy =t wp — f' )7y + f(t)V—10t A Ot (3.2)
where we require that f : R — R satisfies (2.3) to obtain a positive form. As

before, we set 7 := f'(¢) and define ¢ : (0,72) — R4 by (2.5), so that it also
satisfies (2.6). Hence, w, can also be expressed as in (2.7).

For the computation of Ricci curvature below, we need to choose a back-
ground Kéhler metric wy; on M. Define
wym =p'wp — 7, (3.3)

which is clearly positive in base direction of the fibration p : P(E) — D. To
see that wjs is positive in fibre direction, we note that —v restricts to the
Fubini-Study metric on each fibre = CP™ !,

The Ricci form

The calculation is in principle the same as in the line bundle case, but the
polynomial ) does have zeros. Let B = g;/[lfy be the curvature endomorphism
of v, where gjs is the metric with Kéhler form given by (3.3) and assume
that the eigenvalues of B are constant over M. Then we define a function

Q by
Q = det(g,/ (p*wp — 7)), (3.4)

— 26 —
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which can be viewed as a function @ : (0, 72) — Rx¢. Indeed, we can write

9a (P'wp —77) = g5 (W — (T =1)7) =ld—=(1 = 1)B,  (3.5)
so that @ is constant over M, i.e. it only depends on 7. If §1,..., 3, are the
eigenvalues of B, we must have 8441 = -+ = 3, = —1 by the definition of
wy and By,...,Bq < 0 by assumption. From (3.5), we conclude that @ is
given by

d
H (1+B8; —785) = nid@(T)a (3.6)

for some polynomial Q. Since p*wp is positive in base (/i\irection, we conclude
from (3.5) that 1+ 8; > 0 for all j = 1,...d. Hence, Q(0) > 0 and @ has a
zero at 7 =0 of order n —d =m — 1.

As in (2.10), one can find the following expression for the Ricci form:

S WS (22) SN I () W
Ric(wy,) = 7" Ric(war) + 0 ol <p< 0 )8/\8. (3.7)

3.2. The ODE

The natural C*-action on E by biholomorphisms induces a holomorphic
vector field Z. On L \ M, which is the tautological bundle with the zero
section removed, the real part of Z is given by ReZ = 9/0t, so we are
looking for Ricci solitons with vector field X = ,u@/ Ot. Again, we find

—Lxwy = —pvV/=180f(t) = pe(T)m*y — u ( )W—=1dr A OT.  (3.8)

Combining (3.2) with (3.7) and (3.8), one can check that the soliton equa-
tion (1.1) is equivalent to

Ric(wpr) = ey (3.9)
Q/
¢+ (G- n) el =~ (3.10)
for some integration constant ¢ € R. In fact, we must have ¢ = —m since the
first Chern class of M = P(FE) is given by
C1 (M) = —mcy (O]P(E) (—1)) + p*cl (E) + p*Cl (D) (311)

Equation (3.10) has the same form as (2.16), but with a different Q). Hence,

the solution ¢ is given by
et /7‘ e )
p(T) = me " Q(x)dz |, 3.12
=505 ([ (x) (3.12)
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if we assume the integration constant to be zero.

We end this section by studying the solution ¢. Let us write Q(7) =
bsn—am™ "% + o+ by g7 with coefficients b; > 0 for j = 1 +n —

d,....,k+mn—dand b,_4g = Q(0) > 0. Adapting (2.19) and (2.20) to this
case, we obtain

o) =0 5 - 50 (3.13)
as well as
kinod 4o
u(r) =m ‘ngbjg!'ujﬂ_l. (3.14)

A priori, ¢ given by (3.12) is defined on the interval (0,+00) and because
Q(0) = 0 one needs to check that ¢ and its derivatives have a limit as 7 — 0.
To see that this is the case, note that we can rewrite (3.14) as

k+n—d ]' 00 (/,LT)Z
S0 vl =m S bl 3 )
j=n—d l=j5+1

i.e. 77 (=D (1(0)er” — (7)) tends to zero as T — 0. Since Q vanishes of order
n —d at 7 =0, we then deduce from (3.13) that lim,_,o ¢ = 0. Similarly, it
follows that all derivatives of ¢ have a limit as 7 — 0.

3.3. Proof of Theorem 1.2

The proof is now analogue to Section 2.3. The only part that might a
priori be different is the extension of w,, to a complete metric on E. However,
one can check that Proposition 2.1 also applies to the vector bundle case,
see [18, Lemma 3.7].

As before, one can check that ¢ has the behaviour required by Propo-
sition 2.1. Indeed, one can compute that ¢(0) = 0 and ¢'(0) = 1, as de-
sired. Sending 7 — 400, we conclude the following asymptotic expansion
from (3.12) and (3.13)

m
o(T) = _Z +0(1/71), (3.15)
and so we obtain a complete metric on the total space FE.
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3.4. Examples

We briefly discuss three different situations to which Theorem 1.2 applies.
New examples of steady solitons are given in Example 3.2.

Ezample 3.1 (Complex plane). — We let D be a single point and F = C"
be the trivial bundle over D. Let h be the Euclidean metric on F, so that
war = —v is the Fubini-Study metric on M = CP™ !, This is the situation
first studied in [4].

Ezample 3.2 (Sum of line bundles). — Let (D,wp) be a Kéhler—Einstein
Fano manifold of Fano index m. Define L := K 15/ "™ and consider the m-fold

sum of L with itself, i.e. E = L&C™. Then we have M = P(E) = CP™ ' x D
and

Op@)(—1) = p1 Ocpm-1(=1) @ p5L,

where pi, ps denote the projections onto the first and second factor of M,
respectively. Let wpg be the Fubini-Study metric on CP™ ™!, so that v =
—piwrs — 1/mp3 Ric(wp) is the curvature form of Opg)(—1), and define
wpy = pswp — 7. Then we clearly have

Ric(wpr) = mpiwrs + p5 Ric(wp) = —myy, (3.16)

since wp is Kédhler—Einstein. Moreover, the eigenvalues of Ric(wps) w.r.t. way
are constant, so that Theorem 1.2 can be applied. These examples of steady
solitons are obtained in [21, Theorem 2.1] and [10, Theorem 4.20].

If the base D = G/P is a flag manifold for G a complex semisimple Lie
group and P C G a parabolic subgroup, one can find steady solitons in every
Kéhler class, similarly as in Example 2.5.

To see this, assume that wp represents a given Kéhler class (not neces-
sarily the first Chern class of D). We can pick wp to be K-invariant, where
K C G is a maximal compact subgroup. Since Ric(wp) is also K-invariant,
the form —y = pjwrs+1/mps Ric(wp) is invariant under the diagonal action
of SU(m) x K and also positive.

We claim that Ric(—~) = —my. By [1, Theorem 8.2], we know that there
exists a SU(m) x K-invariant Kahler-Einstein metric wig € ¢ (CP™ ™! x D).
Also recall that the Ricci forms of all SU(m) x K-invariant Kédhler metrics
agree, i.e. Ric(—y) = Ric(wkg). Since —my and wkg are in the same Kéhler
class, we deduce from the uniqueness part of Calabi’s conjecture that —m~y =
wkg = Ric(—7y).
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As the form wy; = piwp — v is also invariant under SU(m) x K, we
conclude

Ric(wpr) = Ric(—y) = —myy,
and hence the assumptions in Theorem 1.2 are satisfied.

Ezample 3.3 (Cotangent bundle of CP?). — Let D = CP? be projective
space equipped with the Fubini-Study metric and consider £ = T*CP?, the
cotangent bundle of CP?. E is naturally a SU (d + 1)-homogeneous vector
bundle, where the fibre action is given by the coadjoint action of SU(d + 1)
on its Lie algebra. Since CP? is a rank 1 symmetric space, the induced
action of SU(d+1) on M = P(FE) is transitive. Verifying the assumptions of
Theorem 1.2 is now similar to the previous Example. These steady solitons
on T*CP? are of cohomogeneity one and are contained in [10, Section 5].

Remark 3.4. — All the previous examples can also be constructed from
[8, Theorem Al.

4. Properties of w,

In this short section, we study curvature properties of the previously
constructed metric w,. We show that w, has bounded curvature and that
its Ricci curvature is non-negative. Moreover, we obtain estimates on the
growth of the function f and its derivatives.

Recall that f = f(¢) is the Ké&hler potential of w,, as defined in (2.4) and
¢ = @(7) is its momentum profile, see (2.7). If w,, is a steady Kéahler-Ricci
soliton constructed in Theorem 1.1 or Theorem 1.2, then ¢ satisfies (2.16)
or (3.10), respectively. This ODE is in turn determined by the polynomial
@ = Q(7) defined by either (2.9) or (3.4). The statements in this section
mainly reduce to understanding ) and how it effects the asymptotic be-
haviour of ¢, compare (2.19) or (3.13) depending on the rank of the under-
lying vector bundle.

We begin by considering the Ricci curvature of w,. More precisely, we
prove the following theorem, which we need in the subsequent section. It
generalises the observation made in [26, Case 7).

THEOREM 4.1. — The complete steady Kihler—Ricci solitons constructed
in Theorem 1.1 and 1.2 have non-negative Ricci curvature. Moreover, if the
curvature form —v is positive definite, then the Ricci curvature is positive
away from the zero section.
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Proof. — First, we consider the solitons constructed on line bundles in
Theorem 1.1. Let w, be the Kéahler metric given by (2.7) with ¢ satisfy-
ing (2.16) and ¢(0) = 0. Recall that the Ricci curvature is given by

/
Ric(wy,) = —Lx (wy,) = po(r)m*y — u%vfl@'r A OT.

Since ¢(0) = 0, ¢ > 0 on (0,00), and py > 0, we only need to show that
¢’ > 0. To see that this is the case, we define a function
Q* T
H(r) = —"——¢H" —/ e "*Q(x)dx. 4.1
(1) 0 -0 ; (z) (4.1)
Using the ODE (2.16), it is straight forward to prove that ¢’ > 0 iff H > 0.
As H(0) > 0 for @ given by (2.9), we are done if we can show that H' > 0.
From the definition of H, we compute

- Q

H'(r) =" ——— (@) - QQ"), 4.2
(7) (O = 107 (@) ) (4.2)
so that H' > 0 if and only if (Q")? — QQ"” > 0. The later condition can
be checked easily starting from the explicit expression for (). Indeed, let
B1,. .., 0, be the eigenvalues of the endomorphism B = g;/[l'y cT1OM —

T1OM, and write
Q(7) = det (Id—7B) = [[ (1 - ;7). (4.3)

Jj=1

Then we have

Q)P -QQ" N~ _ B
Q? =2 (1- éﬂ

as required. For the second statement, it suffices to observe that ¢/(7) > 0
if and only if (Q)? — QQ" > 0, which is certainly true if v < 0. This proves
Theorem 4.1 for line bundles. The arguments for the metrics in Theorem 1.2
are analogous. It also reduces to showing that (Q")? — QQ" > 0, where Q is
this time given by (3.6). O

7 20 (4.4)

Jj=1

Note that the non-negativity of Ricci curvature can also be expressed in
terms of the potential function f. In particular, we have the following

COROLLARY 4.2. — Let w, be a steady Kdhler-Ricci soliton constructed
in Theorem 1.1 or 1.2 and let f = f(t) be defined by (2.4) or (3.2), respec-
tively. Then f" is monotone increasing.

Proof. — Recall from (2.12) or (3.8) that we have
—Lxwy = —puV/—190f'(t) = pf" (t)7*y — pf" (t)V—10t A O,
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and so Ric(wy,) = —Lxw, can only be non-negative if f"/(¢) > 0 since pu < 0.
Thus, Theorem 4.1 implies that f” is increasing. a

We end this section by pointing out some growth properties of the po-
tential function f.

LEMMA 4.3. — Let w, be a steady Kdhler—Ricci soliton constructed in
Theorem 1.1 or 1.2 and let f = f(t) be related to ¢ by (2.8). Then there is
a constant C > 0 such that for all t > C, we have

Cl<f'(t)<C and C't < f/(t) < Ct. (4.5)
Moreover, for all j € Ny andt > C
CTHI+ /)7 < [fE 0l <o+ (). (4.6)

Proof. — First note that the bound on f”(t) in (4.5) implies the bound
on f’(t) after integrating the parameter ¢, so we only need to find C > 0
such that

cl<f'<C (4.7)

for all ¢ > C. Translating the problem into bounding ¢(7), we recall from
(2.5) that

T=7(t)=f'(t) and o(r(t) = f"(t). (4.8)

Since f'(t) is positive and increasing, we can choose a C' > 1 such that the
following estimate

(t) = f(t) > 0" (1.9)
holds for all ¢ > C. Then we recall the asymptotic expansion (3.15)

wﬂmz—%+ouﬁ@>

with @ < 0 implying that ¢(7(t)) is uniformly bounded from above because
of (4.9). Together with (4.8), this proves the upper bound for f”(¢) in (4.7).
For the lower bound, note that f”(¢) > 0 is increasing and thus is bounded
from below by some positive constant if ¢ > C'. Inequality (4.7) now follows,
and so does (4.5).

Next, consider the case j > 0, i.e. we estimate f(77)(t). Differentiat-
ing (4.8) and using the chain rule, we see that

() = w’(T(t))%(t) =¢'(r(t) - ().

Taking further derivatives of this equation, we conclude that f*7) can be
written as

D) = an sl gl Ly (4.10)
«
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where the sum is over all multi-indices a with a3 + ...+ a; = j and ¢, are
constants only depending on the multi-index «. Since f”(t) satisfies (4.7), it
is sufficient to estimate derivatives of ¢. In fact, we have for all 8 € N that

Cr =P <P (1) < C778, (4.11)

because (7) behaves asymptotically like a rational function of the form P/Q
with polynomials P(7), Q(7) having the same degree, see (2.21). Substituting
7(t) = f'(t) in (4.11) and combining the resulting estimate with (4.10), we
finally obtain (4.6) as desired. O

The important point about Lemma 4.3 is estimate (4.5), i.e. that f”(¢)
behaves like a constant and f'(¢) growths roughly like the function ¢ in the
limit ¢ — oco. This will be crucial in the next section because we want to
understand the asymptotic geometry of w,.

Another interesting consequence of Lemma 4.3 is that the metrics w,
have bounded curvature and positive injectivity radius.

LEMMA 4.4. — The curvature tensor of the steady solitons constructed
in Theorem 1.1 and 1.2 is uniformly bounded and each of these metrics has
positive injectivity radius.

Proof. — Tt is straight forward to see that the first claim reduces to
bounding f”(t), f'(t) and f*)(t), where ¢ and f are related by (2.8), so we
focus on the second one. According to [7, Theorem 4.7], the lower bound on
the injectivity radius follows if we can bound the volume of all unit balls uni-
formly from below. For this, recall that the function ¢ identifies E\D = Rx .S,
where S is the S'-bundle associated to Op(gy(—1) — P(E), see (3.1). Un-
der this identification, the metric g, admits the following decomposition on
Rx S

9o = £(t) (A2 + (JA8)?) + f'(0)7°G + 7 gD, (4.12)

where J denotes the complex structure on F, and g, gp are the (2,0) tensors
associated to —v, wp, respectively. By compactness of D, we only have to
consider the set {t > 1}, on which g, is uniformly equivalent to the metric

g¢ := dt? + (Jdt)* + tn* G + 7 gp, (4.13)

compare Lemma 4.3. Let us further denote gs1 := (Jdt)? and rescale g;
by some fixed constant so that the diameter diam(S,gs1) of each S'-fibre
satisfies diam(S, gs1) = 1/4. It then suffices to bound the volume of unit
balls w.r.t. g; on the set {¢ > 1} uniformly from below.
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Let x € E with ¢(z) > 1 and denote the unit ball of g; around z by
By, (z,1). We introduce families of metrics on M and S by declaring

M, =Tg+p gD

gs,r = gs1 + T gm,r
for each 7 > 1, where p : M — D is the projection as in (3.1) and 7 :
S — M. In particular, the projection m becomes a Riemannian submersion
7 (S,9s,+) = (M, ga ). Using this notation and writing x = (¢t(z),y), we
obtain the following inclusion

B = [t(z) = 1/2,4(x)] X Byg ,(,, (4, 1/2) C By, (2,1).
This is an immediate consequence of the decomposition (4.13) together with
the fact that for all p € B we have t(p) < t(x) and gs -, < gs, for all
7o < 71. Before estimating the g;-volume Volg, (By,(z,1)) of the unit ball
By, (z,1), we observe that
1 .. 1 e~ 1
98:4(x)-1/2 = 9S,t(x) ~ 5T 9 Z IS,t(x) ~ 5(75(37) -r*g > 295.t(x) (4.14)

provided ¢(z) > 2. Using the inclusion B C By, (z, 1) then implies that

VOlgt, (Bgt (17, 1)) 2 VOlgt (B)

1
2 - \folgs‘t(m)il/2 (Bgsyt(ly) (y7 1/2))

2
- VOlgS,t(z) (BgS,t(z) (yv 1/2))7

_dimg s

2
where we applied Fubini’s theorem in the second line, and the last inequal-
ity follows from (4.14). Thus, it remains to bound the gg (,)-volume of
By 1wy (Y, 1/2) uniformly from below. We further reduce this volume bound
to an integration on M by observing that the projection 7 : S — M satisfies

7r71<Bgle,t(z) (m(y),1/4)) C BgS,t(a:) (y,1/2) (4.15)
Indeed, given a b € By,, ., (7(y),1/4) and a length-minimizing curve ¢ :
[0,1] = M from w(y) to b, we may lift ¢ to a horizontal curve ¢ in S from
¢(0) = y to some point g(1) € 7=1(b). For any a € 7 1(b), the triangle
inequality for the distance function dist then yields

> 2

95,t(x)

diSth,t(ac) (y7 a) < diSth,t(z) (y7 (Aj(l)) + diSth,t(m) ((7(1>7 a)

. 1
< dlSthW,t(:c) (W(y)’ b) + -

4

1 1 1

“itiT o
where the second inequality holds since we normalised each fibre 7=1(b) to
be of diameter 1/4 and the third one follows since 7 : S — M is a Rie-
mannian submersion. Hence, we conclude that a € Bgs,t(m)(,‘%l/g) as claimed.
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Inclusion (4.15) yields an estimate on the gg 4()-volume as follows. We write
Wi(e) for the Kéhler form of gy 4(,) and x for the characteristic function of
the ball By, (y,1/2), and then observe that

/ (Jdt) A m*wiiher = / m (xJdt) - wihe M
Bog 1wy 0:1/2) Byps iy (7(9),1/2)

T, (Jdt) - wiime M

> t(x)

/Bglw,t(z) (m(y),1/4)

= Vol (57) - / witn
BgM,t(m) (m(y),1/2)

Here, 7.(xJdt) denotes the function on M obtained by integrating y.Jdt
over fibres, i.e. m.(xJdt)(b) = frl(b) xJdt, so that the first equality follows
from Fubini’s theorem. In the second line, we used that x = 1 on the set
T By (7(y),1/4)) by (4.15) and the final equation holds because the
volume of each Sl-fibre is the same by (4.13). Thus, it remains to find a
constant C' > 0, independent of x = (¢(z),y), such that

VO]!JM,t(I) (BgM,t(z) (TF(y), 1/4)) 2 C_l > 0. (416)

To prove this, let us first assume that g is positive definite. Then we can
find a constant Cy > 0, only depending on the eigenvalues of § w.r.t. gu,
such that

1
Cy m9m < gm,r < CoTgur,

for all 7 > 1 and with gas := gam,1. Since we can rescale by a fixed constant,
it suffices to bound the Tgas-volume of B, (z,1) from below by a constant
independent of both z € M and 7 > 1. We note that

1

Brgu (2,1) = By, (2,772)

and by compactness, the gp/-volume Volg,, (By,, (Z,T_%)) is, up to some

dim;
uniform constant, bounded from below by 7~ = for T sufficiently large.
R M

This shows that Vol,g,,(Brg,, (2,1)) = 3 Volg,, (Bg,, (2, 7712)) is indeed
uniformly bounded from below and (4.16) then follows.

Let us now assume that v has at least one zero eigenvalue w.r.t. gas.
Since these eigenvalues are assumed to be constant over M, its Kernel Ker ~y
defines a proper subbundle of TH°M. Moreover, v is closed, so that Ker~
is integrable according to Frobenius’ theorem. Thus, if n is the complex
dimension of M and k the number of positive eigenvalues of ~, we find a
chart around each point defined on some neighborhood of the Euclidean
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unit ball B(1) € C* = C*F x C"* around the origin such that each slice
{20} x C*~* in B(1) is an integral manifold for Ker~, i.e.

y(v,v) >0 and ~(v,w)=0 forallve TCF we TC"*.

By compactness, we can cover M by finitely many of such FEuclidean balls
Bj(1) for j =1,...,N and also find a constant Cy > 0 such that

Oo_lg(cn < gm < COg(C" on each Bj(l),

where gcn is the Euclidean metric on B;(1) and the constant Cj is indepen-
dent of the ball B;(1). For 7 > 1, we also consider the following product
metric

gen = (1+7)ger +gen-r on CP=CrxCr*

Then there exists a uniform constant C' > 0, which only depends on Cy and
the gps-eigenvalues of 7, such that

C™'gcn» < gurr < Cgenr oneach Bj(1). (4.17)

Let € > 0 be the Lebesgue number associated to the cover {B;(1)},=1,..n of
the manifold (M, gar), i.e. the ball By, (z,¢) is contained in B, (1) for some j.
Note that since gas < g7, we also have By,, (2,1) C By,,(2,1) C B;(1).
Additionally, we may assume that ¢ < 1, so that it suffices to bound the
gnr,~-volume of the smaller ball By,, (z,¢) from below because the constant

€ > 0 is independent of both z € M and 7 > 1.

This can be reduced to bounding the gcn , -volume of By, (z, C~z¢).
Indeed, this is a direct consequence of (4.17), which implies that the volume
forms of gcn , and ga,r are uniformly equivalent on B (z,€) and also
that we have the inclusion

gM, T

BQC",T (Za 07%5) C BgM,r (Za 5)'

For the remaining lower volume bound, observe that the following product
of Euclidean balls

]. 1 1 ]_ 1
By, <z, 50_55(1 + T)_2> X By, (z, 20_25> (4.18)

is contained in By, (Z,C*%s). Applying Fubinis’ theorem to the prod-
uct (4.18) and using the fact that the volume form of gen . is equal to
(14 7)*-times the volume form of gc» then yields the required lower bound
on the gcn -volume of By, (2, C~3¢), which is independent of both z € M
and 7 > 1. This finishes the proof. ]

— 36 —



Existence and uniqueness of Kéhler—Ricci solitons

5. Uniqueness in a Kahler class

The purpose of this section is to prove Theorem 1.3. We begin by briefly
recalling notation from Sections 2 and 3 and then define the function spaces
appearing in Theorem 1.3. We also explain how to reduce the proof to a
00-Lemma, which is stated below (Theorem 5.4).

5.1. A 99-Lemma

Throughout this section, let 7 : E — D be a rank m holomorphic vector
bundle over a compact Kéhler manifold (D,wp). The complex dimension of
E (as a manifold) is denoted by m + d, where d is the complex dimension of
D.If m = 1, we assume that it satisfies the conditions in Theorem 1.1, and if
m > 2, we assume F is given as in Theorem 1.2. Also recall that we defined
a radial function r : E — R by r(v) = y/h(v,?), which vanishes along the
zero section of F and we set ¢ := 2logr. Note that we can use the function ¢
to identify E, with its zero section removed, as the product R x S, where S
is the S'-bundle associated to Op(g)(—1) — P(E), see Diagram (3.1). Under
this identification, the function ¢ on E\ D corresponds to the projection onto
the first factor of R x S.

Let w, be the Kéahler Ricci soliton constructed in Theorem 1.1 or 1.2, i.e.
w,, is defined by (2.7) with ¢ satisfying (2.16) if E is a line bundle or by (3.2)
and (3.10) if m > 2. We denote the corresponding Riemannian metric by g,.

On the manifold R x S, we can write the metric g, as follows. If J denotes
the complex structure on E and gp and g are the (2,0) tensors associated
to wp and —v, respectively, then

9o = 1"(t) (dt2 + (Jdt)Q) + f/()7*G + T gp, (5.1)

where f can be reconstructed from ¢ via (2.8). We would also like to point
out that we allowed —v to have zero-eigenvalues, i.e. g is only semidefinite.
As a consequence, the volume growth of g, will be determined by the zero-
eigenvalues of —v.

Before stating the main theorem of this section, we require a definition
of weighted function spaces. As a weight function, we choose w : £ — R
to be defined by

w(t) =1+ f'(t). (5.2)

This choice is inspired by the work of Hein [17]. Indeed, the following lemma
shows that w has the same properties as the function p in [17, Theorem 1.6].
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LEMMA 5.1. — Fiz g € E and denote the distance function of g, by
p(x). Then there exists a constant C > 0 such that
Chw(t(x)) < (1+ p(a)) < Cw(t(x)) (5.3)
for all x € E with w(t(x)) > C. Moreover, w satisfies
|[Vw| + w|Aw| < C, (5.4)
where | - |,V and A are associated with g,,.

Proof. — We identify E\ D =Z R x S and without loss of generality, we
can assume zg = (to,%0) € RxS. Let (¢,y) € Rx S with ¢y < ¢ and consider
a shortest path ¢; , = (¢, qy) : [0,1] = R xS from (to,y0) to (¢,y). Its length

L(qy,y) is given by
L(gt,y) / \/gw (Gt,y(0), dt,y(0))do.

Then (5.3) reduces to finding a constant C' > 0 such that
C™lw(t) < L(gry) < Cw(t) (5.5)

for all y € S and all ¢t > C. In fact, it is sufficient to show inequality (5.5)
with w(t) replaced by ¢ since there is a C' > 0 such that

Cl't <w(t) < Ct (5.6)

for t > C, compare (4.5). Thus, we begin by choosing C' > 0 such that (5.6)
holds, and we increase C' > 0 as we go along, if necessary. For proving the
lower bound in (5.5), we estimate

1
Lgy) > / 1" @)d(0)do = Pt — to),

as required. Before showing the upper bound, we conclude from (4.5) that
9o < C (dt* +tgs)

where we define gg := (Jdt)? + 7*g + 7*gp with g and gp as in (5.1). Also
observe that we can now assume g; to be the linear path in the R-factor, i.e.
qt(0) = a(t — tg) + to. Then we obtain

1 1
Ligy) < C / di(o)do +C / Va(@) - \/95(6y(0), dy(0)do

Ct + C diam(S, gs)V't
Ct,

. (5.7)
<

for all ¢ sufficiently large and with diam(S, gs) denoting the diameter of the
compact manifold (S, ggs). Now (5.1) follows immediately. For the second
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claim, observe from (3.2) that we have
|vw| — //’

which is uniformly bounded according to Lemma 4.3. For bounding the
Laplace operator Aw = Af’, recall that on a Kihler manifold, the Laplace
operator A satisfies A = 2tr,,, V=100, where tr,,, denotes the trace com-
puted w.r.t. g,. Then we apply (3.8) to obtain

Af = 2tr, (V=100/")

2
= tro, (Lxwy)

(v o)

where the last equality holds since there is the following formula

/

trw¢ (77r*7) = 67

see [18][(2.22)]. Using the soliton ODE (3.10), we continue
wAw = (1+ fAf

=2(1+7) (gog + ga’)

=2(1+7)(m + pp),

which is also uniformly bounded because of the asymptotic expansion (3.15).
This, together with the uniform bound on |Vw|, implies (5.4). O

Lemma 5.1 ensures that our definition of weighted function spaces below
coincides with the one used in [17]. These spaces are well-adapted to study
the Laplace operator on a wide class of complete manifolds.

DEFINITION 5.2. — Let A*T*E be the exterior algebra of T*E and con-
sider 6 € R and k € Ny. We define CE(A*T*E) to be the space of k-times
continuously differentiable sections n of A*T*E such that the norm

k
Inllcx == Zs%p w0 V|

=0

is finite, where w is given by (5.2) and V, |- | are associated to g,. We also
set

C(A'T*E) := (] CEA'T*E).
keNy
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In other words, elements in C°(A*T*E) grow at most like w® and their
I-th derivatives at most like w®~!. Having introduced the necessary notation,
we can now state the main result of this section.

THEOREM 5.3. — Let w, be a steady Kdhler—Ricci soliton constructed
in Theorem 1.1 or 1.2. Assume that w is a Kdhler—Ricci soliton on E with
the same vector field as w, such that (w] = [w,] € H*(E). If moreover
wy —w € C(A*T*E) for some § > 2, then w, = w.

The main part of proving Theorem 5.3 will be a d0-Lemma, with con-
trolled growth. In fact, we will prove

THEOREM 5.4. — Let § > 2 and n € C(A*T*E) be a real (1,1) form.
If n is d-exact, then n = /—100u for some u € C5° 5(E).

Assuming this result, Theorem 5.3 follows immediately.

Proof of Theorem 5.3. — By Theorem 5.4, there exists a u € C5° 5(E)
such that w, —w = /—=100u. Since 2— 6§ < 0, u and all its derivatives tend to
zero at infinity, so we can apply the maximum principle [2, Proposition 1.2]
and conclude that w, = w. O

The remainder of this section is devoted to proving Theorem 5.4. We
follow the ideas for asymptotically conical metrics given in [9, Section 3],
which rely on two main ingredients. Firstly, we need to understand solutions
to Poisson’s equation Au = h and their growth behaviour (Section 5.2).
Secondly, we need to show that harmonic (1,0) forms of certain growth be-
haviour are identically zero (Section 5.3). The proof of Theorem 5.4 will then
be finished in Section 5.4.

5.2. The Laplace Operator

We start by considering the Laplace operator A of the metric g, acting
on suitably weighted Holder spaces, which we now define.

DEFINITION 5.5. — Let dist(x,y) be the distance between x,y € E mea-
sured w.r.t. g, and denote the injectivity radius of g, by ig. (Note that iy > 0
by Lemma 4.4). For 0 < a < 1 and 6 € R, we define a seminorm on the
space of all tensor fields T on E by

Tlege = sup, (minGu(e) )" as ).

dist(z,y)<-2
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where the norm | -| is induced by g, and the difference T,, —T), is defined by
using parallel transport along the minimal geodesic from x to y. The weighted
Holder space C’éc’o‘(E) is then defined to be the subset of all u € C¥(E) for
which the norm

- k
lull g := s + [V¥ulgo

s finite.

The Laplace operator A acts as
A CY5(E) — CP(E),

for any § € R and we are interested in the surjectivity of this operator. A
partial answer to this question is provided in [17]. Given h € CY*(E) with
§ < —2, we can essentially always solve Poisson’s equation Au = h, but it
is not clear how the solution u will behave as t — oco. This depends on the
volume growth of g,, which is related to the degree k of the polynomial @
defined in (2.9) for m = 1 or (3.6) for m > 2. Alternatively, it is evident
from the definition of @ that k is equal to m 4+ d — 1 minus the number
of zero-eigenvalues of 7. (Recall that m + d — 1 is the complex dimension
of P(E).) More precisely, we will prove the following important proposition
about the existence of solutions to Au = h.

PROPOSITION 5.6. — Let § > 2 and suppose h € C*%(E).

(i) If k < 1, assume [ bt = 0 additionally. Then there exists a
u € C?%(E) such that Au = f and the integral f|Vu|2w$+d is
finite.

(ii) If k> 1 and 2 < 6 < k+ 1, then there exists u € C*“(E) such that
Au = h and u = O(w?=0%%) as well as |Vu| = O(w?=0%2) for all
e>0.

Before proceeding with its proof, we first of all need to check that we
can indeed apply Hein’s work [17, Theorem 1.5, 1.6], i.e. we have to verify
that the metric (E, g,) satisfies Hein’s condition SOB(f). For the sake of
completeness, we recall [17, Definition 1.1] here.

DEFINITION 5.7 ([17, Definition 1.1]). — A Riemannian manifold (M, g)
is called SOB(B) if there exists a xg € M and a constant C > 1 satisfying
the following:

(i) The set B(xg,s1)\ B(xo,s0) is connected for all s, > sg > C,
(i) Vol(B(zg,s)) < Cs? holds for all s > C,
(iii) Vol(B(z,(1 — C~Yp(x))) = C~'p(x)? holds for all x € M with
p(z) = C,
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(iv) Ricy = —Cp(z)~2 holds if p(x) > C.

Here B(xg,s) denotes the geodesic ball around xo, Vol(B(xg,s)) its volume
and p(x) denotes the distance from x to xg.

As the next lemma shows, the soliton metrics (E, g,,) constructed in The-
orem 1.1 and 1.2 are SOB(k + 1).

LEMMA 5.8. — The metric (E,g,) is SOB(k + 1), where k is equal to
m+d — 1 minus the number of zero-eigenvalues of the curvature form ~ on
P(E).

Proof. — We fix 2o € D C F to be a point on the zero-section of F.
Thanks to Theorem 4.1, Condition (iv) in Definition 5.7 is clearly satisfied,
so we focus on (i), (ii), (iii). Beginning with the volume estimates (ii) and (iii),
we consider the volume form of g,, which is given by

wm-‘rd \/jl -~
v ___ — "Q(fNIt ADEN (mrwp — )T 5.8
e = e Q) (wwp 7)™, (53)
where the polynomial @ is defined by (2.9) if m = 1 or (3.4) if m > 2. Recall
from above, that the degree of @ is equal to k as defined in Lemma 5.8. If
we then choose C' > 1 such that (4.5) is satisfied, we obtain for large ¢ > C":

CTHE < (RS (1) < Ot (5.9)
Moreover, Lemma 5.1 implies that
C™t(x) < p(x) < Ct(x) (5.10)

if p(x) > C. In the estimates that follow, we increase C' > 0 if necessary
but it still denotes a uniform constant which only depends on the geometry
of (E,g,) and the choice of base point x(. For verifying (ii), let s > C and
observe that (5.10) implies

B(xzg,s) C B(zog,C)U{y € E|0 < t(y) < Cs}.

Integrating over these sets and using (5.8), we obtain

Cs -~
Vol(B(zo, 5)) < C + c/o /Sf”(t)Q(f’(t))dt ATEA (1 (wp — 7))

Cs
<C+ C’/ thde
0
< Csht,

where we used (5.9) in the second line. This proves (ii) of Definition 5.7 with
B = k+ 1. For showing (iii), the goal is to choose a new Cy > 1 such that for
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all x € FE with p(z) > 1 sufficient large, we have an inclusion of the form

Bz, (1= C3")p(@)) > {t(y) € [t() + 1, t(@) + C5 ple) = v/p(@) |} (5.11)

Indeed, if (5.11) holds, we can integrate and use (5.9) to estimate

t(x)+Cq ' pl)—/p(x)
Vol(B(z, (1 — CyYp(x))) = Cy / o*do
t(z)+1
2 C() k+1

which is (iii) with § = k+ 1 as requlred. Hence it remains to check inclu-
sion (5.11). To see that this is true, we again introduce the metric gs :=
(Jdt)? +7*g+ m*gp on the cross-section S as in the proof of Lemma 5.1, so
that

gp < C (dt* +tgs) =: gu. (5.12)

To estimate the distance function of g; from above, we proceed as in (5.7).
Given z,y € E with C < t(z) and ¢(x) < t(y), we consider a path ¢ :
[0,1] = E from ¢(0) = = to ¢(1) = y, which we write as ¢ = (g1, ¢2) under
the identification £\ D = R x S. Furthermore, we assume that ¢ (o) =
o(t(y) —t(x)) +t(x) is the linear path from ¢(z) to ¢(y), so that we estimate
using (4.5)

dist,, (2,) < C / d1(0)do + C / Va5 0(0). a0))do
< C(tly) — t(x)) + C diam (S, gs) (Vi) — Hx) + v/H(x))

Together with (5.10) and (5.12), this implies
dist,, (z,) < C (t(y) —t(x) + Vt(y) — t(:z:)) +CVp(z) (5.13)

from which we can deduce inclusion (5.11). Indeed, let C' > 0 satisfy (5.13)
and define a new constant Cy > 0 by Cy' = C7}(1 — C~1). If we then
assume that p(z) > 1 is large enough so that Cy 'p(z) — \/p(z) > 1, we
estimate for all y € F with t(x) + 1 < t(y) <t(z) + Cglp(x) — p(z):

disty, (z,y) < C (t(y) )+ C+v/p(
< COCy ' p(x C’\/ +C’\/
=(1-C" )p(x)

Here we obtained the first inequality by applying ¢(y)—t(z) > 1 to (5.13) and
the second inequality makes use of the upper bound on ¢(y). This shows inclu-
sion (5.11) and thus (iii). It remains to verify Condition (i). By compactness
of D, we can choose C' > 1 such that for all s > C the ball B(zg, s) contains
a tubular neighborhood of the zero section. Given = € E'\ D, we denote the

— 43 —



Johannes Schéfer

complex line thorough « by L, = C. We need to understand the shape of
the intersection of L, with the set By, s,)(20) := B(zo,s1) \ B(o, so) for
all s > sg > C. First, we claim that for each x € B(xy, s), the radial path
Grad in L, from z to 0 € L, is entirely contained in the ball B(zg,s). Note
that for this to be true it suffices to show that the function p is increasing
along ¢raq. In order to prove this, use the identification £\ D 2 R x S and
write © = (a1,b). Let ¢ : [0,1] — E be a shortest geodesic from ¢(0) = ¢ to
q(1) = (a1,b). On E\ D, we decompose ¢ = (g1, ¢2) and let us assume for the
moment that ¢; (o) is increasing in o € [0,1]. Given ag < aj, we then choose
a og € (0,1) with ¢1(0g) = ap and reparameterize the path ¢ by declaring
Qoo (0) == (q1(000), q2(0)), so that ¢, is a path from z( to (ag,b). It follows
from (5.1) that we have

9¢ (400 (9); 4o () < g (4(0),4(0))

for all o € [0,1], since f” and f’ are both increasing and we assumed that
q¢1(00o) < q1(0). Then we conclude L(gs,) < L(g) and thus p(ag,b) <
p(ay,b) for all ag < a; and b € S, as we claimed. Hence, the claim holds if
we show that ¢; is increasing. Recall that by definition, ¢g; = t(¢) and clearly
q1 increases if and only if r2(q) = €*@ does, where 7 : E — R is defined
at the beginning of Section 5. Since xg lies on the zero section of E, we have
r(¢(0)) = 0 and consequently there is a & € [0, 1) such that

~ d ~~
r(q(c)) =0 for all o € [0,5] and d—r2(q(a)) >0 on (0,0+¢)
o
for some small € > 0. In particular, lim,_, s+ ¢1(c) > 0 and we only have to
rule out the existence of two points 01,09 € [7, 1] with o1 < o2 such that
q1(01) = q2(02) and q1(01) < q1(0) for all o € (01, 02). (5.14)

However, if this was the case, then the path ¢ cannot be length-minimizing.
Indeed, suppose that there are such numbers o1, 09 satisfying (5.14). Then
we define a new path ¢ from zg to z by

i(0) = {q(o) %f o €10,1]\ (o1,02)
(q1(01),q2(0)) if o € (01,09).
Using the decomposition (5.1) and the fact that f” is increasing, we see that
L(q) < L(q),
contradicting the minimality of ¢. It follows that ¢; must be increasing.

Now we can verify Condition (i), so consider any s; > sg = C. As shown
in the previous paragraph, both L, N B(x, s;) with j = 1,2 are star-shaped
regions with center 0 € L, so the complement L, ﬂB(SO’Sl)(xO) is diffeomor-
phic to a genuine open annulus in C. From this, we deduce that By, s,(x0) is
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a fibre bundle over P(E) with annuli in C as fibres. In particular, By, s,)(%0)
is connected because D is, finishing the proof. O

Before proving Proposition 5.6, we study the spaces C(?’O‘(E) further. In
fact, Lemma 5.1 allows us to obtain the expected embedding theorems.

LEMMA 5.9 (Embeddings). — Let k,1 € N, 0 < ag, a1 < 1 and dp < I7.
Then there are the following continuous embeddings:

(i) Cy(E) C G}, (B) if L <K,
(i) C5°(E) C Cy™(E) if <k and o1 < ao,
(ili) CFT(E) C C5N(E). In particular, C3°(E) = Nen, C5  (E).

The proof of this lemma is analogue to [5, Lemma 2], so we omit it here.
Now we are in a position to show Proposition 5.6.

Proof of Proposition 5.6. — Part (i) is a direct consequence of Theo-
rem 1.5 in [17]. Indeed, (E,g,) is SOB(k + 1) by Lemma 5.8, and, because
of Lemma 5.1, we have that |h| = O(p~%) with § > 2, where p(x) denotes
the distance to some fixed point xo. Then (i) is precisely [17, Theorem 1.5].

For (ii), we note that the function w satisfies the assumption of The-
orem 1.6 in [17], see Lemma 5.1. Consequently, [17, Theorem 1.6] gives a
u € C**(E) such that Au = h and u = O(w?>~°*¢) for all € > 0. Then
it only remains to verify the decay rate of |Vu|, which is a consequence of
standard Schauder theory. Indeed, since the curvature of g, is bounded by
Lemma 4.4, we can find s > 0 and @ > 0 such that for all x € FE, there is a
chart @, from to the Euclidean ball B, (s) C R™*4 of radius s onto a neigh-
borhood of = so that %geuc < P9y < Qfeue and [|Rhgyllcre(n,(s) < @
([25, Theorem 4.1]). Here, geuc denotes the flat metric and || -|[¢1.a(p, (s)) the
Fuclidean Hélder norm. For simplicity, we suppress the chart ®, and view
B, (s) as a subset of E. Also note that we can assume that s is strictly smaller
than the injectivity radius of (E, g,,). Applying the Euclidean Schauder es-
timates ([13, Theorem 6.2]) to the balls B,(s), we obtain that

[Vulg, (z) < Q|duly,,. (v)
< Qllulloza (B, (s)) (5.15)
< QCo ([[hllco. (B, s)) + llullcoss))

for some uniform constant Cy > 0 depending only on «, s and Q). Moreover,
the weight function w is chosen so that there is a uniform constant C; > 0
such that for all x € E with t(z) > 1 and all y € B,(s), we have C%w(y) <
w(z) < Crw(y). This follows directly from Lemma 5.1 and the fact that
9y and geuc are uniformly equivalent on B,(s). Therefore, we continue to
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estimate for all x € E with ¢(x) > 1 and all y € B,(s):
uly) < Cw(y)® =+ < OO w(x)?F,
i.e. [[ullco(p,(s)) = O(w(z)*~0F¢). Similarly, we conclude that

1hllco.e (B, (s = O(w(z)~°)

because s is chosen strictly smaller than the injectivity radius and h €
C’E’? (E). In combination with (5.15) we consequently arrive at

Vulg, = O(w?*=°+%),
as claimed. O

The issue with (ii) of Proposition 5.6 is that one can in general not con-
clude u = O(w?=?) if u = O(w?~%%¢) for all ¢ > 0. For proving Theorem 5.4,
however, we would like to conclude that indeed u = O(w?~%). The following
proposition gives a criterion, when this conclusion is true.

LEMMA 5.10. — Let 6 > 0 and suppose that £ € C>_s(T*E). If ¢ = du
for some u € CY(E), then there exists a constant function u. such that
u—u, € CS5(E). If additionally u — 0 as t — oo, then u, = 0.

Proof. — This lemma is proven analogously to the corresponding state-
ment for conical metrics [22, Lemma 5.10]. First observe that we only need
to find a constant u. such that u — u, € C°5(E) because V(u — u.) = du €
C>, _s(T*E) by assumption. We work on £\ D = R x S and fix a point
(to,y0) € Rx S. Viewing S as the slice {0} x S, we endow S with a metric gs
by restricting g, to S. For a different point (¢,y), we let g, be the straight
line path from (to,%0) to (t,yo) and gy, be a path joining the points (¢, yo)
and (¢, y), so that its projection onto S is a length minimizing geodesic. Then
we have by Stoke’s theorem

qtq,t dyo .y
As in the proof of [22, Lemma 5.10(c)], the key is to notice that the integral
of ¢ along the path gy, o is finite, where g, o is the linear path from (¢o, yo)
to (400, o). Indeed, since £ € C>_5(T*E) and § > 0, we can estimate

J

§

</ " 1 o) ds (5.17)

to

tg, o0

oo
<lellen, , [ rrwias
to

w=°(to)

<lellor, ,“—

< 400,
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Splitting the integral fq ¢ into two parts, we can rewrite (5.16) as follows:

U(t,y)—U(tmyo)—/q /q §+/q (5.18)

t,o00 Y0,y

17), it is easy to see that the right hand side of (5.18) is bounded
t). In fact, we have

J

As in (5.
by w9 (

b
3 </ ‘§|tp‘q.yo,y|sad3 (5.19)

Y0¥

b
<Clellen, 0™ OVTD [ limalseds

< CHEHC@?liswié(t) dlam(s, gS)a

where gy, is defined on the interval [a,b] and C' > 0 is some constant
independent of ¢. Combining with (5.17), we obtain

u(t,y) — ulto, vo) —/ e[ <lelleo. (671 + C diam(S, gs) w (1),
q

tp,o00
ie. u—u. € C°5(E) where we set

Ue :U(t07y0)+/ 3

4tq, 00
= u(to,yo) + lim (u(t,yo) — u(to, yo))
t—o0
=1li .
Jim u(t, yo)
Thus, it remains to show that u. is indeed constant. Let gy, ,, be a path in
the slice {t} x S connecting two points (¢,yo) and (¢,y1). Then we have

ut, yr) — ult,yo) = / ¢, (5.20)

Y0:Y1

and by (5.19), the right hand side of (5.20) goes to 0 as t — oo. Hence
limy s 00 w(t, yo) = lims—y 0o (¢, y1) for any yo, y1 € S, proving the lemma. O

5.3. Vanishing of harmonic forms.

We aim at proving a vanishing theorem for harmonic (1,0)-forms on the
manifold (E, g,). This will be needed for the 00-Lemma. We start with a
basic observation which is immediate from the standard Bochner formula.

LEMMA 5.11. — Any harmonic 1-form 8 on (E,g,) such that |8] — 0
as t — oo must vanish identically.
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Proof. — Since Ric(w,) is non-negative by Theorem 4.1, the Bochner
formula reads

Al|* >0,
and the claim then follows from the Maximum principle. |

It becomes more interesting if we replace the asymptotic condition of g
in the previous lemma by requiring that g be square-integrable instead. If 8
is moreover of type (1,0), it is also holomorphic and it must be zero by the
following Theorem.

THEOREM 5.12. — Any L?-holomorphic (1,0)-form on (E,g,) is iden-
tically zero.

Proof. — We adapt the idea behind [23, Theorem 7]. Let 8 be a holo-
morphic (1,0)-form, which is square integrable w.r.t. the metric gp- Then
0B = 0*ff = 0, and by the Kahler identities Ay = 0, i.e. A is harmonic.
Since every L?-harmonic form on a complete manifold is closed and coclosed,
we conclude df = d*3 = 0. Observe that 8 and 7*j*3 are in the same de-
Rham cohomology class, where 7 : E — D is the projection and j : D — E
is the inclusion of D as the zero section. Hence f = 7*5*8 + Oh for some
function h. It follows immediately that 0h = 0. For some & > 0, consider
the tube D, = {z € E | r(z) < ¢} around the zero section. Then by Stoke’s
theorem, there is the following formula

/|Mﬁ:—/<mymw+ hiw (O1). (5.21)
D. D. aD.
Here, v := é—‘ denotes the outward pointing unit normal vector to 0D,. As

X is a real holomorphic vector field, the function ¢ x (Oh) is also holomorphic
and we claim that it is in L2. Indeed, using ¢x (7*5*3) = 0, we observe that

lex (Oh)] = |ex (B)] < X1 - 18

so that tx(0h) is square-integrable since X is bounded and 3 is L?. Hence,
tx(Oh) is an L2-holomorphic function and must consequently be zero. More-
over, 20*0h = Ah = 0 because h is pluriharmonic. Thus, dh vanishes identi-
cally on D, by (5.21). So 9h must be zero everywhere since it is a holomorphic
(1,0)-form. We conclude that § = 7*j*5. However, a form pulled back from
the base can never be in L?, unless it vanishes identically. Indeed, let o be a
1-form on D which is non-zero at some point p. Keeping the expression (5.1)
in mind, we can always estimate in a neighborhood around p
(t*a, ma) = Cw™t >0

for some C > 0 independent of t. It follows that [, |7*a|? = 400 since w™!
is not integrable. This finishes the proof. ]
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5.4. The 99-Lemma

In this paragraph, we prove Theorem 5.4 on the manifold E analogue
to [9, Theorem 3.11].

The first step is to find a primitive of 1, with controlled growth. In fact,
one can write down an explicit primitive for 7 on the product E\ D 2R x S
and then read off its growth behaviour. This is the idea behind the next
proposition.

PROPOSITION 5.13. — Let § > 2 and n € C*(A*T*E) be a d-ezact
2-form. Then n = d@ for some 0 € C%_ | (T*E).

Proof. — As in [9, Theorem 3.11], we first reduce the problem to finding

a primitive for  on the product R x S. By assumption, there exists a 1-
form £ such that n = d€. Let ¢; < tp and define two compact sets K; with
j=1,2by

Kj ={ze E[t(z) <t;},
where we view the zero section of E to be the set {z € E | t(z) = —oco}. We
pick a cut-off function x so that y =0 on K7 and x = 1 on the complement
of K5. Then we put £ := x£ and 7 := d£. Note that if 7 = df for some 6,
then 0 := £ — & + 0 satisfies

df = d§ —d(x¢) +1=n.

Since 6 = 6 outside Ky, it suffices to find 6 € C° s(A*E) with 7 = df and
9=0on K. The following construction of § can be found in the proof of [22,
Proposition 5.8].

For each ¢ € R, there is an inclusion é; : {t} x S — R x S given by
it(y) = (t,y). Write 7 = dt A 1 + 2, where 7j; are 1-parameter families of
j-forms such that

ton; =0 and ifn; =0 forallt <. (5.22)

Yo

)

We define a family 6; with ¢ € R of 1 forms on S by
6, = — / i* (71 )ds. (5.23)
t
Then we define a 1-form @ on R x S by requiring that
L%§:O and i;ﬁ:@ for all £ € R. (5.24)

We have to prove that g is well-defined, i.e. that the integral (5.23) exists.
We start by looking at |71|. As dt and 7); are orthogonal to each other, we
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have that

|t A | = [dE|[i | =

-y
NN
Using that dt A 7y is orthogonal to 75, we can estimate
17| =V f7(@)|dt AT | < VF7@)|dE AT + Ta| = O(w™°), (5.25)

since f” is bounded and || = O(w™%) by assumption. To compute the
integral (5.23), we work in coordinates. Let (yo = t,y1,...,Y2(m+d)—1) be
real coordinates of R x S and write 71 = 3, 71 ;dy;. Then (5.23) becomes

b=-Y </ i;ﬁl,jds> dy;. (5.26)
g1\t

Note that the norms |dy;| may not have the same asymptotic behaviour for
different values of j = 1,...,m+d — 1. In fact, it follows from (5.1) that we

have
O(w=2%) if 7G;; > 0,
dyy| = 4 QW) 1G5 (5.27)
o(1) if 7*g;; =0,
O(w?) if 7G;; > 0,
and = O0) T (5.28)
|dy;| o)  if n*g;; =0.

As 7] = O(w™%), we conclude that either |7 ;| = O(w=9+2) or 7, =
O(w™?) and hence, the integrals in (5.26) are all finite because we chose
—0+1< -1

We also observe from (5.22) that 5,5 = é\s for all s,t < tq1, so 0 extends to a
smooth 1-form on E. Moreover, we can read off (5.26) that |§| = O(w™o+1),
ie. e C® s+1(TE). It is possible to obtain estimates on derivatives of 0
and to show that 6 € C%,1(T*E). However, this is a long calculation which
relies only on two main observations. First, we deduce from Lemma 4.3
that |V!dy;| behaves asymptotically like |dy;|w=" for all I > 0 and j =
0,...,2(m+ d) — 1. Secondly, we can conclude from n € C°(A*T*E) that
also |V'71| = O(w=°~!). Using formula (5.26), it is then straight forward to
verify |Vl§| = O(w=°~1)  as claimed. We leave the details to the reader,
but remark that the required estimate is similar to bounding \§|

It remains to show that 7 = do by considering its components. In fact, it
is an easy calculation ([22, p. 80]) to prove that

2 (izGi—ad) = 0.
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Le. i*(77 — dB) = i (7 — df) for all s,t € R. Since 7,0 — 0 as t — 0o, we
conclude that i} (7 — df) = 0 for any ¢ € R. Moreover, it is shown in [22,
p. 80] that

L%ﬁ = L% dé\,
and hence 7 = df as we claimed. O

Proof of Theorem 5.4. — The strategy is the same as for the proof of [9,
Theorem 3.11]. We start with some basic observations. By Proposition 5.13,
there exists a 8 € C7° 5(A*E) such that df = 7. Since 7 is real, § will also
be a real form, i.e. 10 = @01 if § = 10 4 99! is the decomposition into
types. Moreover, 7 is of type (1,1), so we must have that 901° = 9% = 0.
If 9* denotes the formal dual of 9 (w.r.t. the L?-metric induced by g.,),
then 9*010 € C>(E). We would like to find a solution u to the equation
Au = 0*0™Y, whose growth we can control. There are two cases to consider,
corresponding to part (i) and (ii) of Proposition 5.6. First, we consider the
case where the degree k of the polynomial ) is greater or equal to 2. By
(ii) of Proposition 5.6, there exists u € C?%(E) such that Au = 9*01° and
lu| + |Vu| = O(w?=9+). It follows that 0* (Ju — 610) = 9 (du — 61°) = 0,
and hence the 1-form du—#"'° is harmonic by the Kéhler identities. Choosing

€ > 0 small enough, we can assume that 2— 0+ < 0 and hence we see from
IVu| = O(w? <) and 6 € C° 5(A*E) that

|Ou — g0

< |dul + 10| — 0,
as t — 0o. Then Lemma 5.11 implies Ou — %9 = 0 and consequently,
n=d0 = 06% + 06" = 90u + 00u = —2v/—190 Im u,

where Imwu is the imaginary part of w. It remains to show that Imu €
C$° 5(E) as opposed to only Imu € C**(E) and Imu = O(w?7°+¢). As
we can choose € > 0 so that 2 — § + ¢ < 0, this improvement of the de-
cay rate, however, follows immediately from Proposition 5.10 if we can show
dImu € C§° s(A*E). This last condition is clearly satisfied since §1:9,0%1 €

> S(A*E) and 040 — 0% = Ou — Qu = dReu + /—1dImu. This settles
the first case. For the second case, assume that k < 1. We want to use
(i) of Proposition 5.6 to solve Au = 9*01:C. This time, however, we only
know that the solution u satisfies [ \Vu|2w$+d < 400, and not necessarily
that u decays towards infinity. So the idea is to use the vanishing Theo-
rem 5.12 instead. Before applying Proposition 5.6 (i), we need to verify that
J 8010wt is zero. For any to € R, define Ky, = {z € E | #(z) <t} and
consider the integral

*nl1,0, m+d __
9" wg —/

d* "0 = / #0610, (5.29)
K {to} xS

Ky to
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where we used Stoke’s for the last equality. If we equip the slice {¢¢} x .S with
the restriction of g, and denote the corresponding volume by Vol({to} x ),
then we can estimate

/ 07 < Vol({to} x ) sup |6] = O (1y)),
{to} xS {to} xS

since |0] = O(w'=%) and Vol({to} x S) = O(w"). It follows that the right
hand side of (5.29) goes to zero as tg — +o00, as we assumed k < 1 and
6 > 2. Hence [8*0"%wt? = 0, as claimed. So we find a u € C**(E)
such that Au = 9*0*% and [ |Vu|2w$+d is finite. In particular, the 1-form
B = 649 — Qu is harmonic. Also note that

|9|wgl+d _ O(w2—25+k)

with 2 — 25 + k < —1, so that @ is in L2, and thus 3 is L? as well. It follows
that d8 = d*3 = 0, and in particular, 3 is an L2?-holomorphic (1,0)-form.
Hence it must be identically zero by Theorem 5.12, i.e. 1% = Ju. The rest
of the proof is now analogous to the first case. O
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