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Degeneration from difference to differential Okamoto
spaces for the sixth Painlevé equation *

TrOMAS DREYFUS (1) AND VIiKTORIA HEU (?)

ABSTRACT. — In the current paper we study the g-analogue introduced by Jimbo
and Sakai of the well known Painlevé VI differential equation. We explain how it can
be deduced from a g-analogue of Schlesinger equations and show that for a convenient
change of variables and auxiliary parameters, it admits a g-analogue of Hamiltonian
formulation. This allows us to show that Sakai’s g-analogue of Okamoto space of
initial conditions for ¢Py1 admits the differential Okamoto space via some natural
limit process.

RESUME. Dans cet article, nous étudions le g-analogue de la sixiéme équation
de Painlevé introduit par Jimbo et Sakai. Nous expliquons comment il peut étre
retrouvé & partir d’'un g-analogue de 1’équation de Schlesinger et nous montrons
que, aprés un changement des parametre, il admet une formulation en terme de g-
systéme Hamiltonien. Cela nous permet nous prouver que le g-analogue de ’espace
d’Okamoto des conditions initiales introduit par Sakai admet ’espace d’Okamoto
différentiel comme limite lorsque g tend vers 1.
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Introduction

In [12], Jimbo and Sakai have introduced a g-analogue of the Painlevé VI
equation, namely the following system of g-difference equations:

__taias __4aiaz
yoony _ (7uez =192 (o~ 1%2)

a30a4 _ 1 _ 1
(¢Prs,v1) : (aq,tz q’fl) (Uq’tz ”2)
2 oz (y— tar) (y — tas)
! (y —a3) (y —as)

qr1k2
where k1, ko, 01,92, a1, as, az, ay € C* are parameters subject to the relation

a1020304K1K2 = 191’192.

Here ¢ is a complex parameter that is neither zero nor one, and oy is the
operator which to a function f(t) associates f(q - t). The g-derivative
ogr—1

Ot = (g =yt
formally converges, when ¢ — 1, to the classical derivative d; (differentiation
with respect to t). It has been shown in [12] that the classical Painlevé VI
equation may be obtained by some limit process, when ¢ goes to 1, from its g-
analogue. More precisely, by a series of changes of variables and parameters,
qPjs,v1 formally yields a certain system of differential equations with eight
complex parameters, subject to one relation. As one can easily check, one can
then further normalize these parameters to a quadruple @ = (6, 61, 6;,0)
of complex parameters such that this system of differential equations is the
non-autonomous Hamiltonian system

(o { Y= 0zHM(y, Z.1)
Vi) :

atZ = _ayH\(;)I(y7 Z7 t) )
where H&,(y, Z,t) is given by

yy -1y -1 <Z2+ Z )

1) y—1
1 /(0 —1)2—1 02 02 02
_4< t(t—1) y+(t—01)y+y—t_t(y—1)>'

When reformulated as a single second order differential equation in y, this
non-autonomous Hamiltonian system (Py) yields the classical sixth Painlevé
differential equation with auxiliary parameters ®. Given a generic initial
condition, i.e. y, € C\ {0,1,%}, and Zy € C, Cauchy’s theorem implies
the existence and uniqueness of a germ at ¢y # 0,1 of associated holomor-
phic solutions of (Py1). As shown in [20], it is moreover possible to give a
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Degeneration from difference to differential Okamoto spaces for the sixth Painlevé equation

meaning to solutions including non-generic initial conditions. More precisely,
Okamoto’s space of initial conditions at a fixed time to € C\ {0,1} is the
second Hirzebruch surface Fy blown up in eight points, whose position is
encoded by © and tp, minus a divisor formed by five irreducible compo-
nents of self-intersection number (—2) related to each other according to the
following intersection diagram:

Here each node represents an irreducible component, and nodes share
a common edge if and only if they intersect each other. For each point
in Okamoto’s space of initial conditions at ¢y, there exists a unique as-
sociated germ (at ¢p) of meromorphic solution of (Pyr). A g-analogue of
Okamoto’s space for (¢Pjgvi) for some fixed generic time ¢, was found
in [23], see also [14] for a very comprehensible presentation. It is given by
Fo = P! x P!, blown up in eight points, whose positions are encoded by
ai,as,as, aq, K1, k2,91, %2 and tg, minus a divisor formed of four irreducible
components of self-intersection number (—2), arranged according to the fol-
lowing intersection diagram:

For each point in Sakai’s g-analogue of Okamoto’s space of initial conditions
at to, there exists a unique discrete solution of (¢Pjg 1), which, roughly
speaking, encodes the values at g%ty that a meromorphic solution with pre-
scribed value at tg, if it exists, should interpolate. The questions adressed in
the present paper are the following.

(Q1) How can Okamoto’s space of initial values at to for (Pyr) be obtained
via a natural limit process from its discrete analogue?

(Q2) How can meromorphic solutions of (Py1) be obtained via a natural
limit process from their discrete analogue?

Let us first answer question (Q1) informally. What we will obtain in Section 4
is that one of the four irreducible components of the boundary of the g¢-
Okamoto space at ty does degenerate at the limit ¢ — 1: for ¢ = 1, it is
no longer irreducible, but is itself the union of three irreducible components
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of self-intersection (—2), one of which coincides with the limit of a non-
degenerating one, and the other two of which intersect only the latter. So in
terms of intersection diagrams, the informal answer to question (Q1) is the

following.
[ ]

The key to this result (see Section 4.3 for a precise formulation) is to cove-
niently identify normalizations and changes of variables in (¢Pjs vi) before
considering the limit process, such that the limit when ¢ — 1 is (Py1). To
this end, we retrace, with some alterations, the method by which in [12],
the g-difference equation (¢Pjsvi) has been obtained from a g-analogue of
isomonodromic deformations. Here the isomonodromy condition to be con-
sidered concerns certain families, parametrized by a time variable ¢, of g-
Fuchsian systems of rank 2, which for fixed ¢ are of the form

() ()
xlf 1 +xt(x7t) ’

where z is the standard coordinate on C C P'. As shown in [12], under certain
generic conditions, for given spectral parameters k1, ko, 91, V2, a1, as, as, aq €
C* as above, such a family can be encoded by a triple of functions
(w(t),y(t), z(t)). We show in Section 1.3 that a convenient change of vari-
ables and parameters (including a normalization) that is both compatible
with the definition of the considered g-Fuchsian systems in [12] and that
yields tracefree differential Fuchsian systems at the limit when ¢ — 1 is the
following setting;:

0g0Y (,t) = Az, )Y (x,t), with A(z,t) =Ao(t)+x

(y—ta1)(y—taz) 4

A::Q_w17 Z - q(y‘(g(ﬁ‘f;; , (0.1)
m= 14D a = =1+~ 1%,
a4:aig, 191:1—|—(q—1)02—0, 192:%, (0.2)
leé, /@2:1—|—(q—1)%°.

In Section 2.2, we both simplify and generalize the definition of g-isomon-
odromy in [12] into the requirement that there exists a certain matrix B(z, t),
depending rationally on z, such that the system of g-difference equations

042Y (x,t) = Az, )Y (x,1)
{ 04.1Y (z,t) = B(z,t)Y (z,t)
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satisfies the g-analogue of integrability, namely o, - B = 0, B - A. We

further introduce a sufficient condition for g-isomonodromy, which we call

g-Schlesinger isomonodromy. We show that under some generic conditions

such as the non-resonant condition g—l ¢ ¢% and "L ¢ ¢%°, this ¢-Schlesinger
2 K2

isomonodromy of o4 ,Y = AY is equivalent to the following g¢-Schlesinger

equations

0420 = BoAo Byt

— a1—1 az—1 -1
g2 = %%% - (ql2 4 Bo) 1 (I + By)

Uq,tht = —B()Qlo (LIQ + thO_1>

aija
Gy - alo+ Bo) 2 (T 4 W=D (1, 4 )t

where

1 t—1
By = —qt -
o= <% A e T Dt — 1)2[1)

1 tt—1) !
x (a1a2 Qlo + (ta1 — 1)(ta2 — 1)2[1) '

Moreover, we show in Section 2.3 that when the spectral values are func-
tions of ¢ given by (0.2), then these ¢g-Schlesinger equations yield the usual
(differential) Schlesinger equation at the limit ¢ — 1. When 2 is expressed
with respect to (w(t),y(t), 2(t)) and the spectral parameters, then these g-
Schlesinger equations are (generically) equivalent to a system of g-difference
equations given by (¢Pjs vi) and an additional equation for o, ,w. However,
our weaker definition of g-isomonodromy is actually (generically) equivalent
to (¢Pjs,vi). We conclude that the change of variables and parameters (0.1)
combined with (0.2) is a natural setting for the study of confluence of the
g-Painlevé VI equation. And indeed, for generic values of ¢, the change of
variable (0.1) defines a biregular transformation of Sakai’s g-Okamoto space
(see Section 4.2), such that the obtained modified ¢-Okamoto space yields,
for spectral values (0.2), the differential Okamoto space when ¢ — 1 (see
Section 4.3).

Under convenient assumptions on ¢ and the spectral data, some mero-
morphic solutions of (¢Pjs v) defined in a convenient sectorial neighborhood
of t = 0 have been constructed in [18, 19]. On the other hand, contrary to the
differential setting, the following question remains open: for a given generic
value of ¢y and generic initial condition (y(tg), 2(¢0)), does there exist an
associated meromorphic solution of (¢Pjg v1), defined on a connected subset
of C* stable under multiplication by ¢*'? Of course the answer is likely to
depend on particular choices of ¢ and the spectral parameters. For example,
when ¢ is a n-th root of unity, then a necessary condition for the existence
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of meromorphic solution is that the spectral parameters are chosen in a way
such that the n-th iterate of (¢Pjg,v1) is the identity. The question whether
meromorphic solutions of (¢Pjs vi) over convenient set, parametrized by g,
admit a limit when ¢ — 1 also seems difficult and remains open.

Much more abordable is the question of the existence of discrete so-
lutions, essentially solved in [23, Prop. 1]. A discrete solution with initial
value (yg,z9) € C* x C* at ty € C* is a sequence (Y, z¢,t¢)scz of points
in P! x P! x C* such that for £ # 0, we have t, = ¢‘ty and (y,,2¢) =
(fe(yos 20, t0,9), 9¢(Yg, 20,10, q)), where fg, ge are the rational functions in
variables y, 2z, t, ¢ such that the ¢-th iterate of (¢Pjs v1) is of the form

Us,ty = ff(y’ z7t7Q)
O-S,tz = gg(y,Zﬂt, q) .

We refer to Section 3.2 for more details. It is shown in [23, Prop. 1]
that discrete solutions with initial value in C* x C* at ¢y are well defined, in
particular they exist and are unique, if £y and the spectral values are generic.
Moreover, under this assumption, one can consider a space of initial values
bigger than C* x C*, namely the ¢-Okamoto space. We specify in Section 4.2
which are the special values for t; and the spectral parameters that need to
be excluded here. Note that a discrete solution, as a sequence, does make
sense even if ¢ is a root of unity.

Of course there is an analogous notion of discrete solution for the modified
g-Painlevé VI equation obtained by applying the change of variables and
parameters (0.1), (0.2) to (¢Pss,vi). We prove in Section 3.3 that the therby
obtained system of g-difference equations may be interpreted as a g-analogue
of an Hamiltonian system. More precisely, it is given by

(q? ) aq)ty = a%ZH\(;)I(vaat) + (q_ I)R?(y7zat7q)
Vi) ¢
8‘1:tZ = _aq’st)I(yv Zv t) + (q - ]-),R’g) (ya Zv tv q) )
where HE is the Hamiltonian from the (differential) (Py1) and for i € {1,2},

RE is some rational function such that R®|,—; is well defined and does not
have poles outside the polar locus of H\(;)I.

From this we deduce, also in Section 3.3, the answers to question (Q2). For
to € C* and (yg, Zo) € (C\ {0,1,%9})xC, the sequence (y,(q), Z¢(q), ¢°t)een
of triples defining the corresponding discrete solution, but seen as rational
functions of ¢, is well defined, and encodes in some precise manner the Tay-
lor series coefficients of the unique solution of (Pyy) with initial condition
(y07 Zo) at to.

Each of the four sections following this introduction is decomposed into
three parts. Each time, in the first part we briefly recall some notions and
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known results in the differential case. In the second part, their g-analogues
are discussed, and in the third part, confluence is adressed. Concerning the
g-analogues, we usually recall some results from [12] and [23], complemented
by some precisions that we deemed helpful, and to which we add new results.
We finish by an appendix, see Section 5, explaining how our notion of g¢-
isomonodromy is related to the one in [12].

We would like to emphasize that some results in the sequel require
stronger assumptions on the complex variable ¢ than g # 0,1. These as-
sumptions will of course be duly specified when needed. We choose not to
accumulate these requirements along the way towards the ¢-Painlevé VI
equation (which in and by itself is well-defined for ¢ # 0, 1), in order to get
the full picture of possible g-Okamoto spaces.

In this paper, we adopt the following (standard) notation.

GL2(R) the ring of invertible 2 x 2 matrices with coefficients
in a ring R.

SLa(R) the ring of invertible 2 x 2 matrices of determinant 1
with coefficients in R.

Ms(R) the algebra of 2 x 2 matrices with coefficients in a ring R.

sly(R) the ring of 2 x 2 matrices of trace 0 with coefficients
in a ring R.

I, the identity matrix in My(R)

Ali-9) the (i, j)-entry of a matrix A.

o) the ring of holomorphic functions on some complex
domain U C C".

M(U) the field of meromorphic functions on U.

klxy,...,x,] the ring of polynomials in n variables, named z1, ..., z,,

with coefficients in a field k.
k(x1,...,2,) the fraction field of k[z1, ..., x,].

1. Fuchsian systems
1.1. Differential case

Let © = (0y,01,0:,05) € C* with 6., # 0. We say that © satisfies the
non-resonant condition if

Vie{0,1,t,00}, 0;¢7Z". (1.1)

We consider a linear partial differential equation of the form
Ag(t)  Ai(t) At
ot), (), A0

0. Y (x,t) = A(z,t)Y (z,t), with A(z,t) = 1ot

(1.2)
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Here z is the standard coordinate on C, seen as a subset of P! = C U {oo},
and ¢t is the standard coordinate on an open connected subset U C C\ {0, 1}.

DEFINITION 1.1. — We shall say that (1.2) is a family of sly-Fuchsian
systems with spectral data © if the following hold:

o for each i €{0,1,t}, A; € sl5(O(U)),
o foralli € {0,1,t} and allt € U, we have

1 1
Spec(A;(t)) = 50i,—50i ¢,
pecl4:) = { 56301
o the residue Ao, := —Ag — Ay — A, at infinity is constant and nor-
malized as follows:
‘ )
2

e

With this normalization, the (1,2) entry of x(x — 1)(z — t) A, seen as an
element of O(U)[z], is a polynomial of degree at most one. Let us assume that
it has degree one and define a non-zero holomorphic function A(¢) € O(U)
and a meromorphic function y(t) € M(U) by

Ow‘g%

AR (1) = xA(S)_(ﬁ)(j(_t)t)) . (1.3)

Assuming moreover that y(t) #Z 0, 1,¢, we may define a meromorphic function

Z(t) e M(U) by
AT (y(t),t) = Z(1). (1.4)

The next Lemma shows that the matrix A is determined by the triple
(A, y, Z). In what follows, id denotes the function ¢ — ¢.

LEMMA 1.2. — If a family of sly-Fuchsian systems (1.2) with spectral
data ©, with O, # 0, gives rise to

Ay, 2) € (O(U)\{0}) x (M(U)\ {0, 1,1d}) x M(U) (1.5)
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as above, then the coefficients of the matriz A necessarily are the following
functions of \,y, Z,x,t and ©:

1) _ (y—=)
A = 40 px(z — 1)(z — 1)

boo (L, 1 1 1
4 \z -1 zxz—-t y—2za/)

A(1,2) _ )\(.’17 — y)
x(x—1)(x —1t)
A22) — _ 411

A(2,1)_1<COJr C1 Co+01>

A\ r—1 r—t

2 _ o\ 2 9
Coztééo((y—D(y—t)(wam)m<y—1—£>0w )‘if;
“aT ﬁ (y(y—t)((y— NZ+0.0)7+ YL —5)900 —a)

_ (-0t
Aly-1)°

Here we denote
62  (t—1)0? t(t—1)6?
R S OtV S (et V
Yy y—1 y—t

Proof. — This lemma can be deduced from the formulas in [11, p. 443-
444] by considering the tensor product of 9,Y = AY with

(6 6 0,
amc(zx+2(x—1)+2(x—t)><‘ H

Remark 1.3. — If we have an arbitrary meromorphic triple (\,y, Z) as
in (1.5), then via the formulas in Lemma 1.2 we can associate a family of
Fuchsian systems. Note however that the coefficients of the matrix func-
tions Ag, A; and A; are meromorphic functions of ¢. If one wants to obtain
holomorphic coefficients, one might have to restrict to the complement of a
discrete subset in U. Indeed, for example the product Ay needs to be holo-
morphic.

Remark 1.4. — As explained in [17, §4], the condition 6., # 0 can actu-

ally be overcome if one works in a (conjugated) setting where A, is assumed
0s/2 O
*

_o /2>, whereas A is normalized to 1.

nonzero and normalized to (
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1.2. A discrete analogue

Let ¢ € C\ {0,1}. Let ©® := (0¢,01,0,0,) € (C*)* and let © :=
(©0,01,0,04,) € (C*)* with O, # O, be two quadrupels subject to the
following relation:

@0@0 = Gmém@tét(—)lél . (16)

Remark 1.5. — In order to motivate our choice of notation, let us indicate
that with respect to confluence, will be led to consider ©; satisfying some
relation with the 6; from the differential context, and ©; satisfying ©; = 1 /©;
(see Section 1.3).

We say that (©, ©) satisfies the non-resonant condition if
O; .
Vie {0,1,t,00}, 6gzqz. (1.7)
i

If ¢ is a standard coordinate in a complex domain that is stable under mul-
tiplication by g and é, then we define the following operators on functions
of ¢:

: . f(g¢) = F(9)
UQ@f(C)’—)f(qC)a aILCf(C)’—)W

We consider families of linear g-difference systems of the form

042Y (x,t) = Az, )Y (x,1),
2 (1) Ay (t)

ith  2A(z,t) =Ao(t 1.8
with  A(wt) = Wo(t) o 1 +ag s (1Y
or, equivalently, by setting 5[0 = 91;:112 ,5[1 = % ,glt = t(qgli—tlﬁ

0g.oY (w,t) = Az, )Y (z,1),  with ﬁ(x,t)=ﬁ°(t)+§[1(t) A (t)

x—1 -t

Here x is again the standard coordinate on C, and ¢ is the standard coordi-
nate on an open connected subset ® of C*.

DEFINITION 1.6. — We shall say that (1.8) is a family of q-Fuchsian
systems with spectral data (© , @) if the following hold:

o for each i € {0,1,t}, 2A; € My(O(D)),
o forallt €®, we have

Spec(ﬂo(t)) = {@0, @0} 5

o we have det(A) = 8"_"%‘;‘%, where
p(z,t) == (x —tO;)(x — tO)(x — O1)(x — ©1), (1.9)
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o the matriz Aoe = Ay + A1 + %Qlt is constant and normalized as
follows:

A — <90°° @000) . (1.10)

Remark 1.7. — The entries of the matrix (z — 1)(x — t)A(x,t) €
M3 (O(D)[z]) have degree two. Hence the determinant of this matrix is a
degree four polynomial. The coefficient of 2% is det(™Uo) = ©oOoo, Which
is coherent with det((x — 1)(z — t)2(x,t)) = OOup(z,t). On the other
hand, the constant coefficient is t det(2lo(t)) = t2000. Note that (1.6) is
then equivalent to ©,,O,,p(0,t) = t260¢0g. The assumption that two zeros
of p are proportional to ¢, and the two others are independent of ¢ will be
needed for instance in the proof of Proposition 2.9.

With the normalization (1.10), the (1,2) entry of (x — 1)(x — t)2 is a
polynomial of degree at most one in z. Let us assume that is has degree one
and define a non-zero holomorphic function A(¢) € O(D) and a meromorphic
function y(t) € M(D) by

Q[(l’Q)(fE,t) _ (q (;)j\(lt))((;_t?j(t)) , (111)

so that A2 (y(t),t) = 0. Assuming moreover that y(t) # 0,1,t, we may
define a meromorphic function Z(t) € M(D) by
A (y(), 1) =1+ (¢~ Dy () Z(1). (1.12)

Remark 1.8. — We chose here to slighlty modify the notation from [12]

because we are mainly interested at the limit when ¢ — 1. Towards this goal,
it is worth mentioning that our variables satisfy A1) (z,t) = %,

and AV (y(t),t) = Z(t). More details are given in Section 1.3.

Analogously to the differential case of families of slo-Fuchsian systems,
we have the following lemma, which is a slight adaptation of the formulas
in [12, p. 4].

LEMMA 1.9. — If a family of q-Fuchsian systems (1.8) with spectral data
(©,0), with O # O, gives rise to

Ay, Z) € (O(D) \ {0}) x (M(D)\ {0, L,id}) x M(D)

as above, and if 1+ (q—1)y(t) Z(t) does not vanish identically, then the coef-
ficients of the matriz A are necessarily the following functions of \,y, Z, x,t
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and (©,0)
) O ((z —y)(z —a)+21) (g — D)A(z — y)
A@) = D@m= D 5 (z+9)
( 1)( t) @Oo(aoom(%o((x—y)(x—,@)—&-zg)
(1.13)
with
Lo W=Dy -t)A+(-1yZ)
1 o
J 1)
z
o 1) — (4 — p(0) —py) . p@®) —ply)  pd)—py)
=l ) e T w0 (- Dy - 1)
y=an+zntaf+(a—-1+8)(y—1)— L) ;p(y) + p(lg)J—_pl(y)
5= PO) = (ay +21)(By + o)
Y (1.14)
and
_ _t(@o + éo) — (éOOZ1 + @oozg)
O o p0)—p(y)  p@)—p(y)  p(A)—p(y)
T 0. 6. (”t YT T <t—1><y—1>>'

(1.15

Recall that p is defined in (1.9). Here we dropped the dependence ont in order
to simplify the formulas, i.e. we write p(x) instead of p(x,t) and similarly
y = y(t), Z = Z(t), A = A(t), A(x) = A(z, 1).

Proof. — The general form of 2 in (1.13), together with the equation for
z1 in (1.14), is precisely what is needed in order for 2, to be of the required
normalized form, and for A, y, Z to satisfy the equalities (1.11) and (1.12).
Via evaluation at x = 0,1, ¢, y, the equation

det ((z — 1)(z — )A(7)) = O Osup()

with arbitrary « is equivalent to the remaining equations in (1.14). More
precisely, the successive evaluations at y,0,1,¢ give the lines 2,5,4, and 3
of (1.14). In particular, using (1.6), we have

det 52[0 = @wéoo@tét@lél = @0(:)0.

Equation (1.15) then is equivalent to trace(2y) = ©¢ + Oq. O
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1.3. Confluence

The heuristic equality

1' —
1M &Lx — 83‘,‘
mOtiVateS the fOllOW lng deﬁnltlon

DEFINITION 1.10. — Let f € C(g,x,q) such that {q = 1} is not an irre-
ducible component of the polar divisor of f, i.e. f(g,x,1) is a well defined ra-
tional function. Then we say that the g-difference equation 0y .9 = f(g,,q)
discretises the differential equation 0,9 = f(g,x,1).

This definition generalizes in the obvious way to the case of systems of
rational ¢-difference equations in several variables. It can also be general-
ized, in a more subtle way, to the case when the base field is not C, but
for example the field of meromorphic functions on some domain. The term
confluence is used when the inverse phenomenon occurs: when objects as-
sociated to a discretized differential equation (most importantly, solutions),
yield the corresponding object of the differential equation by some limit pro-
cess as ¢ — 1. Confluence is widely studied, see for instance [3, 5, 6, 24, 25].
Before confluence can even be adressed, one of course needs to identify the
appropriate discretization. The aim of the current section is to do so for fam-
ilies of slp-Fuchsian systems 0,Y = A(x,t)Y as in Definition 1.1. Note that
the naive approach of setting A(z,t,q) = Io+ (¢ — 1)z A(x,t) does in general
not yield a g-Fuchsian system as in Definition 1.6. Instead, we will consider

A(x,t,q) given by a triple of meromorphic functions as in Lemma 1.9, but
AT,
(¢—1z
as ¢ — 1. Here, in a first step, we ignore the difficulty of the coefficients
of 2 being meromorphic functions with respect to ¢, by simply considering

Ay, Z as additional variables.

with an additional parameter ¢, and study when A= admits a limit

PROPOSITION 1.11. — Let © = (0y,61,0;,05) € C* with 65 # 0. Let
O(q) = (09,01,04,0.)(q) and ©(q) = (69,01, O+,0.)(q) be two quadru-
pels of elements of C(q), i.e. rational functions in a complex variable q, such
that O # O and such that (1.6) holds. Let

A € MQ(C(Iy >‘7ya Z7ta q))

be the 2 x 2-matriz with coefficients in C(x, A, y, Z,t,q) (i.e. the set of ratio-
nal functions in six complex variables named x, N\, y, Z,t,q) defined by the
formulas in Lemma 1.9. Let A € sly(C(x, N\, y, Z,t)) be defined by formulas

in Lemma, 1.2. Denote 2A = (?:11)21,

. The following are equivalent.
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(1) The divisor {qg =1} in (Cg,)\,y,Z,t,q is not an irreducible component of
the polar divisor of 2 and the therefore well-defined rational matriz
function A|4=1 equals A(z,X,y, Z,t). In other words,

lim 2A(z, A, y, Z,1,9) = Az, \,y, Z,1).
q—1

(2) Up to permuting the roles of ©; and ©; fori € {0,1,t}, the following
holds as ¢ — 1:
0; .
Oi(g) =1+ (= 1)5 +0((a—1)?*) Vie{0,1,t00}
. (1.16)
Oi(g) =1- (=15 +0((a—1)?*) Vie{0,1,t00}.
Proof. — From the particular form of 2 it follows that 2 can be de-
composed as Ag + —£52U; + % where 20, 21,2; do not depend on z. It

follows that 2 can be decomposed as % + fill + A where ﬂo,ﬁl,ﬁt do

x—t
not depend on z. Similarly, we may denote by Ay, A1, A; the residues of A
with respect to x = 0,1,t. We denote A, := —lim, o0 A = % and

Ao = —Ag— Ay — A;. Then (1) holds if and only if, for each 7 € {0,1,¢, 00},
we have

lim évli(vavya Z7t7Q) = Ai(:m)‘ayv th)
q—1

Assume (1) holds. We have

1-6
~ oo O
(0 r=3

Since A is of normal form, we deduce the estimates for O, and . Since
Spec(2y) = {Og, Oy}, we have

=\ _ [©g—1 6p—1
Spec(ﬂo) —{ -1 g_1 }
Since Spec(Ag) = {00/2,—00/2}, we deduce the estimates for Oy and Og

as in the statement (up to interchanging their roles). Recall that det(2) =

eooéoo(x_t?;)jf)zifi)t()ﬂg_el)(x_él). We therefore have

=\ OO (1—10;)(1 —t0,)(1 —O1)(1 — 6y)
det () = (4 — 121 1) ’
O Ouct?(1 — 04)(1 — 6,)(t — O1)(t — ©1)
(¢—1)2(t—1) '
Since det(A;) = —6%/4 for i € {1,t}, we deduce the estimates for ©; and ©;
as in the statement (up to interchanging their roles). Hence (1) = (2).

det (ﬂt) =
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Conversely, the above calculations show that if (2) holds and the limit
limg_y; 2 is a well defined element of My (C(z, A, y, Z,t)), then this limit is of
the required form. Moreover, it is straightforward to check (with some more
effort), that if (2) holds, then the limit is well defined. Here one needs to
use the Taylor series expansion of the ©;’s and ©;’s up to order O((q — 1)3)
and use the relation on the thereby appearing second order terms imposed

by the equality 90y = 05,0,,0,0;0,0;. Hence (2) = (1). O
Note that we have arranged the general definition of (A, y, Z )Nassociated
to a matrix 2A(z,t) as in Definition 1.6, such that for the matrix 2 = (3‘:11)217

equations (1.11) and (1.12) may be written as
512 (p ) = MOE—y(1) 5 _
A2 (2, 1) D1 ALY (y(t),t) = Z(t) .

This definition is analogous to the general definition in equations (1.3) and
(1.4) of (A, y, Z) associated to a matrix A(z,t) as in Definition 1.1. Indeed,
recall that these equations were given by

A8, 1) = HIETVER A0y (0),1) = 200).

Therefore, we expect 9,,Y = 2A(z,t,q)Y as in Definition 1.6, but with
an additional parameter ¢, to be an appropriate discretization of family of
slo-Fuchsian systems 9,Y = A(z,t)Y as in Definition 1.1, where moreover
(\,y, Z) are well defined, if the spectral data (®, ©)(q) satisfy (1.16) and if,
in some convenient sense, we have

lim (A, 9. 2)(t.0) = (\y 2) (1) (1.17)

Let us now explain what we shall mean by this convenient sense. Let
9 C C\ {0,1} be a connected, not necessarily open, subset, with 1 in its
closure. Consider a connected open subset © C C* and let f(¢,q) be a
function such that for each fixed ¢ € Q sufficiently close to 1, we have a
well-defined meromorphic function ¢ — f(¢,q) in M(D).

DEFINITION 1.12. — We say that f € M(D) is the limit of f as ¢ — 1
if for generic values (i.e. outside a proper closed analytic subset) of t € D,
we have

lqu f(th) = f(t) :
q—

qeN

Analogously, if we have a reduced rational function

ZZ:O fkl"k

Z;n:o fk+n+1$k’
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where each coefficient f,(¢,q) is as above and lim, 1 f,(t,q) = fe(t) €

v fea®

M(®), then we say that ¢(x,t) = % is the limit of (x,t,q) —

™
%
wep JEEn 1T

¢ (x, (fo(t,q))ocecmint1) as ¢ — 1.

PROPOSITION 1.13. — Let® and Q be as above. Let ©® = (0y,01,0:,0) €
C* with O # 0. Let ©(q) and ©(q) be two quadrupels of elements of C(q)
such that O # O and such that equations (1.6) and (1.16) hold. Let
(A(t,q9),y(t,q), Z(t,q)) be a triple of meromorphic functions in neighbor-
hood of ® x Q C C? such that Ay(y — 1)(y — t)(1 + (¢ — 1)yZ) does not
vanish identically on ® x Q and let (\(t),y(t), Z(t)) be a triple of meromor-
phic functions on © such that \y(y — 1)(y — t) does not vanish identically.
Then for A = (21:11;3 and A as in Lemmas 1.9 and 1.2 respectively, we have

lim A(xz, t,q) = A(z, 1) (1.18)

qg—1
(in the sense of Definition 1.12) if and only if (1.17) holds.

Proof. — Let us first prove the “if” part of the statement. One the one
hand, if (1.17) holds, then

lim [(z,t,q) = A(z, At q),y(t, q), Z(t, q))]
= [(x,t) = Az, A(t),y(t), Z(¢))]. (1.19)

On the other hand, let us consider the rational function

Az, N\ y, Z,t) — A(z, N\, y, Z,t)
qg—1
By definition of A, A and by Proposition 1.11, the affine part of the polar
divisor of L is contained in
{ze{0 Lt} u{A=0tu{yc{0,Lt}}U{l+(¢-1)yZ =0}
U{t €{0,1}} U{Ocx(q) = O (q)}
and does not contain {q¢ = 1}. Hence if (1.17) holds, then

lim [(z,t,q) = (¢ — 1) L(z, A(t,q),y(t,q), Z(t,q),t,q)] = 0. (1.20)

qg—1

The addition of the limits (1.19) and (1.20) yields (1.18).

L :=

€ C(z,\y,Z,t,q).

Let us now prove the “only if” part of the statement. If (1.18) holds, then

the limit of the (1,2) coefficient of A(x,t, ) yields the (1,2) coefficient of A
as ¢ — 1. From the explicit formulas, we deduce

. Alt,qg)(z —y(t,q)
lim (@t = =T G ]

[ ADGE =)
‘{( D e e 0]

- 984 —



Degeneration from difference to differential Okamoto spaces for the sixth Painlevé equation

and thus limg_,1 (y(t, ), A(t, ¢)) = (y(¢), A(t)). By assumption, we have
lim (ﬁt(x,t, q) — A(x,t)) —0.

q—1

Since limg—,1 Y(t, ¢) = y(t), we deduce
— i ~(171) — (171)
0= lim (A0, t,0) = ATV (1)) oy )
— lim (Z(t,q) - A(l’l)(x,t)|zzy) . (121)
q—1

On the other hand, again from lim,_,; y(¢,q) = y(t), we get

0 = lim (A(l*l)(x, oy — AV (g, t)|m:1,)

qg—1 )

= lim (A(l’l)(x,tﬂx:y - Z(t)) . (1.22)

q—1

The addition of the limits (1.21) and (1.22) yields lim,_,1 Z(t,q) = Z(¢). O

According to the above proposition, under some generic hypotheses, for
a convenient choice of spectral value functions (©,®)(q), equation (1.16)
provides a convenient setting for the discretization of families of sly-Fuchsian
systems as in Definition 1.1. Here the convenient conditions the spectral value
functions must satisfy are the following (up to permutation of the roles of
©; and O, for i € {0,1,t}):

Oila) =1+ (g~ 1% +0((g—1)°) ¥ie {01,100}

Oila) =1 (g~ 1% +0((g—1)°) ¥ie {01,100}

O (q) # O (q).

A simple way to achieve these conditions is to choose the following setting:
Oi(q) =1+ (¢ - 1)% +0((g-1)%) Vie{0,1,t00}
0, =— Vie{0,1,t,00}
Oco(q) # 1.

This convention ©;0; = 1 can be seen as a g-analogue of the tracefreeness of
the differential Fuchsian systems we consider. Note that if ©,(q) is analytic
in a neighborhood of 1 and ©;(¢) = 1+ (¢ — 1)% + O((g — 1)?), then the

condition ©; = é implies that

0.(0) +Bi(a) =2+ (4= VP2 + 0((g—1?).
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independently of the particular value of the second order term in the Taylor
series expansion of ;.

2. Schlesinger equations
2.1. Differential case

Let Ag, A1, Ay € 513(C) and t € C\ {0,1}. Consider the Fuchsian system

8,Y (z) = A(x)Y (z) with A(x):% LA A

z—1 x—t
over P'. An important invariant of such a system is its monodromy, defined
as follows.

In a neighborhood V of a point zy € C\ {0,1,¢}, this system admits
a fundamental solution ), i.e. a holomorphic function Y : V. — SLs(C)
satisfying )’ = A)), yielding a group homomorphism

7T1(]P1 \ {07 1, t, OO}7 1‘0) — SLQ((C)
P _
i (Y)Y,
where )7 denotes the analytic continuation of ) along . If V' is connected,

any other fundamental solution on V' is of the form ) - M for some matrix
M € SLy(C). Hence the conjugacy class

[p] := {M~'pM | M € SLy(C)} C Hom(m;(P*\ {0,1,¢,00},20),SL(C))

does not depend on the choice of the fundamental solution ) near xy and is
referred as the monodromy of the Fuchsian system. Note that the monodromy
does not depend on the choice of the base point xy in the following sense. If
x1 € C\{0, 1,t}, we may choose a path v from xg to x; in C\{0, 1, ¢}, yield-
ing an isomorphism 7., : w1 (P \ {0,1,¢, 00}, 21) = m (P \ {0,1,¢, 00}, z0).
The representation p; := po7,, then is the monodromy representation with
respect to the fundamental solution Y7, and the conjugacy class [p1] does
not depend on the choice of the path ;. We stress the fact that the most com-
mon definition of the monodromy is the inverse of this one, that is y-Ll.yv
but lead to an anti-representation, rather than a representation. One the
other hand, both definitions exist in the literature and this choice has no
influence in what follows.

Remark 2.1. — In general, it is not possible to compute explicity the
monodromy of the Fuchsian system associated to three matrices Ag, Ay, As
as above. However, if 70,71, V¢, Yoo denote the standard generators of 1 (P
{0,1,t,00},29) (each ~y; turning clockwise around i), and if the matrices
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A; are non-resonant, then the matrix p(v;) is conjugated to the matrix

exp(2v/—1mA;).

Let now
0:Y (z,t) = A(z, )Y (z, 1) (2.1)
be a family, parametrized by ¢ € U, of sl,-Fuchsian systems over P! with
spectral data © as in Definition 1.1. Here U C C\ {0, 1} is a connected open
subset and 0., # 0. Let ¢y € U and let A C U be a small disc centered at
to such that 0,1 ¢ A. Let x9 € P\ ({0,1,00} UA). Then for any t € A we
have a canonical isomorphism

7T1(IP)1 \ {0, ].,t, OO},.’E()) ~ (]Pl \ ({0, ].7 OO} @] A), (E(]) .
By the Cauchy—Kowalewskaja theorem on linear differential equations with
parameters [10, Thm. 9.4.5, p. 348, see also [15, p. 14], if A is sufficiently
small, there exists a neighborhood V of g € P!\ ({0,1,00} U A) such that
there is a local holomorphic fundamental solution Y : V x A — SLs(C)
satisfying 0,) = AY. For any t; € A, this fundamental solution provides a
group homomorphism
7T1(]P1 \ ({0, 1, OO} U A), xo) — SLQ((C)
Pty - _
' v (V) H(zo, t1) - V(wo,t1) -

This yields a holomorphic family (p;)ica of representations, and one may

consider the induced family ([p¢])tca of conjugacy classes of representations
of w1 (P \ ({0,1,00} UA),x0).

DEFINITION 2.2. — We say that (2.1) is isomonodromic if one of the
two following equivalent properties hold.
(1) Any point to € U admits a neighborhood A such that the associated
family ([p¢])ten of monodromies is constant, i.e.
[Pt] = [Pt'] v t,tl eA.

(2) The system (2.1) can locally be completed into a Lax pair, i.e.
any point tg € U admits a neighborhood A where there exists B €
sla(O(A)(x)) such that the following holds:

e the polar locus of B is contained in

Di={z=0U{z=1}U{z=t}U{z =00} CP' x A,
e and the system of differential equations
0. Y (x,t) = A(z,t)Y (z, )
{ 0Y (z,t) = B(z, )Y (z, 1)
over P! x A satisfies the Lax equation
0 A—0,B=[B,A].
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That these properties are indeed equivalent can deduced from [2, Thm. 2].
Moreover, considering the special case of non-resonant spectral data in [2,
Thm. 3], we have the following lemma.

LEMMA 2.3. — Assume that the spectral data © satisfy the non-resonant
condition (1.1). Under that condition, if the system (2.1) can be completed
into a Laz pair over P! x A via a certain matriz function B, then this matriz
is of the form

Blx,t) = —ft—f’fz +O),

where C € sla(O(A)) is a tracefree diagonal matriz function.

A key ingredient in the proof of the above classical results are the well-
known Schlesinger equations. They yield particular types of isomonodromic
deformations.

DEFINITION 2.4. — We say that (2.1) is Schlesinger isomonodromic if
one of the two following equivalent properties hold.

(1) The system (2.1) can be completed into a Laz pair via the matric
A1)
B(z,t) = ——— .
(2) The residues A;(t) of (2.1) satisfy the Schlesinger equations

)
AE)( ) [AO(tz’ )]
(0 — a0 A1)

1-1¢

AL(t) = [Ao(t );At(t)] A (i)ﬁt(t)] .

In order to see that these properties are equivalent, it suffices to compare
the residues at x = 0,1,¢ of the Lax equation in the case B = —At(t) Of
course Schlesinger isomonodromic families are isomonodromic. As 15 1mme—
diate to check, the converse holds locally up to conjugation:

LEMMA 2.5. — Assume that (2.1) is isomonodromic and non-resonant.
Let us consider C(t) = diag(c(t), —c(t)) € sla(O(A)) be the tracefree diago-
nal matrix appearing in Lemma 2.3. Let tg € U and assume that A is a
sufficiently small neighborhood of ty, such that there exists a mon-vanishing
holomorphic function p € O(A) such that i/ (t) = c(t)u(t). Then, the gauge
transformation Y = MY with M(t) = diag (u(t), ﬁ) yields a family

9,Y = AY

of sla-Fuchsian systems which is Schlesinger isomonodromic.

- 988 —



Degeneration from difference to differential Okamoto spaces for the sixth Painlevé equation

By definition, the family (2.1) is Schlesinger isomonodromic if and only
if the entries of A satisfy a certain list of differential equations. Since these
entries may be written in terms of the triple (A, y, Z), see Lemma 1.2, we
may translate the differential equations in terms of the entries of A into
differential equations in terms of the triple (A, y, Z). This will lead to the
sixth Painlevé equation, according to the following classical results, due to
R. Fuchs [7].

PROPOSITION 2.6. — Let 0,Y = A(z,t)Y be a family of Fuchsian sly-
systems with spectral data © as in Definition 1.1, giving rise to a triple
(N y,Z) as in (1.5). Then 0,Y = AY is Schlesinger isomonodromic if and
only if (y, Z) is a solution of

/ yly—Dy—1) 1
="~ |27
vt -0 v
=3y?+2(t+ 1)y —t 2y —1
Z'(t) = 7? — Z 2.
®) -1 W= 1) (23)
+1 (0o —1)" =1 62 B 62 n 62
4\ t(t-1) t-1y* (y—t)?* ty—-1)?2)
and X is a solution of
/ J— —
() (e~ D) 1) o)
A(t) t(t—1)
COROLLARY 2.7. — Assume that © satisfies the non-resonant condi-

tion (1.1). Let 0,Y = AY be a family of Fuchsian sla-systems with spectral
data © as in Definition 1.1, parametrized by t € U C C\ {0, 1}, giving rise
to a triple (A, y,Z) as in (1.5). Define

U* = {t € U|A(®) #0,y(t) # oo}
Then the family 0,Y = AY parametrized by U™ is isomonodromic if and
only if (y,Z) is a solution of (2.3).

Proof. — If 0,Y = AY is isomonodromic, then by Lemma 2.5, it is lo-
cally conjugated to a Schlesinger isomonodromic family via a diagonal gauge
transformation. The latter does not affect (y, Z). Hence by Proposition 2.6,
(y, Z) is a solution of (2.3).

Conversely, if (y,Z) is a solution of (2.3), then locally in U* one may
choose a local non-vanishing solution Xof (2.4). One obtains a family of Fuch-
sian sly-systems 0,Y = AY given by ()\ y,Z) as in Lemma 1.2. This family
of systems is Schlesinger isomonodromic by Proposition 2.6 and conjugated
to 0;Y = AY by a diagonal gauge transformation of the form Y = M Y with
M = diag(p,1/p) satisfying X/Lz = A. Hence the initial system is isomon-
odromic. ]
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2.2. A discrete analogue

We will now define a convenient g-analogue of isomonodromy, which will
lead to a g-analogue of Schlesinger equations for families of Fuchsian lin-
ear g-difference systems. Analogously to the differential case, we will define
g-isomonodromy by the existence of the g-analogue of a Lax pair. This defi-
nition differs from the approach to g-isomonodromy used for example in [12].
The relation between the two will be explained in Section 5. Let ¢ € C\{0,1}.
Let

042Y (x,t) = Az, )Y (2, 1),
2 (1) A (t)
x—1 xt(m —t)’

be a family of g-Fuchsian systems with spectral data (@ ,®) as in Defini-
tion 1.6. From now on, we make the additional asumption that © is a con-
nected open subset of C*, which is stable under multiplication by ¢ and %.

with  A(z,t) =Ae(t) + = (2.5)

DEFINITION 2.8. — We say that the system (2.5) is g-isomonodromic if
it can be completed into a g-Lax pair, i.e. there exists B € GLa(M(D)(x))
such that the system

0g.aY =AUz, )Y
04.4Y = B(z,1)Y

satisfies the g-Lax equation
Az, gt)B(w, 1) = Blqa, )A(x,1). (2.6)

We will now establish the first step towards the g-analogue of Lemma 2.3:
under the assumption that ¢ is not a root of unity, if (2.5) is non-resonant
and can be completed into a ¢-Lax pair via a matrix function 8, then B has
a very particular shape.

PROPOSITION 2.9. — Assume that ¢ ¢ ¢*™C and assume that (© ,©)
satisfies the mon-resonant condition (1.7). Let A € GL2(O(®)(x)) be as
n (2.5) and let B € GLa(M(D)(x)) such that (2.6) holds. Then, there
are matrices €(t), Bo(t) € GLay(M(D)) with €(t) diagonal, such that
(x — qt)(zI2 + Bo(t))

(x — qtOy)(z — qtOy)
Moreover, Spec(By(t)) = {fqt@t, fqtét}.

B(z,t) = €(t) (2.7)

Proof. — Let us write
(x —t)(x — 1)Uz, t)
(x —t0)(x — tOy)

~

(x — qt)B(x,t)

Az, t) = .
(z — qtOy)(z — qt©,)

) %<x7t) =
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With this notation, equation (2.6) reads
qA(z, qt)B(z,t) = B(qz, )A(z, 1) . (2.8)
From the expression of the determinant of (x,t) we have

(z —©1)(z — ©1)
(z —t0,)(z — tO;)

det (ﬁ( )) 00800

The determinant of B(z, ¢) is an element of M(D)(z). Let us write

[i2) (z — ai(t))

121 (@ = 0;()

with 0 # ¢(t) € M(®D) and a;,b; being elements of the algebraic closure
M(D) of M(D) such that a,(t) # b;(¢) for all ¢, j. Applying the determinant
in the both sides of (2.8), we find that

(z—01)(x—-061) [[Z(z—ait))
(z — qtO)(z — qtO,) [ ;2 (x — b;(t))

o[l — o) -0 —8y)
[[2:(az — b;(t)) (x — tO;)(x — tO;)

det (%(x, t)) — ¢(t)

7c(t)

which simplifies as follows:

1 H?H(m ai(t))
(x — qt©)(x — qtO;) [T;2, (x — b;(t))

_ 1 IT:21 (g2 — ai(t))
(gz — qtO,)(qz — qtO,) [T;21 (g2 — b;(t))
At z = oo, the left hand side behaves like 2™1~"272, while the right hand

side behaves like ¢"* "2~ 2z™~"2~2_ Since ¢ is not a root of unity, we must
have n1 = ny + 2. We may thus rewrite the equality as

f(x) = flgx),

1 127 (@ — ai(t))
(= qtO¢)(z — qtO;) T1;21(x — b;(t))

It follows easily that f € M(®D)(x) is constant in x, forcing ne = 0 and, up
to renumbering the a;’s, that a; = ¢t©; and as = ¢tO,. In particular,

det(B(z, 1)) = c(t)(z — qtOy)(z — qtOy) . (2.10)

where f:x— e M(®)(x).

We may rewrite (2.8) as follows.

@B (z,t) = Az, qt) " B(qz, )A(x, 1) . (2.11)
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Let us now show that %(z,t) is of the form = - Boo(t) + Bo(t), i.e. let us
show that the function x — 9B(z,t) has only one possible pole, at = oo,
and that this is at most a simple pole.

Let us prove that Roo(t) is diagonal. We have B(z,t) = TFRoo(t) +
O(x%=1) as # — oo for a certain k € Z and a certain non-zero R,, €
Ma(M(D)). Setting Ang () := A(00, ), we have Aso (t) = Aoo (t) which is in-
vertible. Moreover, 2. (t) = diag(Os, O ) is independent of t. From equa-
tion (2.11) we get

Roo(t) = ¢" 1 diag(Oas, Ono) " Ruo (t) diag(O oo, O ).

Taking the determinant on both sides yields det( Roo(t)) =det(Roo(t))(g* )2
By (2.10) we find det(Roo(t)) = ¢(t) # 0, so that R (t) must actually be
invertible and 1 = ¢?*~2. Since ¢ is not a root of unity, we have k = 1.
Hence %(x,t) has a simple pole at x = oco. Furthermore, since O, # O,
we deduce that R (t) is diagonal.

Let a(t) € M(D) such that a(t) € {0,01,01,t0,,t0;} - ¢“>°. Assume

for a contradiction that x = « is a pole of B(z,t). Then = = %a is a

pole of %(qw,t). From the particular form of 2 and (2.9) we know that

both A(z,qt)~! and A(z,t) are finite and invertible at z = %a, ie.
§[(o¢/q,t),§((o¢/q,qt)f1 € GLg&M(@)). Indeed, the only possible poles of
A(z,t) are x = tO; and = = tO; and the O/I\ﬂy possible poles of 2A(z, qt)~!
are z = O and z = ©;. Hence by (2.11), B(z,t) has a pole at x = %a as
well. By induction, ‘%(sc,t) has a pole at © = q%a for each n € N. Yet by
assumption, B(z,t) is a rational function of x and can therefore only have
finitely many poles.

Let a(t) € {©1,01,t0,,t0,}-¢?>°. Assume for a contradiction that r = «
is a pole of B(z,t). Then z = qa is a pole of B(x/q,t). We may rewrite
equations (2.11) and (2.9) as

. _ (z—¢O1)(x —¢6)
det (Ql(x/(bt)) = (x — qtO;)(x — qt©;)

B(x,t) = qA(x/q, qt)B(x/q,t)A(x/q, t) L.

The same reasoning as before shows that E%(x, t) then has a pole at © = qa
as well. Again this leads by induction to an infinite number of poles, and
therefore, a contradiction.

Finally, we treat the case o = 0. We have B(z,t) = a*Ro(t) + O(z*+1)
as x — 0 for a certain k¥ € Z and a certain non-zero Ry € My(M(D)).
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Setting QAlO(t) = ﬁ(O,t), we have QAlo(t) = t@% o (t) which is invertible.

From equation (2.11) we get

Ro(t) = ¢" "o (at) ™" Ro(H)An(t) = ¢"A5 " (at) Ro (A (0).
(2.10) yields det(Ry(t)) = ¢*t%c(t)0:0; # 0, so that Ry is actually invertible.
Since Spec(Ao(t)) = {O0, Op}, we have det(Ao(t)) = det(Ap(gt)) and we may

take the determinant on both sides of Ro(t) = ¢"5 ' (qt) Ro ()40 (t) and find
¢** = 1. Since ¢ is not a root of unity, we deduce k = 0.

We have now proven that %(w, t) has a simple pole at = co and is finite
and non-zero everywhere else. More precisely, we have proven that

~

B(x,t) = €(t)(zlz + Bo(t))
holds for the diagonal matrix €(t) := Roo(t) € GL2(M(D)) and the matrix

By = C€(t)7'Ro(t) € GLa(M(D)). Moreover, from (2.10) we get
det(zIy + Bo(t)) = (x — qtO;)(x — ¢qt©,), yielding the sought expression for
the eigenvalues of By. a

We will see in the proof of the following proposition that the matrix
By, as well as the matrix € up to a scalar multiple, are uniquely defined
by (2.6). However, once these matrices are obtained, (2.6) still imposes strong
conditions on the matrix 2, which will yield the g-Painlevé VI equation.

PROPOSITION 2.10. — Assume that q¢ ¢ e*™Q. Let (©,0) € (C*)* x
(C*)* such that O # O and such that the relation (1.6) as well as the
non-resonant condition (1.7) hold. Let (\,y,Z) € M(D)3. Denote

x.o WDy =00+ 0@=Dy2) _ /o)

OO0 (y — 01)(y — ©1)
and assume that y,(y — 1), (y — 1), A, X, 00X —1,¢0,X —1,0,X —
(y=tO1)(y—1t6+)
(¥y—01)(y—61)
not identically zero. Let A(z,t) = Ao(t) + 7571 () + 775 Ae(t) be defined
by (A, y,Z) as in Lemma 1.9 and assume that the coefficients of Ao, A1, Ay
are holomorphic on a domain ®* C ® stable under multiplication by q and
1/q. Let us denote Ao = Ao + A1 + %Qlt = diag(Ouo, O ). The following
are equivalent.

are all well defined meromorphic functions on ® and are each

e family of q-Fuchsian systems o, .Y = , parametrized by O*,

1) Th il Fuchsi t .z =AY trized by ©*
s g-isomonodromic.

(2) Denoting

—1
— t—1 1 t(t—1)
Bo := —qt (Qloo + (t@tq)(tétq)ml) (etét 2o + (t@rl)(tézfl)ml)

— i : _ OqtA O,X-1
¢ :=diag(c,1), with c= %qémX—l ,
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the following equations hold:
04420 = CByAo By ¢!
t—1 (qt©; — 1)(qtO; — 1)

— - €(qls + By) 2y (Io + By) t et
=1 g1, 1)(10, 1) T o)Al B

¢t =

1
aq,ﬂlt = —CByA, ((9(912 + thO_1> Q:_l

_H(t=1)€(gla+Bo)2 (I (¢t0:=1)(qt0; 1)
(t0, — 1)(t0, — 1) qt —1

(12+Bo)‘1) ¢t

(3) The pair (y, Z) is a solution of the following system of q-difference

equations:
- 0,6, 0,0,
o8, (X-r%) (X -1%)
Tat¥ = y ' 1 1
(X B @> (X B q(:)oo) (2.12)
o1 Z = 1 <(Jq,ty - qt@t)(gq,ty - qtét) _ 1>
- (q - 1)Uq,ty q(aq,ty - 1)(0q,ty - qt)X

Proof. — Let us first show that (1) < (2). Since ¢ is not a root of unity,
by Proposition 2.9 and the non-resonant assumption, (1) is equivalent to
the existence of By, € € GLa(M (D)) with € diagonal, such that for B given
by (2.7), we have (04, 2(z,t)) B(z,t) = (04,.B(z,t)) A(x,t). We may rewrite

i (0q,:x, 1)) B(x,t) — % (04,B(x,t)) Az, 1)
1 Re(t) gt —1 Ry (1)
0,0, = (qt©; — 1)(qtO; — 1)z — 1
N (z — qt(0r 4+ ©y))Ra(t) + qtRs(t) c(ac — (0 +©,))Rys — tRs

(x — qtOy)(x — qtOy) (x —tOy)(x — tOy)

where
R() = (anlo) @Bo — CB()QlO s

q(t —1) (qt©; — 1)(qt©; — 1)
gt —1 @2(t0, — 1)(t0; — 1)

1 qt — 1
= m (04,t%0) €By + (41— 1)(qi®, — 1) (04.421) €(Iz + Bo)

+ (O'q,thoo) Q:

Ry = (aq,ﬂll) 6(12 =+ Bo) — €(q12 + Bo)gll

R22

(gt = 1) (0q42) €(I2 + Bo)
qt(qtO; — 1)(qtO; — 1)

t—1
Rs = (04,20 € + qT (0g.e21) € —

1 _
- & (04,:2s0) (gt (G)t + 0yl + BO)
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1 t—1
Ry := —— By + — Ir + Bo)2 + Ao
VS 0,8, e, — e, 1) P
t—1 (t—1)
Ry = Ay + Ay — — I, + Bg) 2
5 0 p 1 qt(t@t—l)(t@t—l) (Q2 0) 1
1 _
**(qt(@tJr@t)IQJrBo)Qlom

qt

Hence (1) is equivalent to the vanishing R; = 0 for all ¢ € {0,1,2,3,4,5} for
some By, € € GLy(M(D)) with € diagonal. Note that by Proposition 2.9, the
matrix By must have eigenvalues —qt©,, —qt0O,, so that Iy+ By is invertible. If
Ry = Ry = Ry = Rs =0, then Ry and R3 are both equivalent to 04 2o =
A€~ We may therefore omit R3 in the following. For i € {0,1}, the
vanishing of R; is equivalent to the equation for o, :2; as in the statement,
with general By, €. Substituting these equations into Ry = 0 yields the
equation for o, ;%l; as in the statement, again with general By, €. However,
R4 = 0 is equivalent to By being as in the statement. Note that this matrix
By is well-defined and invertible under the assumptions. As one can check
by direct computation, this By solves Ry = 0. Hence (1) is equivalent to
the existence of a diagonal matrix € € GLo(M (D)) such that the equations
in (2) hold for By as in the statement. If € is such a convenient matrix,
then for any f € M(®) non-vanishing, f€ is also convenient. Hence we may
require that € is of the form diag(c, 1). Since (¢g—1)A = (1 ft)ngl’Q) ftQ[él’Q),
we must have

(@ Dogd = (1 — gt)og A" — gtog, A5

With the equations in (2) for the o, ,2l;’s, this is equivalent to ¢ being as in
the statement. We conclude that (1) < (2).

Let us now show that (2) = (3). From y = —ﬁﬁgl’2), we obtain
(1,2)
qt (1.2) 74.t%o
Ogiy = —————0,.42; 7 = —qt .
! (@ DogaX 70 (1- qt)oq’tﬁlgu) - qtaq’th(()l’Q)

Substituting the values of Ql(()l’Q) and Q(gm) from (2) then yields
¢ 01010,0,X? —t(0¢+ 6)X + 126,06,
Oquy = L 0 : (2.13)
(X — 1)(¢OxX — 1)
For the purpose of factorization, we use the equality

@0@0 = Gtéte)lél@ooéoo~

<

This yields the expression for o,y in the statement. Similarly, from

1+ (g—1yZ =AY + —y"i p —y?i - (ALY oY — )
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we obtain
ot (Y =Dy -1+ (¢—-1)y2))
= (og1y — 1) (@moqﬂg'y — qtaq,tﬂél’l)) +(1—gqt)oqy - aq,th(ll’l) .

Substituting the value of o4y from (2.13), the values of ngl’l) and ngl’l)
from (2), as well as Z = (q—ll)y (@oo@oowi@l)(yi@l)X - 1), the right hand

(y—D)(y—t)
side simplifies to

(74,1Y = 4tO1)(04,1Y — qtO:)
gX '
Therefore, 0, :Z is as in the statement.

Let us now show that (3) = (2). Note that for each i € {0,1,t}, the
matrices 2l; may be expressed as functions of A, X and y. If (3) holds, then
the matrices €10, ;2;€, with € as in (2), can also be expressed as functions
of A, X and y. It its straightforward to check (with computer assistance)
that the equations in (2) then are satisfied. O

In analogy with the differential case, we give a name to the particular
case when a family can be completed into a Lax pair via a matrix B as
n (2.7) with €(t) = Io:

DEFINITION 2.11. — We say that the family 04,Y = A(z,t)Y of Fuch-
stan systems is g-Schlesinger isomonodromic if it can be completed into a
g-Laz pair via a matriz B € GLy(M(D)(z)) of the form
(x — qt)(xlz 4+ Bo(t))

(x — qtOy)(x — qtOy)

B(z,t) = (2.14)

Let us now say a few words about whether, analogously to the differ-
ential setting, a family of ¢-Fuchsian systems which is g¢-isomonodromic
can be made g-Schlesinger isomonodromic via a gauge transformation. Let
A € GL2(O(D)(x)) be as in (2.5) and assume that the family of ¢-Fuchsian
systems 0, ,Y = 2A(z,t)Y can be completed into a Lax pair via a matrix
B € GLa(M(D)(z)) of the form (2.7), with € € GLy(M(D)) diagonal.
Assume there exists I € GLy(M(®D)) which is diagonal and solves the ¢-
difference equation

00aM(t) = E(M(1).
Slnce 9N does not depend on z, performlng the gauge transformation ¥ =
my yields the family o, Y = Ql(x t)Y given by

Az, 1) = (04..IM(E)) " Az, )M(E) = M() ™ Az, )M(¢) .
Since 91 is diagonal, up to shrinking © to the domain of holomorphy of
the coefficients of A € GL(M(D)(z)), this new family is still a family of
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g-Fuchsian systems in the sense of Definition 1.6. Moreover, this new family
can be completed into a Lax pair via the matrix

B = M 1EIBM € GLy(M(D)(z)).
Indeed, from the g-Lax equation for the initial family, we get
Az, qt)B(z, t) = M(qt) " 'Alz, gt)M(gt) M (£)¢ " (£)B (x, £)IM(¢)
M(t) L) A(x, gt)B(x, t)IM(t)
M(t) 1 (t) " B (qz, t)A(w, t)IMN(t)
B(qz, t)A(x, 1) .

Note that B is given by

(z — qt) (2l + Bo(t))
(x — qtOy)(x — qt@t)

B(x,t) = with By =9 'Byn.

In other words, the conjugated family crq’m}/} = ﬁl(x,t)? is g-Schlesinger
isomonodromic. To find this conjugated family, we had to solve a diagonal
system of ¢-difference equations, which boils down to solving two scalar linear
g-difference equations. Contrarily to the differential case, the resolution of
g-difference equations even of such simple form is not trivial, and does not
seem to be known in full generality. However, if some strong assumptions
on the domain of definition ® are satisfied, one can use for example the
following lemma.

LEMMA 2.12. — Assume that |q| > 1 and © contains an annulus of the
form
{teCla<|t| < b}

for some real numbers 0 < a < b < co. Let ¢ € M(D) \ {0}. Then there
exists a meromorphic solution m(t) € M (D) \ {0} of

Ogem=cm.
Note that the assumption on ® of the above lemma is satisfied if for
instance ® = C* \ UIZ:1 aeq?, for some a, € C*.
Proof. — Let us define
Op:={teP"|t|<blu(Dn{teP'||t| >0b}),
Oy :={teP'||t| >a}U(@Dn{teP"||t|<a}).

These are connected open sets satisfying O; N Oy = ® and O; U Oy = P,
By [1, Lem. 4.4], there exist ¢; € M(O), and ¢ € M(O3) such that
¢ = c1co. By construction, ¢; is a germ of meromorphic function at 0. By
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Remark 5.4, there exists 0 = m; that is meromorphic on a punctured neigh-
borhood of 0 in C* such that o,;m; = c;m;. Using the functional equa-
tion and using the fact that © is stable by multiplication by ¢, we find
that m; may be continued into a meromorphic function on ¢O; \ {0} where
qO1 = {qt,t € O;1}. Similarly, we construct a non-zero meromorphic solu-
tion of o, tmy = comy that is meromorphic on ¢7105 \ {oo}. Since ® C C*
and ¢O1 N g 103 D O1 N Oy = D we find that a convenient solution is
m=mims. O

2.3. Confluence

Let ©(q) = (00(q),01(q), ©:(¢), O (q)) be a quadruple of rational func-
tions in a complex variable ¢ such that as ¢ — 1, we have

Oi(q) =1+ (¢— 1)% +0((g—1)?) Vie{0,1,t 00} (2.15)

with §; € C. We define ® by 0, = @i Recall from Section 1.3 that

these requirements on (©,®) are a convenient setting for the discretiza-
tion of slp-Fuchsian systems with spectral data @ (if 6. # 0). We shall
now see under these requirements, the g-Schlesinger equations discretize the
(differential) Schlesinger equations, and that the difference equation (2.12)
generically characterizing g-isomonodromy discretizes the differential equa-
tion (2.3) generically characterizing isomonodromy.

2.3.1. The g-Schlesinger equations discretize the differential ones

The g-Schlesinger equations are obtained from the equations in point (2)
of Proposition 2.10 by setting € = I,. With respect to the 9, -operator and
the matrices

~ Ag — 1 ~ A ~ A
WL MU Mgy
they read as follows:
o B
Oy = gty (U OO D) (g1, + Bo) Uy (I + Bo) ' — 21
3q,t§lt = — (q,ll)% (12-1- qt@tét Bo) — (q,ll)t <BO§l0 (qt@ltét Iy +BO_1> +§lt)

_ (t=1)(ql2+Bo) Ay ) (qt©:—1)(qtO;—1) -1
d(@—D)t(t0,—1)(t6; 1) (12 + B (I2 + Bo) ) )
(2.16)
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where By = By (5[0, 5[1, t, q) is the function with values in
G = {M € GLy(C) |det(M + L) # 0},

defined, on the complement of some proper Zariski closed subset of GLy(C) x
GLy(C) x C x C, as By (ﬁlo,ﬁl,t,q> being given by

gt (12 +(-1) <(t@t _t1)(t1@t —~ 1)5[1 - ﬁm»

x <I2 +(g—1) (5[0 Ty i(i)(tgt — 1)§l1>>1 :

where gloo(q) = diag (155:)1"", 1;?1’*) = diag (97“’, 707&) + O(¢g — 1). Since

A (q) is given in this context, we may write everything as a function of
ﬁlo and 2A; by identifying ﬁlt = — <9~10 + 2 + gloo> With this notation, as
g — 1, up to terms of order O((¢ — 1)?), we have

By (ﬂo,ﬁl,LQ)

v (IQ = (t—llﬁl - 5‘00)) (12 +(g—1) (5{0 v t_tlﬁl»_l
~ —qt <12 +(g—1) (tllﬁl —ﬁw)) (12 —(g—-1) (510 N tt1§11>)

~ —qt (12 +(q— 1)9@) .

Let fo, f1, f+ be the functions with values in My(C), defined on some
natural domain of definition inside GL2(C) x GL3(C) x C x (C\ {1}), that

when evaluated in (5{0,5[1, t, q), yield the right hand sides of the equations
in (2.16). Then we have

(12 +(q— 1)§[t> Ay (12 —(q— 1)§1t) — 2o

(¢ -1t
_ [ﬂ ’ﬂt]
—ﬁ—l—O(q—l),

fo(ﬁo,ﬁl,tﬂ) =

+0(g—-1)
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~  ~ ~\—1 ~
(o= (g )75 %)% (I~ (¢~ )~

f1(§[07§[1,t’q): (q—l)t +O(Q*1)
(12— (= 1) 752402 (Io+(g—1) 5% ) - %,
- (q— 1)t +0-1)
_ [ﬂlvﬂt]
= 17—t + O(q - 1) .

Using similar calculations, and the Taylor series expansion of By until its
second order term, one finds

~ Ao, 2] [Ag, 2
ft(gl()alelat)q) = _[OO_ tt] - [11_ tt] +O<q_1)

In summary, we have

0y o(t) = BB oy
aq,tﬁl(t) _ [ml(f)igit(t)] + O(q _ 1)
aq,tﬁt(t) - [Q’[O(é);gif(t)] _ [2[1 (f);gif(t)] + O(q _ 1)

This proves that the g-Schlesinger equations (2.16) discretize the (differ-
ential) Schlesinger equations (2.2).

In order to complement this result, let us consider the function B with
values in Mz(C), given, on its natural set of definition inside GL3(C) x

GL3(C) x C x C x (C\ {1}), by

& (ilo,ﬁll,m,t,q) _ 1 ((CE —qt) (sz + By (5(0,5[1,@(])> B 12) '

(¢—1)t (z — qtOy)(x — qtOy)

This function corresponds to the right hand side of the d4 4-version of 4 Y =
PBY with B as in (2.14). It behaves, when ¢ — 1, as

% (ﬁo,ﬁl,x,t,q>
1 ((x —qt) ((w —qt)l — (¢ — 1)t§lt)

(q—1)t (x —qt)?

~

—L+0((¢- 1)2)>
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1 Ay )
~ =1 (‘(q - 1)"1@ +O0((g—1) ))

Ay

N_;l:—t

+0(g—1).

By the above estimates, 9B can be continued analytically to {¢ = 1} and is

Ae
r—t°

there given by —

2.3.2. The g-Lax pairs discretize the differential ones

Let
O cCH \e2i7r(@
be a connected subset with 1 in its closure. Let ® C C* be an open connected
subset. We shall assume that the pair (D, Q) satisfies the property that © is
stable by multiplication by ¢*!, for every ¢ € Q. Note that unless ® = C*,
the subset 9 cannot be too large. Two examples of a convenient pair (D, Q)
with ® C C* are the following;:

e (9,0)= ((C* \q]§,q§>°) where gy € C, with |go| # 1.
e © is an open sector with infinite radius centered at 0 and Q =
11,400l

In addition to our previous requirements on (@, ®), let us now moreover
assume that the (differential) spectral values © satisfy the non-resonant
condition 6; ¢ Z* for ¢ € {0,1,¢,00} and 0. # 0. Note that for values of
q € 9 sufficiently close to 1, the (g-difference) non-resonant condition (1.7)
then is automatically is satisfied.

Let Ag, A1, Ar € GL2(O(®D)) such that 9,Y (z,t) = A(x,t)Y with A =

% + % + mA_it is a family of sly-Fuchsian systems with spectral data © as

in Definition 1.1. Let évlo, 5[1, §lt be holomorphic functions in a neighborhood
of ® x Q C C? with values in GLy(C), such that for each ¢ € Q, the ¢-

difference equation 9, ,Y = ﬁl(as,t,q)Y with 9 = % + % + % yields,
via 2 = I + x(q — 1)5{, a family of ¢g-Fuchsian systems with spectral data
(©(q),O(q)) as in Definition 1.6. By Proposition 1.13 it is convenient to
assume that

Vie{0,1,¢},  lim2A(t,q) = Ai(t).
q

‘We shall moreover assume that

Vie{0,L,t),  lim 9y it q) = Aj(®)
q
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and that the family 0, ,Y = §l(z, t,q)Y is g-isomonodromic for each ¢ € 9.
By non-resonant, Section 2.3.1 and the proof of Proposition 2.10, this means
that this family can be completed into a ¢-Lax pair

Og2Y = (12 +(qg— 1)x§l(x,t,q)) Y

gatY = (L, q) (12 +(q— 1)t‘%(m,t7q)) Y.

We then find
0y = Az, t,q)Y
~ Ct,q) — 1y (2.17)
Y = —= 1Y
8Q,t <€(taQ)%(mat7q) + (q_ 1)t ) )
where
& Al B .
lim %(1'7 ta q) - = and Q:(tv q) - f(tv q) dlag(cl (tv Q)v C2 (ta q)) .
q—1 r—t

Here f € M(D x Q) \ {0} can be chosen arbitrarily and

(1,2 o (1,2 —
Tyt (tﬂé P (- DR )) 10X — 1
~ =~ C2= 5+ 1>
A+ (¢ - nAt? O X — 1

Cc1 =
. . Lo 5(1,1) &(1,2)
where X is some rational expression in terms of ¢, t, ©1, Ouc, Ay, Ay,
ngl’l), Ql§1’2) that can easily be made explicit. We assume these ¢; and X to
be well-defined and finite. Using the Taylor series expansion of 0;(¢) and
O (q), we readily compute that up to terms of order O((g — 1)?), we have

1 (g —1)t
Y ) 12 + — =
f 12gh? + (¢ — DA
o (19225 + (= )2, 2 O ]
0 (1— o) (A2 + AT

Choosing f of the form f(t,q) = 1+ (¢ — 1)g(¢) for some meromorphic
function g, we can make sure that lim, 1 €(¢,¢) = I and that the matrix

T C(t7Q) -1
R T

exists and is tracefree. Consider a subset of ® where C(t) is holomorphic.
With € =15 + (¢ — 1)tC, the ¢-Lax pair induced by (2.17) is

(12 t(g— 1)wq7t§1) (I + (¢ — 1)tC) (12 Y (g— 1)t%)

= (2 + (g = 1IC) (L + (g = Doy B) (L + (g - 1ol

- 1002 —



Degeneration from difference to differential Okamoto spaces for the sixth Painlevé equation

The term in O(1) on both sides of the equality is I = I. The term in
O(g—1)is

(¢ — Dzog A+ (¢ — 1)tB = (¢ — Dtog.B + (¢ — 1)a2.
Finally, the term in O((q — 1)?) is
(g — 1)%ztog (A)C + (¢ — 1)%wto, (A)B + (¢ — 1)22CB
= (q—1) 22ty .(B)A+ (¢ — 1)2t2Coq o (B) + (¢ — 1)2xtCA.
Then, dividing by (¢ — 1)?zt and we obtain with 9, ,C = 0 that
Ogt(A) — 0y 2(B + C) = 04.(B)A+ 27 Co, .(B) + CA
— 0, (A)C = 0 1 (A)B — OB+ O(g—1).
With 0g4(%) = A+ O(q — 1), 04.2(B) =B + O(q — 1), we obtain
Ogt(A) = 04.0(B + C) = | B+ C, A + O - 1),
Since 2 = A+ O(g — 1), B = =20 4 O(¢g — 1), this shows that we obtain

the confluence of the g-Lax pair (2.17) to the differential Lax pair given by
0, Y = Az, )Y

o= (240 c0) v,

satisfying the Lax equation

Bi(A) — B, (—ft_(tz + C) = {—ft(? +C, A} .

2.3.3. The difference equations for triples (\,y, Z) discretize the
differential ones

Of particular interest for the results in this paper is the discretization
of the characterization of Schlesinger isomonodromy in terms of triples
(A\(t),y(t), Z(t)) given in Proposition 2.6, namely the system of differential
equations given by (2.3) and (2.4). Proposition 2.10 suggests that a conve-
nient g-analogue of this differential equation is given by

00X _ (O — 10)X
b _(qfl)t(lf@ooX)
oy — £V (2.18)
- (g—1)t |
1 (BE—qte)(E -~ qtOy) _ 1 _
Out% = (g—1)t <Q(q—1)E(E—1)(E—qt)X (¢-1E Z>7
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where X (y, Z,t,q) and E(y, Z,q,t) are defined respectively as

y-Dy-0(+-1yz) . _a. (X —100)(X — tOy)
(y —©1)(y — 61) C Y (O X —1)(¢OX — 1)

Here, as usual when considering confluence, we used our convention ©,0; =
1. Let us now show that (2.18) discretizes the system of differential equations
given by equations (2.4) and (2.3).

Let fx, fy, fz be the rational functions in the variables y, Z, ¢, ¢ forming
the right hand sides of the equations in (2.18). Using the estimates (2.15), we
may compute the Taylor series expansion of X(q) := X (y, Z,t,q) as ¢ — 1.
Up to terms of order O((g — 1)3), we have

X(q) = ¥

©1-01)  1-(qg-1)2%

D23 oo

Dy -1+ (@q-1y2z) 350+ 0a-yZ)
(y—12+y(2-
y—

~ Y- (14 - 0P )

y—1

y—t 207y
~Z—— 1 — 1y~Z — 1) =
y_l( sz -0

Y=L 1 O(g — 1). Since moreover O, =

So in particular, we have X (q)
= (¢ —1)(0 — 1)+ O((qg — 1)?), we conclude

1+0(g—1) and O, — ¢O
that

0) = Bl Zotia) = DD 0 - ).

In other words, the first difference equation in (2.18) discretizes (2.4). Simi-
larly, up to order terms of order O((q — 1)3), we obtain

(X(q) ~ 100) (X(a) ~ ts

y (X(a) - &) (X(a) - &=

E(q) =
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Substituting the Taylor expansion of X (q) up to order O((q — 1)3) yields
E(q)

—t \? 192 (y—t)(y—1 02 (y—1)
v ((1- - 082) - @17 (PG + o)
2 P

_ 1 o (y—1 —t)(y—1) [ 02 —20o0 02y(y—t)
(17(q71)y%Z) *(Q*l)%JF(Q*l)Z(%*%(f*yz)*W)
(y-1)Cy-tZ+1)

t—1

+(qfl)z_y(y—l)(y—t) By-Dy-1HZ°+@By—-2)Z 163 N 07 +(9o<>—1)2+3

t—1 t—1 At—1)y? 2(y—12 " 4t —1)

~

Yy
~y+(g-1)

Already from the Taylor expansion of E(g) up to order O((¢g—1)?), we deduce

that (y— D)@y —)Z +1)
yly — Yy —

From the Taylor expansion of F(q) and X (q) up to order O((q — 1)3), we
deduce by a series of tedious but straightforward calculations that

My—U@—ﬂZ2<1+ Lo, >_@y—DZ

tt—1) y y—1 y-—t t(t—1)
02 n 62 6 (O — 1) =1

4t —1)y?  dt(y—1)2 4(y—1)? 4t(t — 1)

It follows that the second and third difference equation in (2.18) together

discretize the system of differential equations (2.3).

+0(qg-1).

fz(q) = —

+0(g—1).

3. The sixth Painlevé equation
3.1. Differential case

Let ® = (09,061,0;,0) € C* We define the rational function HE €
C(y, Z,t) in three variables given by

gy W00 (L)

t(t—1) y—t
1 (900_1)2_11/4- 03 n 07 B 02 .
4 t(t—1) t-1y y—t ty—1)
Consider the non-autonomous Hamiltonian system defined by
HG)
v = SNy, 7,0
Pyer (3.1)
Z'(t) = ——Y(y, Z,t).
(t) ay(yﬂ)
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Explicitly, it is given by

, yy—Dy—1) 1
0= W0 (224 )
v 320+ )y — ¢ 2y —1
2= tt—1) - t(t—1) (32)
1 /(s —1)2—1 02 62 62
*4( ({t—1) ‘<t—3>y2‘<y—t>2+t<y—1>2>'

Recall from Corollary 2.7 that if for all ¢ € {0,1,¢, 00}, we have 0; ¢ Z*
and 0, # 0, then this system of differential equations characterizes isomon-
t(t—1)y'(t)

odromy for families of sly-Fuchsian systems. Substituting Z = S =D

ﬁ (from the first equation in (3.2)) into the second, we obtain the sizth
Painlevé equation associated to the spectral data ©:

”_1 14_#_1_# r2 14_#_’_# !
Y S 2\y y—1 y—t Y t t—1 y—t Y

y(y—l)(y—t)<(9w_1)2+9§(t—1) Ot (9?—1)(71‘—1#).

22(t — 1)2 y—12 2 (y—1t)?

+
Conversely, given a meromorphic solution y of Py (we will see in the sequel
that it exists), and assuming it is not identically equal to 0,1,¢ (which is
a trivially satisfied if 6p616; # 0), then the substitution formula yields a

meromorphic function Z such that the pair (y, Z) is a meromorphic solution
of (3.2).

Let us briefly recall the well-known results concerning the existence of
analytic solutions of Pyj. By the Cauchy—Lipschitz theorem, for every tg €
C\ {0,1} and every choice of (yo,y1) € (C\{0,1,t}) x C, there exists
a unique holomorphic function y(¢) defined in a neighborhood of ¢y such
that y(to) = yo and y'(to) = y1, and such that y is a solution of the sixth
Painlevé equation. Equivalently, for every to € C\ {0,1} and every choice
of (yo, Zo) € (C\ {0,1,%0}) x C, there exists a unique holomorphic solution
(y(t), Z(t)) of the Hamiltonian system (3.2), defined in a neighborhood of
to, such that (y(to), Z(t0)) = (yo0, Zo). By the so-called Painlevé property,
any such germ of holomorphic solution can be meromorphically continued
along any path in C\ {0, 1}. In particular, on any simply connected subset
U of P\ {0,1, 00}, there exists a unique meromorphic solution satisfying
some initial condition as above at ¢y € U (see for instance [9, 13], see also
Section 4.1 for some details).
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3.2. A discrete analogue

Let us fix ¢ € C\ {0,1} and let us consider the spectral data (©g, O1,
O, O, O, 01, O, O4) € (C*)® such that

@0@0 = ®1é1®tét®oo@oo .

In [12] the ¢-Painlevé VI equation associated to such a spectral data was
introduced. It is given by the following system of ¢-difference equations:

S 10 S R
qPisvi1(©,0): e (sz 1©0 )7(%,1‘/2 @oe) (3.3)
z-0q0z _ (Y~ t0,) (y — tO;)
1 w-e)(-o)

The auxiliary parameters in [12] bear other names, but we have written
the equation in a way that the dictionary between the auxiliary parameters
in [12] and the above ©;, ©; is obvious, see (0.2). This system of difference
equations has been derived in [12], for |g| # 1, from the pseudo-constancy
condition of the Birkhoff connection matrix for ¢-Fuchsian systems with non-
resonant spectral data (©,@®). Note that the change of variable

o (y —10¢)(y — tOy)
qy -y -1+ (¢-1)yZ)
applied to (3.3) yields the g-difference system (2.12). In the case ¢ & e
and non-resonant (@, ©), solutions of the latter system have been shown
in Proposition 2.10 to correspond (under some generic assumptions) to ¢-
isomonodromic (in the sense of Definition 2.8) families of g-Fuchsian systems.
Conversely, when starting with (2.12), the change of variable

2imQ

(y—t0)(y—t0y) 1
q(y—1)(y—t)z

(¢—1y
yields equation (3.3), which has a significantly shorter and more symmetric

expression. Note that with this change of variable, one has 0, :2 = X, for X
as in (2.12).

From now on, because we are ultimately interested in the behaviour under
confluence, we will use our convention

Vie {O, 1,¢, OO}, @161 =1,

by which equations (3.3) and (2.12) can obviously be simplified. In particular,
from now on, the following system of g-difference equations will be referred
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to as the g-Painlevé VI equation associated to spectral data @ € (C*)*:
(0g,02 — 10p) (quz — t@io)
Y- 0qtY = (Uq,tz _ @T“’) (Jq’tz _ i)’
w00 (y-12)
(y—©1) (y—@%) .

qPvi(©) : (3.4)

Z:0gt2 =

Q| =

Unfortunately, contrarily to the differential situation, the existence of a
meromorphic solution having a prescribed value at a point ty € C* is in
general not known. Let us now focus on discrete solutions, i.e. the sequence
of values on ¢”t, for some t, € C*\ ¢% that a meromorphic solution defined
on a domain containing the spiral ¢%tq should interpolate. More precisely, a
discrete solution of (3.4) is a sequence

(Yo, zeste)ecz
of points in P! x P! x C*, such that
e the sequence (t7)eez is given by t, = ¢‘ty for some ¢y € C*

e the sequence (y,, z¢)ecz satisfies the following equations for each
leZ:

(ze+1 — tO0) (Ze+1 - te@%))
Yo Y1 =
(Ze+1 - é) (Ze+1 - 67"")

1 (Yo — 1eO1) (ye - tzé)
20241 = —
7 (y,—©n) (ye* @%)
e moreover, for each ¢ € Z, the rational simplification of the rela-
tion implied by (3.5) between (y, z0,t0) and (y,, z¢, ¢‘to) is also
satisfied.

Note that a more intrinsic notion of discrete solution will appear in Sec-
tion 4.2, where we briefly review the construction in [23] of a g-analogue of
the Okamoto space. See also the pioneer work [8].

Let us explain why for discrete solutions as in the above definition we do
not only take into account the relations between successive pairs. Let tg € C*
and consider for example a pair (y,, 29) where y, = ©; and where 2y € C*.
Then by the recurrence relation (3.5), we have (y;, 21) = (©1,00). Then the
second equation of the recurrence relation for £ = 1 simply writes co = oo.
So a priori, zo could take any value. But z5 is uniquely determined if we
go back to (y,, z9) and take into account rational simplifications. Indeed,
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let us introduce an additional variable vy := z¢ - (y, — ©1). When we write
vy as a rational function of general (yg, zo,%0) via the recurrence relation,
then one immediately checks that numerator and denominator can both be

factorized by (y, — ©1). After this rational simplification, v; is well-defined
for y, = O and yields

_ to®1 — 04)(tx®1 — O
v1(01, 20, t0) = = 1(@1 _t)(s)f)q;o :

O = —
+ @1 ((q + @oo) - to(eo + @O)> .
On the other hand, the recurrence relation at level / = 1 may be written as

1 (22— qtoO0) (22 — qt0O0)
Yo = — — o
Y1 (22— 6x) (Zz - 7@0)

q

o 1 (y1 — qtoO:) (y, — qtoOr)
9 == — .
q %1 (y1 - @1)
Substituting y; = ©1 and the value of 11 above yields
(01 — qt0©y) (©1 — qto©y)

= (t601—0,) (1001 —0,) + 46, (@1 _ @1) ((9% + éoo) —t0(60 + (:)0)) .

20

z2

Hence 2z, € P! is determined uniquely in terms of zg. Moreover, since y,; =
©1, Y, is determined uniquely in terms of zo by the recurrence relation. So
in summary, if (y, z0) = (©1, 20) with z¢ € C*, then (y;,21) and (y,, z2)
are uniquely determined in terms of zg. Conversely, from (y,, z2) as above
we can recover (01, z¢) under the condition that (1001 — ©;)(te©; — ©;) is
non-zero.

More generally, [23, Prop. 1] ensures, in the case of sufficiently generic
spectral data, the existence and uniqueness of discrete solutions with suf-
ficiently generic prescribed initial data. These genericity conditions will be
made precise in Section 4.2. What we will obtain is the following, see Re-
mark 4.2.

PROPOSITION 3.1. — Let ¢ € C\ {0,1}. Let ® = (09,01,0:,04) €
(C*)* such that 1 € {©32,02%,02} and such that ©2, # q. Denote

S, :=1{05'05 , ©5°0% | £, 1,64, 600 € {—1,1}} - ¢%. (3.6)
Let
(Yo, 20, t0) € C* x C* x (C*\ Sy).
Then, there exists a unique discrete solution (Y, z¢,te)ecz of (3.4) with ini-

tial value (yYq, 2o, to)-
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3.3. Confluence

As usual for matters of confluence, in this section we will only consider
spectral data (©,®) related by ©;0; = 1. We will first establish that the
sixth Painlevé equation, up to the change of variable and spectral data that
we previously found to be convenient for confluence, admits a g-analogue of
Hamiltonian formulation. From this, we will deduce the confluence of discrete
and meromorphic solutions.

3.3.1. A g-analogue of Hamiltonian system

Let us apply the change of variable

— (y—tO¢)(y—tO¢) _
(y —10:)(y — 16;) 7 _ a0z

gy—Dy—-t)1+(¢—-Dyz)" ~ (¢—Dy

0 (3.4). The resulting equation, which is the simplification of (2.12) by the
convention ©; = 1/0;, is better adapted for questions of confluence. Indeed,
roughly summarizing the result in Section 1.3, if a family of ¢-Fuchsian
systems given by (A, y, Z) discretizes a family of slo-Fuchsian systems given
by (A, y, Z), then we have (y, Z) — (y,Z) as ¢ — 1. On the other hand, the
implied estimate (y,z) — (y, 5—:'{) as ¢ — 1 looses too much information.
So we consider, for spectral data ® = (Qg, 01,0y, 0,) € (C*)4, the system
of g-difference equations

qﬁVI(@) :

(=D E=H(+g-Dy2) _ )((yfl)(y*t)(lJr(@l)yZ)i ) )
1 ( (y—01)(y—61) 9o (y—01)(y—61) 9o

TatY = y ((yfl)(y*t)(lJr(qfl)yZ) 7@#.0) ((yfl)(y*t)(lJr(qfl)yZ) @OO)

z =

(3.7)

(y—©1)(y—01) q (y—©1)(y—01)
(04.ty—qt0:) (04,1 y—qtO) (y—O1)(y—01) 1
0017 = 4(04,0y=1)(04,0y—q1) (y=1)(y—1) (1+(¢—1)y Z)
- (q—1)ogy ’

(3.8)
where we denote ©; := 1 /©; for conciseness.

_The following result states that this modified g-Painlevé VI equation
qPv1(®) is an appropriate g-analogue of a Hamiltonian system. First, let
us introduce the Hamiltonian. To each datum © = (g, 01,6;,0.,) € C*, we
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associate the rational function HE, € C(y, Z,t) in three variables given by

H§\(y, Z,1) ;:?J(y—l)(y_t)<zz+Z>

tt—1) y—t
1 (0 —1)* =1 62 0; o
4( D YT ey Tyt t<y1>>‘ (3.9)

Note this is nothing else than the Hamiltonian for the differential case. In
the following, we denote abusively

-G = (1Hae-DF DT - DY -0,

2 2 2 2

THEOREM 3.2. — Let ©® € C*. Let R®,R® € C(y, Z,t,q) be the (well-
defined) rational functions in four variables such that the modified q-Painlevé
VI equation (3.8) with spectral data given by

S

reads
B (@) ] Y = 04,z HV1(y, Z,t) + (4 = VRY (y, Z. t,q)
8Q7tZ = _a%yH\(;)I(yv Za t) + (q - I)Rg) (y’ Z7 tv Q)
via (3.9) and the operator identity 1+t(q—1)0y = 0q44. Let R € {RP, RO }.
The divisor {q = 1} in C4y7Z7t,q is not an irreducible component of the polar
divisor of R. Moreover, the polar locus of the therefore well-defined rational
function R|q=1 on (C;Z’t is contained in the set

P={y=0u{y=1}u{y=t}u{t=0}u{t=1}.

Proof. — Let us first say some words about the well-definedness of R,
RE. For quadrupels ©, there are well defined rational functions f,g €
C(y, Z,t,q,00,01,0;,04) such that ¢Py1(©) can be written as

0q,tY = f(y’ Z7 t7 q, G))
Uq,tZ = g(y7 Zat7Qa 6) .

Indeed, it suffices to substitute the first equation in (3.8) into the second,
so that the right hand sides only depends on the variables y, Z,t, q, ®. Note
that 9, zH&(y, Z,t) and 0,,H&,(y, Z,t) can easily be calculated and are
elements of C(y, Z,t,q). Then

1 f(yazat7qal+Q71®)_y
ROy, Z,t,q) := 2 — 0, zHO (y, Z,t
1 (y7 ) 7q) q_1< (q—l)t q,Z VI(ya 5 )
1 (9(y.Z2,t,q,1+50) - Z
RO (y, Z,t,q) = 2 + 0, HO (y, Z,
5 ( ) P (G- 1)t gy Hvi( )
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are indeed elements of C(y, Z,t, ¢) and are those required by the statement.
Let us define

> 1 f(yaZ7t7q71+q;1®)_y
RY(y,Z,t,q) == 2 —0zH@\(y, Z.t
1(y7 ) 7Q) q—l ( (q—].)t zZ VI(y7 ) )
~ 1 (9(y,2Z,t,q,1+%510) - Z
R3 (Y, Z,t,q) = : + 0y HY)(y, Z,1) |-
Since 22 H, and %H\% are rational functions of (y, Z, t), these R®, R® are
again rational functions in the variables y, Z,t, q. Denoting V, := 8421*:18*,

we have R® — R® = —Vz(H®), and R® — R® = V,(HS). In order to
compute these differences, note that H® is rational with only simple poles
independent of Z and for x € {y, Z}, the operator V, is C(t)-linear. So it
suffices to compute V,(z") for n € N and V,(-2-) for a independent of z.
We have V(1) =0, and for n € N*, we find

n— n—1
_ q"—1 n Zk qu 1
ety <o (L5 - ) e (BEERE) By,
(¢=1)? ¢-1 q—1 P

where [k], = qk 1= 25701 q" with [0], = 0. In particular, we find V,(z) = 0,
Va(z?) =z, Vo x3) (2 + q)z2. For a independent of x, we find

—1 1 _ T
(x—a) (@w—a)@—ag-1)  @-a’q—1) (@w—-a)(@—a?
We deduce
y(y—l)(y—t)z
tt—1) ’
(g+2y—1-1)Z+1
tt—1)

—VZ(H\(;)I) - _

\4 (HVI) yZzZ

1 % 07 0ty

A\qt=Dy*  (y—t)*(qy—t) ty—-1*(ey—-1))
Obviously, these differences do not have {g = 1} as an irreducible component
of their respective polar divisors, and their restrictions to ¢ = 1 do not have
poles outside PP. This means that the statement holds for R € {RP, RS} if
and only if it holds for R € {R®, R9}. But for the latter, we have already
done most of the work. Indeed, the calculations in Section 2.3.3 at the end
of Section 2.3 show that in restriction to any line {(y, Z,t) = (yo, Zo,t0)} C
(C4y,z,t,q with (yo, Zo,t0) € C?\ P, the two rational functions

((a-DRP)| @, (- DR (a)

{(y,Z,t)=(y¢,Z0,t0)} )‘{(y,Z,t):(yo,Zo,to)}
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vanish both at ¢ = 1. It follows that {¢ = 1} is an irreducible component of
the zero divisor of both ((g—1)R®) and ((g—1)RP). In particular, {g = 1}
is not an irreducible component of the polar divisor of Re or R2 Moreover,
even though we did not push the Taylor series expansions in Section 2.3 far
enough as to have an explicit expression for R1 l|q=1 and 7'\’,2 lg=1, it is still

clear from the calculations that these functions cannot have poles outside P.
The result follows. O

3.3.2. Confluence of discrete solutions

We will now see that discrete solutions of the modified ¢-Painlevé VI
equation yield holomorphic solutions of the differential Painlevé VI equation
by some limit process. The idea is that the successive J, -derivations should
lead, when ¢ — 1, to the coefficients of the Taylor series expansion of the
limit functions. Let us consider the operator

O'q’t -1
qg—1
As one can easily check, for each n € N, we have
1 " /n
Ny = —1)nRek 1
q,t (q _ 1)n kz_:o <l€>( ) Uq,t (3 0)

S,t = 1. We will prove the following.

é‘q,t = 10, b=

Here we use the convention &), = o

THEOREM 3.3. — Let ® € C*. Let tg € C\ {0,1} and (yo, Zo) €
(C\{0,1,tp}) x C. Then, there exists a family (y,,, Zn)nen of pairs of ratio-
nal functions (y,,, Z,) € C(q) x C(q) such that for generic values of q, the
sequence (Y,,(9), Zn(q),¢"t0)nen s the positive part of the discrete solution
of qPvi (1 +(¢— 1)%) with initial value (yq, Zo,to). Consider the sequence
(@n, b )nen of pairs of rational functions (an,b,) € C(q) x C(q) defined by

_ 1 . n _1\n—k
i) = gy 2 (1) 0

bula) = =5 2 (1) 02,

k=0

Then for each n € N, neither a,(q) nor b,(q) has a pole at ¢ = 1. Moreover,
the power series

> ajl(ll) (¢=D" > bnrfll) (¢=1",

n>0 : n>0
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both converge and yield the pair of functions g — (y(q - to), Z(q - to)), where
(y(t), Z(t)) is the unique solution of the Painlevé Hamiltonian system (3.1)
with initial condition (yy, Zo) at to.

This result will be proven by the end of this section. As it turns out, rather
than trying to calculate the limit for ¢ — 1 for the (a,(q),bn(q)) directly,
it is easier to first construct a particular sequence of rational functions that
are finite at ¢ = 1 and then show that this sequence is actually the one from
the statement. First we will need some general remarks.

The ¢4,;-operator on a field of functions with complex variable ¢ is additive
and satisfies the following algebraic properties:

0q,t(f9) = (0q,6£)9 + fOq,09 + (¢ — 1)04,t(f)dq,t(9),

1 _ _5q,tf (3~11)
6‘”(]”) (g = 1)df)

In particular, for any rational function F € C(y, Z,t,q) we may define,
by treating y and Z like functions of ¢, a rational function Ap with two
additional variables such that

5q,tF‘(y7 Za tv Q) = AF (y7 Zv t7 q, 5q,ty7 5q,tZ) .

Let 6, = t0; be the formal limit of d,+ when ¢ goes to 1. The g-analogue of
the chain rule that we will need is the following.

LEMMA 3.4. — Let F € C(y, Z,t,q) and Ap € C(y, Z,1t,q,04.1tY,04.+Z)
be as above. Define Ry € C(y, Z,t,q,04.1Y,04.Z) by

AF—(g—Z~6ty+g—g~5tZ+%—f~t>
Rp = .

qg—1

If {q = 1} is not an irreducible component of the polar locus of F, then it
is not an irreducible component of the polar locus of Ag and Rp. Moreover,
when F is seen as an element of C(y,Z,t,q,04.1Y,04.1Z), then the affine
parts of the polar locus of Ap|g=1 and Rp|q=1 are contained in the polar
locus of F|g=1.

Proof. — Let P,Q € Cly,Z,t,q], 0 # @, such that F = P/Q. We
use (3.11) to compute successively Ag-1, Ro-1 and Ap/q, Rp;g. We have

Ap1 = e BV R U
T QQF (@A) @ T QRXAQ+ (¢ DHAg)
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Then (¢ — 1)Rg-1 is given by

1 /9 ) )
AQ1+(Q~5ty+Q.5tZ+Q~t)

Q2 \ oy 0z ot
_ (a-DRg (¢ —1)A
Q? Q*(Q+(¢—1DAq)
We have
Ap
Ap = AP/Q = 6 —|—PAQ71 + (q - 1)APAQ71
_Ap —Ag (g —1)A% 1A Ag
@ P( @ @Ay ) VMGG - 0Ag)
Finally,
Rrp=Rpjg=RpQ '+ PRg1 +ApAg
_fr p(fe ot - Arlq .
Q Q> QR+ (-DAg)) QQ+(¢—-1)Aq)

This proves that {g = 1} is not an irreducible component of the polar locus of
A and Rp. Note that Ap|s=1,A¢|q=1, Rplg=1, Rglq=1 € Cly, Z, t, 4.4y,
04,1 Z]. Hence the affine parts of the polar loci of Ap|,=1 and Rp|4=1 are
contained in the zero locus of Q|4=1. This concludes the proof. O

Let Hy,Hs € C(y, Z,t) and Ry, Ry € C(y, Z,t,q) be rational functions
in three and four complex variables respectively such that

e the affine part of the polar locus of each of the functions H; with i €
{1, 2} is contained in the subset P C Cg,z,t given by P := {y =0}U

{fy=1u{y=t}u{t=0tu{t=1}.
e for each i € {1,2}, the polar locus of R; does not contain {¢g = 1},
and the affine part of the polar locus of R;|f,—1} is contained in P.

Consider the system of g-difference equations

5q,t'y:Hl(y7Zat)+(q7l)Rl(ya Zataq) (3 12)
5q,tZ:H2(y7Z7t)+(q_1)R2(yvzuth)' .

Applying the operator dq; on both sides and then substituting the values
of 64,1y, 04,¢Z imposed by this system yields a second order relation. There

exist rational functions Rgl), Rél) € C(y, Z,t, q) such that this second order
system is of the form

{ 2=y, 2.0+ (- VRD (5. Z,1,q)
62,2 = H(y, Z,t) + (¢ — VRV (y, Z,t,q) ,
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where Hfl),HZ(I) € C(y,Z,t) and Ril),Rél) € C(y,Z,t,q) are given for
i€ {1,2} by
OH; OH;

0H;
L5 — -0Z
Dy ty+8Z 4+ En

R = Ag,(y,Z,t,q, Hy, Hy)
AHi(y7Z7t7Q7H15H2) - (aHi ) 6fy+ %Iél i 6fZ+ agi t)

HY = ot

Jy
q—1
By Lemma 3.4, for i € {1,2}, the polar locus of Rz(»l) does not contain

{¢ = 1}, and the affine part of the polar locus of R£1)|{q=1} is contained
in P.

We may apply this discussion to the modified g-Painlevé VI equation (3.8)
with spectral data given by © := 1+ (¢ — 1)% and begin the proof of
Theorem 3.3. Let us fix ® € C* and set

0

. _

H =1 = toZHA, Rui=IRP,
0 ~

Hy = HY = —t—ayH%, Ry :=tR?,

where H&,(y, Z,t) is given by (3.9) and where for i € {1,2}, RO (y, Z,t,q)
is as in the proof of Theorem 3.2. With this convention, by Theorem 3.2, the
modified ¢g-Painlevé VI equation with spectral data 1+ (¢ — 1)% is, when
expressed with respect to the J, ;-operator, given by (3.12). Moreover, by
induction on n € N, the associated system of order n + 1 is of the form

{ 62,;‘—1?/ = Hl(n) (ya Z, t) + (q - 1)R§n) (y, Z,t, Q)
51117 = HYV(y, Z.t) + (¢ — VRS (y, Z,t,q) ,

for some well defined rational functions Hl("), HQ(n) € C(y,Z,t) and Rgn),
Rén) € C(y, Z,t,q) such that

=D o™= oH ™D

éiy(ster éZ 5tZ+ bt -tand

(

()

° Hi(n) =
e the polar locus of R

™) Joes not contain {¢q = 1}, and the affine part
of the polar locus of Rgn)|{q:1} is contained in P.

Now let us fix
tOEC\{Oal}a (y07Z0)€(C\{0717t0})XC'
Note that if the line {(y, Z,t) = (yo, Zo,t0)} C Cj, z,, is contained in

the polar divisor of Rz(n) for some n, then RE")|q:1 would have a pole at
(Yo, Zo,to). But this cannot happen because (y,, Zo,to) € P. Therefore, we
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may define a sequence of pairs of rational functions (G, by )nen € (C(g) X
C(q))N as follows. We take the initial functions to be the constants ag(q) :=

Yo, bo(q) := Zg, and for n € N, we set
{awq) = H{" (yo, Zo, to) + (a — VR (yo, Zo, o, q)
/l;n+1(q) = H2(n)(y07 Z07t0> + (q - 1)Rgn)(y07 Z07t07Q) .

Note that by construction, for each n € N, the pair (a,, b,) is well defined
and finite when evaluated at ¢ = 1. If (y(¢), Z(t)) is the unique solution of the
Painlevé Hamiltonian system (3.1) with initial condition (y, Z¢) at to, then
its successive derivations with respect to the differential operator d; satisfy
precisely ((07y)(to), (6711 2)(t0)) = (H\™ (yo, Zo, o), HS" (Yo, Zo, 10)).
On the other hand, the successive §;-derivatives of (y(t), Z(t)) evaluated
at tp coincide with the evaluation at ¢ = 1 of the successive J,-derivatives
of the holomorphic functions

q—ylg-to), qw Z(q-to).
Therefore, the power series > - ) (g —1)", Y >0 bl (4—1)" both con-

n! n!

verge and yield the pair of functions g — (y(qto), Z(qto)), where (y(t), Z(t))
is this unique solution. It remains to prove that the sequence (Zin,gn)neN
coincides with the (ay, by, )nen defined in the statement of Theorem 3.3. On
the other hand, since o4 = 1+ (¢ — 1)d4,, for each n € N we have

n n = n
Th= 0 =057 =3 ()a- D'k )
k=0
We are therefore inclined to define the sequence (y,,, Zn)nen € (C(g) X
C(g))" given by

n

Yula) =D (Z) (¢ —1)*ax(q)

k=0

Zuw =3 ()0~ 1500

k=0

By construction, the elements of the sequence (y,,, Z, ¢"t0)nen € (C(q)x
C(q) x C(q))N are related to (y,, Zo,to) by the same rational relation as
those of a discrete solution with initial value (yq, Zo,to) of the modified ¢-
Painlevé VI equation (3.8) with spectral data ®@ =1+ (¢ — 1)%. Therefore,
the sequence of rational functions (y,,, Zn, ¢"to)nen is the (positive part of)
the solution with initial value (y,, Zo,%0), seen as a rational function of the
variable q.

The process in (3.13) allowing to recover oy, from 1,04, ..., 0, ; is inverse
to the process in (3.10) allowing to recover 6, from o0 ,, ..., o0 ,. Therefore,
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the sequence (@, by )nen constructed above coincides with the (ay, by )nen
defined in the statement of Theorem 3.3. This concludes the proof of Theo-
rem 3.3.

Remark 3.5. — Note that with respect to the notation in Theorem 3.3,
for each n € N, as ¢ — 1, we have

Y, (q) —y(¢"to) = O(q — 1) and  Zy(q) — Z(¢"to) = O(q — 1).
Indeed, we have

yn(q) = Z (Z) (¢ = 1)*ar(q) = ao(q) + O(g — 1)
k=0
=y(to) +O(g — 1) = y(q"to) + O(g — 1).

The argument for (Z,,(q) — Z(q"to)) = O(q — 1) is identical.

COROLLARY 3.6. — Let © € C*. Let Q C C\ {0,1} be a subset with 1
in its closure. Let tg € C\ {0,1}. Let (yo(q), Zo(q)) be a pair of continuous
functions Q — C such that the limit

(vo, Zo) == li_{q (Yo(2); Zo(q))
gea

exists in C? and satisfies yo & {0,1,t0}. Then, there ewists a family
(Y, (0)s Z1n(9))nen € Clyy(q),q) x C(Zo(q),q) of pairs of continuous func-
tions such that for generic values of q, the sequence (y,,(q), Z1(q),q"to)nen
is the positive part of the discrete solution of q]SVI (1 + (¢ — 1)%) with initial
value (yy(q), Zo(q),to). Moreover, for each n € N, as ¢ — 1, we have

Yn(2) —Yolg) = O(¢ - 1), Z,(q) — Zo(q) =O(g—1).

Proof. — In the proof of Theorem 3.3, we may replace (y,,Zo) by
(yo(q), Zo(q)) in the definition of (a,(q),bn(q))nen. Note that the latter
then is a sequence of pairs of rational functions, each evaluated in a pair of
continuous functions in ¢ which, as ¢ — 1, admit a finite limit which is not
in the polar locus of the restriction to ¢ = 1 of these rational functions. We
conclude that for each n € N, the pair (a,(q), b (q)) may be continued to
a continuous function on Q U {1} with finite value at ¢ = 1. Moreover, as
before, we have the relation

(¥,(9), Zn(9) = (Z) (= 1)*(ax(q), be(q))

k=0
= (ao(q),bo(q)) + O(q — 1)
= (Y0(q); Zo(q)) +O(q —1). O
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4. Okamoto’s space of initial conditions

4.1. Differential case

Let us review the construction in [20] of a convenient space of initial
conditions for the Painlevé VI equation, and recall why it proves the Painlevé
property. Let © = (6,01, 60;,0.) € C*. Recall the Hamiltonian system (3.1)
associated to the Painlevé VI differential equation with spectral data ©:

. oHg,
= 2, 2
s OHE

Let us fix a time ¢ty € C\ {0,1}. Recall from Section 3.1 that for any initial
value (yo, Zo) € (C\{0,1,t0}) x C, there exists a unique germ of holomorphic
solution (y(t), Z(t)) of (3.1) such that (y(to),Z(to0)) = (yo,Zo). Since we
have yo ¢ {0,1,¢0} here, we may equivalently consider the space of initial
conditions (ug,vg) € (C\ {0, 1,%0}) x C, where we identify

(uo,v0) = (%o, yo(yo — 1)(yo — t0)Zo) - (4.1)

We compactify this space of initial values to the second Hirzebruch surface
F,, using the following coordinate charts of C2-spaces, endowed with their
obvious rational transition maps:

(0, v0) = (u, 0), (ur, v1) = (u i) ,

(g, v3) = (i;) , (s, vs) = (if) .

Here what we have added by the compactification is the union of the hori-
zontal line

H = {vy =0} U {v3 =0}
and the four vertical lines given by
D; :={ug =i}U{us =i} for ie€{0,1,t0}, Do :={uz=0}U{us=0}.

Now the Hamiltonian system (3.1) defines a meromorphic vector field on
Fy x (C\ {0, 1}). Explicitly, it is given with respect to the coordinates (u, v, t)
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by

t'=1

u = 11 (2v +u(u — 1))

oL 4o? — 1262 4v2—(t—1)29§ 4% — t%( )26?
4<tt Yu | t(t—1)(u—1) (t—l)(u—t))
n Ooo (0o — 2)u(u — 1)(u — t)

4t(t —1)

1/ R(u—1—-t) 02(u+1—t) (tEt—1)07 —4v)(u—1+1)
+4(_Ot—1 t a t(t—1) )

One realizes that the vector field is infinite on the set given for each fixed
t= to by

HUDyUD; UD; UDy

More precisely, it is infinite or undetermined (of the form “0”) precisely
there. These indeterminacy points will be called base points in the following.

If we assume that

HO#Oa 91750, et#07 9007&17 (42)

then there are precisely eight such base points. With respect to the four
charts of 5, these base points, each possibly visible in several charts, are
precisely the following:

(uo,vo) (u1,v1) (uz,v2) (us,v3)
g | %) | (o)

ot | (LT | (L) | (=T | (L)
5 | (o [ () | 22 | (B )
B4 (0.572) | (0.525)
i 0.-%) | (0.-2)

In the following discussion, we assume (4.2). For fixed ¢, the Hirzebruch
surface, as well as the configuration of particular lines and base points, are
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resumed in the following picture. Here “(n)” indicates “self-intersection num-
ber equal to n”.

Dy Dy Dy Do
(—2) H
) 5;‘
, 0ﬁ(‘)" 1»5? 05+
Ibﬂ;
— u
) 56 >
[ Bl_

(0) (0) (0) (0)

For any fixed ¢, let us denote by I/E‘\g the result of the above Hirzebruch surface
F5 after blow up of the eight base points. For each ¢ € {0,1,¢, 00}, we denote
by D;* the strict transform of D; after blow up of ﬂii, i.e. the closure of
D; \ {F} in F’,. Note that each D}* has self-intersection number —2. The
Okamoto space of initial values at the time t for the sixth Painlevé equation

with spectral data © is by definition
Oka; :=F5\Z', where I':=Di*UD*UD*UDYUH.

For example in order to blow up f3;, one replaces a neighborhood of 3
containing none of the other seven base points, by the corresponding neigh-
borhood in the spaces C2  , and C} related to C , according to the
following transition maps:

20 + t6 2u to
(UODUOl) = <U, 0) s (U027002) = ( + O) .

2u 2v—|—t00’v 2

Note that (ug2,ve2) = (ﬁ,umvgl) whenever vg; # 0. In these two new

charts, what in C2 | was the point By now corresponds to the exceptional

u,v

line, isomorphic to P!, given by
56 = {u01 = 0} U {’1}02 = 0} .
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The complementary of £; however is in biholomorphic correspondence with
the corresponding open subset of (wa. The vector field in these new charts
is given as follows:

Uy, = ﬁ (2 (worvor — 7) + o1 (uo1 — 1))

Vo1 = —ﬁ(vél vor + 152) — tzzri_l)(uowm — tbo)vor + ¢
1 92 2
Fi(E e )

l 2’!1.(]11)(]1 teo 7(t 1)
4 t(t—1)(uo1—1)

(2uo1v01 —t80)% —t%(t—1)20 0o (0oo —2) (uo1 —1) (up1 —t)
AT T Aoy Lt e )’

6
u62 = t(t—1) (1 — Ug2 + t70u32) + ﬂ%j_ll) (UOQ - teO) Uo2

t(t—1)(uo2v02—1)

" 2,2 _ _ 202 —
+ (2 ?g(twlo))(uozvifz 1t)) 07 + O (O 2)(1”22(:321) 1) (uo2v02 t))

UI — vo2—t6g + 1 (2U02—t90)2—(t—1)29% + (2U02—t90)2—t2(t—1)29t2
02 t(t*l)’u,02 t(t*l)(u02’00271) t(t*l)(uog’uogft)
+ O oo (000 —2) up2v02 (U02v02 — 1) (0202 —t)
A1)

1 93(u02v02717t) 0%(u02v02+17t)
+1 (_ t—1 + t

t
3 ((2’1}02 t00)2 (t 1) 02
4

_ (H(t=1)07 —2(2v05—100)) (w02 v02 — 1+t)) + %
t(t—1) 2 -

We see that there is no base point on & = {ug1 = 0}U{vg2 = 0}. In other
words, the blow up was sufficient to resolve the base point ;. Moreover,
we see that the vector field is finite on all points of £; except the one given
by the intersection with the strict transform of Dy, which is visible in these
charts as {up2 = 0}. As shown in [20], this actually holds true for all eight
base points, i.e. on Okay, the vector field is everywhere finite and free of base
points.

As explained in [16], this situation can be conveniently reformulated as
follows. On Fy x (C\ {0,1}), the meromorphic vector field given by (3.1)
defines a singular holomorphic foliation. The singular locus corresponds to
the eight families (parametrized by ¢t € C\ {0,1}) of base points. After
blowing up the singular locus, the induced foliation on

U &

teC\{0,1}
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is non-singular. Moreover, it is transversal to {t = cst} on the complementary
of Urecy 0,13 2", Le. on

Oka := U Okay .
teC\{0,1}

This implies that for any tg € C\ {0,1} and any initial condition given
by a point in Okas,, in turn given by a point in some chart Ciijﬂ)i,j of
ﬁg", one obtains a unique germ of holomorphic integral curve of the form
(uij(t), vi5(t),t). Translated back into the variables (y, Z), this yields a mero-
morphic solution y of the sixth Painlevé equation, associated to this initial
condition. Moreover, since (u;;(t),vi;(t),t) parametrizes a germ of leaf of
the Painlevé foliation on Oka, and this foliation is transversal to {t = cst},
this parametrization of a germ of leaf can be analytically continued in Oka
along any path with starting point ¢y. In other words, the meromorphic so-
lution y of the Painlevé equation can be meromorphically continued along
any path in C\ {0, 1} with starting point ¢y. As for the usual analytic con-
tinuation, this meromorphic continuation has no reason to be uniform. But
we obtain a well-defined meromorphic function on every simply connected
subset of C\ {0,1} containing ¢y. This phenomenon, which is also observed
for the other five Painlevé equations, is also known as the Painlevé property
of solutions of Painlevé equations.

Let us illustrate the above by an example. Consider a germ of solution y
of Py1, associated to an initial condition on &; \ Dg* at t = ¢o. That is, we
have (up1,v01)(to) = (0, ) for some o € C. Hence y = ug; is holomorphic
near to. From the explicit formula of the vector field, we readily calculate
the first terms of the Taylor series expansion of y:

90 90(20[ —1- to)
y(t) = ———(t—to) = = ———5~
(tO - 1) 2t0(t0 — 1)
Note that y has a simple zero at ty, and its Taylor series expansion at ty up
to order two is uniquely determined by «a.

(t—to)* + O((t —t0)*).

4.2. A discrete analogue

Let us first review the construction in [23] of a convenient g-analogue of
the Okamoto space for the ¢-Painlevé VI equation, which proves the existence
of discrete solutions, et then adapt this discussion to our modified ¢-Painlevé
VI equation.

Let ¢ € C\ {0,1}. Let ® = (0¢,01,0;,0,) € (C*)* and denote, as
usual, ©; := 1/0; for each i € {0,1,¢,00}. Consider the rational functions
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fy9 € C(y, z,t) in three complex variables given by

z.1) = 1 (y —16y) (y - tét)
9(y, z,t) == 1z(y—01) (y—0,)
fly,z,t) = (9(y, 2,t) —t00) (9(y, 2,t) — tOy)

y (9(y,2,1) - @T) (9(y, z,t) — O) (4.3)

1 (y—t0:) (y—t6:) 1 (W=t0)(y=t8:) 5
(q@g - tG’O) (qw@)(ye) — 0o

(

1 (8-100(y=161) e | (1@-10)(y-16.)
e q 9 z(y— @1)( -0, )

Note that with this notation, the sixth ¢-Painlevé equation (3.4) with spec-

tral data ©® writes

o]

Uq,ty:f(yvzvt)a Jq,tz:g(yazat)‘
For each fixed t =ty € C* such that
t#0F'0x/q, t#05'0., t#£6f'0, t#£6F'0;,  (44)

the expressions of f(y,z,ty) and g(y, z,tp) in (4.3) are reduced, i.e. they
admit no common factor in nominator and denominator. Now choose any
t =to € C* satisfying (4.4) and consider the rational map

o P! x P! --5 P! x P! (45)
t: .
(yv Z) — (f(ya z, tO)v g(y7 z, tO)) .
Note that for any point (y,, z0) € C* x C* C P! x P!, the image &(y,, 20)
is a well defined point in P! x P'. However, on the complement of C* x C* in
P! x P!, there are some points for which the image under &, is undetermined,
i.e. at least one of the coordinates of the image contains, even after switching
to homogeneous coordinates in the source, an expression of the form “%”.
These points will we called critical points in the following. Let us assume

OF#£1, O #£1, O #1, O #q. (4.6)

Then there are precisely eight critical points, which are given, for ¢t = ¢y, as
follows:

Yo (t) = (y,2) = (0,t00/q), o () (y,2) = (0,t00/q),
i () (y,2) = (O1,00), Y(t): (y,2) = (©1,00),

vy ()¢ (y,2) = (t64,0), (1) (y,2) = (t6¢,0),
Yo(t): (y,2) = (00,00) YL() s (y,2) = (00,000/9) -
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Let us denote by Bl (P! x ]P’l) , the blow up of P* x P! at the k distinct
points x1,...,xk. For each t € (C* Satlsfymg (4.4), let us define

_ 1, pl

=Bl (P XY e 0t 0 0t O Ot O s oasm 3D

Here we continue to assume (4.6), so that these are indeed eight distinct
points, the blow up is well defined, and does moreover not depend on the
order in which the points are successively blown up. As a slight improvement
to [23, Proposition 1], we obtain the following.

PROPOSITION 4.1. — Let g € C\ {0,1}. Let ® € (C*)* such that (4.6)
holds. Denote

S, = {05105, ©5°0% | £, 1,61, 600 € {—1,1}} - ¢%. (4.8)
Then for any t € C*\ Sy, the map
Sy P - ‘43qt

induced by (4.5), via pre-composition and post-composition with the blow ups
n (4.7), is biregular. That is, this rational map contains no indeterminacy
points and is bijective. In particular, it is a biholomorphism.

Proof. — We simply follow the proof in [23], where generic ¢, ©, were con-
sidered, and make sure that it goes through for fixed ¢, ® as in the statement.
In order to make the following argumentation shorter, let us first consider
an example.

Consider the rational map ¢ from P! x P! with standard coordinates
(y,z) to P! x P! with standard coordinates (¥,z) defined by (y,z) ~
(y,2) = (y,z(y — ©1)). This map is actually a so-called elementary trans-
formation with respect to the ruling P! x P* — P! given by (y,2) — y. In
the complement of the fiber {y = ©1} of this ruling, its defines a biholo-
morphism onto its image. Moreover, this map has an indeterminacy point

t (y,2) = (01,00). With the exception of this indeterminacy point, every
point in the fiber {y = ©;} is mapped to the point (y,z) = (©1,0). Con-
versely, the inverse rational map (y,2) — (y,2) = (9, ﬁ has an inde-

terminacy point at (y,z) = (©1,0) and maps the rest of the fiber {y = 01}
to the point (y, z) = (01, 0). However, as one can easily check, the rational
map obtained by considering the composition

BI(P! X P11y )= (01.00) — PL X Pt -5 PLx Pl -5 BI(P! x PY) (g 51— (01.0) »

is biregular. So in summary, the elementary transformation ¢ blows up the
point (y,z) = (O©1,00) and contracts the strict transform of the line {y =
©1}, and becomes biregular when pre- and post-composed with the blow-ups
of (y,z) = (01,00) and (y,z) = (©1,0) respectively.
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The key is now to use elementary transformations in order to decompose
the map &; into a sequence of biregular isomorphisms.

o Consider the rational map from P' x P! with standard coordi-
nates (y,z) to P! x P! with standard coordinates (y,Zz) defined

2) — (¥=©1)(y=O1)
by (y.2) = (3,2) = (y, 252000

as the composition of four (commuting) elementary transformations
with respect to the ruling (y, z) — y. Note that by assumption, the
set {©1,01,t0;,t0;} has cardinality four, which implies that no two
of these elementary transformations cancel each other out. There-
fore, the considered rational map induces a biregular isomorphism
from PB; to the surface ‘}351), where q3§1) denotes the blow up of
P! x P! with standard coordinates (y,2) at the eight points given,
with respect to these coordinates, by

(0, 90) 7 (0 90), (81,0).(01,0),

qt gt
(t@tvoo)v (t(:)t,OO) ) (007@00) 7(007900/61)

> . This map can be seen

e Consider the biregular map from P! x P! with standard coordi-
nates (y,z) to P* x P! with standard coordinates (y,z) defined by

(y,2) — (y,2) = |y, q%) . This map induces a biregular isomor-
phism from ‘ﬁgl) to the surface ‘I?EZ), where mff) denotes the blow

up of P! x P! with standard coordinates (y,2) at the eight points
given, with respect to these coordinates, by

(0, t@o) s (0, t@o) 5 (@1, OO) s (@1, OO) 5
(t0¢,0), (t@t, O) , (00,05/q), (oo, @Oo) .

o Consider the rational map from P' x P! with standard coordi-
nates (y,2z) to P! x P! with standard coordinates (¥, z) defined by

(y,2) — (y,2) = (y% ,E) . This map can be seen as
- 0 - 0

the composition of four (commuting) elementary transformations
with respect to the ruling (y,z) — z. Note that by assumption,
the set {tOp,10¢,O00/q,Ou} has cardinality four, which implies
that the considered rational map induces a biregular isomorphism
from 513§2) to the surface ‘ng), where q3§3) denotes the blow up of
P! x P! with standard coordinates (@, 2) at the eight points given,
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with respect to these coordinates, by
(oo,téo) , (00,t00) , ((:)1, oo) , (©1,00),
@,o) , (2’;,0) (0.60/0).(0.8).

o Consider the biregular map from P' x P! with standard coordi-
nates (¥, z) to P! x P! with standard coordinates (¥, z) defined by
(¥,2) — (y,2) = (%7'2) . This map induces a biregular isomor-
phism from ‘Bg?’) to the surface ‘B§4), where ‘BE‘Q denotes the blow

up of P! x P! with standard coordinates (¥,2) at the eight points
given, with respect to these coordinates, by

(O, t@o) 5 (07 t@o) 5 (@1, OO) 5 (él, OO) 5
(qt©4,0), (¢t04,0), (00,050/q), (00,O0) .

It now suffices to see that ‘13§4) = P, and that the biregular map B, — q3§4),
obtained by composing all of the above, coincides with &;. |

Remark 4.2. — The above proposition implies that if (4.6) holds, then
for each t € C*\ Sy, for each n € N, we have biregular maps

ng) — ant O...OthOGt Smt %;Bf]"t’

& — (65;1)%) o Pyore -

In particular, if ¢y € C*\ Sy, and (y, z9) € C* x C* C Py, then for each
n € Z, we obtain a well-defined element

(T Zn) == S (40, 20) € Byro

and a well-defined element (y,,,z,) € P! x P! obtained by projecting via
the natural regular map PBgny, — P! x P'. But the fact that the association
(Y9, 20) = (Y, 2n) is well-defined for each n € Z is simply a reformulation
of the statement of Proposition 3.1. So the above proposition proves the
latter.

The g-analogue of an Okamoto space for fixed ¢t € C*\ S, will be a certain
Zariski-open subset of ;. In order to define it, let us go back to Fy := P! x P!
with standard coordinates (y, z), endowed with the eight distinct points 'yii
and identify some particular components of this space, namely, the following
vertical and horizontal lines:

7'[0:{’2:0}’ %OO:{ZZOO}’ Voz{y:O}, vOO:{y:oo}’
Vi {y=t6,}, V;:{y=1t0,}.
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This configuration of points and lines is illustrated in the following picture.
Here the colors can be ignored for now, their use will become clear later, see
Remark 4.5.

Vo v v, Voo
(0 . . Heo
Y1 Y1
® ’Yg
0’7;"_0
0'70_
w-ygo
z
o v
0
(0 . Hy

Recall that PB; is the blow up of Fy in the eight points '7? with ¢ €

{0,1,¢,00}. In P, we denote by

H HL VS VeV v
the strict transforms of the corresponding projective lines in Fy. We denote

JU=HT UHZ UV UV
Under the map &; : P — Py, the set J" is mapped to the set J. So
in some sense, the set J' can be seen as invariant under the g-Painlevé
map &;. Moreover, a discrete solution (y,,, Zn, ¢"to)nez given by an initial
condition in J* is not very interesting in the sense that both (Y,,)nez and
(2n)nez simply oscillate between 0 and co. The Okamoto space gOka, for
fixed t € C*\ S, as introduced in [23] is by definition the complement of J*
in PB;. So we define

qOkay := P \ Jt.

Note that the strict transforms Vti* of the vertical lines V; in F are not
contained in J'. They do however play a particular role in the relation to the

construction of the modified Okamoto space ¢Oka; that we will now define.
The letter will be better suited for the confluence problem.
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(Yy—tO04)(y—t64)

-1
Let us recall that Z = %. Motivated by (4.1), we apply the

change of variable

(w,v) = (y,y(y —1)(y —1)Z)
_(% (y —t0:)(y — t/O:) (y—l)(y)—t)>7 (4.9)

q(q—1)z (¢—1
to the modified g-Painlevé VI equation (3.8) with spectral data ©. There

are well-defined rational functions f, g € C(u,v,t) such that with respect to
these variables, (3.8) is of the form

Og U = J?(u7 v,t), 040 =g(u,v,t).

More precisely, we have

(u—1)(u—t)+(¢g—1)v u—1)(u—t)+(¢g—1)v 1
— 10 —t5=
7 ( (u- 91)(“‘*) 0) ( u(u=01) (u—d) @°>

f(u7 v? t) =
((u D(u—t)+(g-1o 1) ((ul)(utmql)v e
(u—61)(u—g Oco (u—01) (u—37) 1
(u—@ u_* f u,v, —qt@ .]fg(’l‘l'a'vﬂ(;)_qti
g(u,v,t) = ( ) ( t) ( @t)

a(g —1)(u—1)(u—1t) +q(q — 1)*v
(f(uvt) )( (u vt)—qt)
- (¢—1) '
(C2

We consider the second Hirzebruch surface Fy with C-charts C3, ., C3, +,
C? C? glued together along their C* x C*-subsets according to the

U2,v2? us,vs
transition maps given by

(uov0) = (o), (o) = (wy ).

= (1), = (1)

Here we will consider (u,v) as the standard coordinates, with respect to
which we will define rational maps such as the following. For each fixed
t =ty € C* satisfying (4.4), we obtain a rational map

- Fy —-» Iy
Sy {(u,v) — (J?(U,v,t),g(uw’t)) _ (4.11)

LEMMA 4.3. — Let ©® € (C*)* such that (4.6) holds. Let t € C*\ S,
where Sq is defined in (4.8). The indeterminacy points of the rational map S

(4.10)
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defined in (4.11) are precisely the following eight points (in the source Fy).

Bi(0): (ww) = (01521,

B0+ ()= (01250,

Br(0): (wo) = (6, P EZO),
810 (wv) = (0, Q==
Br(0): (wv) = (10, - =B,
Br(): (u,0) = (t@t, . ”) ,
Bolt): (uz. o) = (0, 95°_11>

BL): (uave) = (0. 5221,

Proof. — The statement can easily be verified by direct computation.
Note however that this lemma can also be deduced, with much less compu-
tation, from Proposition 4.4 below. O

In addition to the eight indeterminacy points ﬂii for i € {0,1,t,00}, we
identify the following particular projective lines in Fy:

H : {vy =0} U{v3 =0},
Dy := {u =0} U{u; =0}, Dy :={us =0} U {uz =0},
Df ={u=0,}U{u; =0,}, D :={u=06;}U{u =6},
Df = {u=1t0,}U{u =t0;}, D; :={u=1t0;}U{u; =1t60;}.

Moreover, we introduce the following curve (that corresponds to Hq: {z=0}):
C={(u-D(u—-1t)=(1-qgv}U{(us—1)(w —t)vy =1—-q}
U {1 —u3)(1 —tug)vs =1 —q}.

The configuration of these points, lines and the curve C in Fs is illustrated
in the following figure. Here the grey numbers indicate the self-intersection
number of the corresponding curve. The use of colors will became clear later,
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see Remark 4.5.

Dy D Df D; D; Do
(—2) H
c»ﬁar
"ﬂ;
(+2)—
*3y gj
o go
v B _
' B;
— By

(U) u =1 u=t (())

Note that the points ﬁl , respectively ﬁt , are precisely the intersection be-
tween C and ’Dli, respectively C and ’D . Note further that CN'H = (), that
ﬂo ¢ HUC because O, Oy # 0 and that ,Bi ¢ HUC because O, O, # 0.

Now let us denote, for each ¢t € C* satistying (4.4), by

T, — 1 1
Po = BUE P 00,55 00,87 0,87 0,87 (01,87 (0.6 (0850

the blow up of Fy at the eight points B (¢). Here we continue to assume (4.6).
In P, we denote by

H, ’DS*,Dg, DT*y Dl—*’ ,Dz,-*7 Dt_*7 C****

the strict transforms of the corresponding projective lines/curves in Fo. We
define

qOkay := R, \ I', where I' := H U D UD UCH™™.

As we shall see, this is an alternative ¢-Okamoto space of initial values of
qPy1, and q(ﬁét is convenient for the study of confluence. Before formulating
the equivalence of ¢Oka; and q(/)I(/at, let us give a name to the exceptional
curves. We denote, for each i € {0,1,¢, 00}, by Fii the exceptional lines in
B, corresponding to blow up of ’yti and by 8? the exceptional lines in ‘%t
corresponding to blow up of ,Bf
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PROPOSITION 4.4. — Let ¢ € C\ {0,1}. Let ® € (C*)* such that (4.6)
holds. Let t € C*\ Sy, where Sy is defined in (4.8). Consider the birational
map given, with respect to the standard coordinates and the above notation, by

Pe > B

T w2) — () = <y

(y—10:) (y—t0;) —qy — 1)(y — 1)z
q(g—1)z '

This map is biregular and induces bijections
Vit~ el FFoDE and FfogF Vie{0,1,00}.

Moreover, it induces a bijection J* = I' and therefore provides an isomor-
phism

qOka, —» qévkat .

Proof. — First, consider the rational map Fy --+ Fo given, with respect
to the standard coordinates, by the same formula as . We will abusively
denote it again by . Note that ¢ preserves the fibers of the rulings Fy — P!
and Fo — P! given by (u,v) — u and (y,2) — y. Hence we may restrict
and corestrict ¢ to a map ¢° : Fg'\ Vti --» Ty \’DfE It is however immediate
to check that ¢° is regular and a bijection, with inverse map given by

Fa\ D — Fo \ Vy

(1. 0) s (g, 2) = (u (u—10;) (u — tOy) ) .

1
g (w—1u—1)+(¢—1v

Moreover, it is immediate to check that ¢° maps the points 'yli to the points
,B;t for each i € {0,1, 00}, and that it induces bijections

Vox Dy, Va=Dx, Ho\{vi}=Hu\D;, H\VE=C\{6}.

To conclude, we use the same argument as in the proof of Proposi-
tion 4.1. Namely, in a neighborhood of the fibers V¥ and DI, ¢ is an
elementary transformation blowing up the point 'yfc and contracting the
strict transform of the fiber VE onto the point 8F. Therefore, the induced
map ¢ : BI(FU),ni — Bl(Fg)ﬁti is biregular. The result follows. O

Remark 4.5. — As shown in the above proof, the rational map ¢ : Fy --»
Fy corresponding to the change of variable (4.9) composed with the change
of variable (3.7) (which relates ¢Py1(®) to the modified ¢Pyy(®)), respects
the scheme of colors in the diagrams representing the particular lines in Fy
and Fy.
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4.3. Confluence

In this section, we will see that the differential Okamoto space can be
obtained from the second version of the g-difference one by a limit process.
More precisely, we will show that they smoothly fit together into a family of
Okamoto-spaces, parametrized by a neighborhood of ¢ =1 in C.

Let © = (0p, 01,0:,05) € C* x C* x C* x (C\ {1}), and consider, as in
Section 3.3, the quadrupel of rational functions

O()=1+ %@. (4.12)

Let t € C*. Let us consider the second Hirzebruch surface Fo with coordi-
nates (u,v), (u1,v1), (U2, v2), (uz, v3) as in (4.10). For each ¢ € {0, 1,¢, 00},
we may define meromorphic functions in the variable ¢ € C, holomorphic in
a neighborhood of {¢ = 1}, of the form

BE:C— Ty,

given, for each fixed g € C, as follows.

ﬂ3m>:<un»::(q
Bi(q): (u,v):( 1 02 (- sly)

ﬂY(Q) : (’U,ﬂj) =

(

prla): (o) = (1040~ 5 (0ula) - 1)
< ¢ t(t@t(q))etﬂ)
O:i(q)  O:(q)? ’

—900/2>7

Ouo(q)

Bi(a): (uz,v0) = (0, 9(’0/3_1) .

Note that one the one hand, for generic values of ¢ and ¢, these correspond
in the confluence setting (4.12) to the values of the 83 in Lemma 4.3. On
the other hand, for ¢ = 1 and t # 1, we have (1) = 8 with 8F as

Bi(@): (u,w)=

B(q) : (u2,v2) = |0,
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in Section 4.1. Now we may see these functions as the parametrized curves
{(Qa ,Bzi) lq € C*)} in the product

(C*XFQ.

We will abusively call them the curves ﬂjt. Moreover, in this product space,
we may identify the following planes

H : {vy =0} U{vs =0},
DO::{UZO}U{U1:O}, DOO:Z{UQZO}U{’U,;?,:O}

and the surface

C={(u—1)(u—t)=1—-¢v} U {(u1 —1)(u; —t)v. =1—¢}
U {1 —u3)(1 —tug)vs =1—q}.
Note that the curve defined by the restriction of C to {¢ = 1} is degenerate:

it has three irreducible components, given, with respect to the notation in
Section 4.1, by H, D1 and D, respectively. Now denote by

Q; :=BI(C* x IFQ)B_i \J where J:HUC™™UD; UDL
the blow up of this product space along the eight curves ,Bii minus the strict
transforms of the mentioned particular surfaces.(!) Then we have
Qylg=1 = Okay for all t € C\ {0,1}
Qtlg=qgo = ¢Okas(go) for all (¢,qp) € C* x (C\ {0,1})
such that (4.6) holds and ¢ & Sy, .

Recall that S,, was defined in (4.8). Let us see how these two conditions of
validity fit together in the family

Q= U Q.
teC\{0,1}

The condition (4.6) is vacuous for gy sufficiently close to 1, because we as-
sumed (4.2). However, in the parameter space C* x C* with coordinates (¢, q)
of Q, the set {(t,q) |t € Sy, ¢ # 1} decomposes as an infinite union of curves
of the form

{07165 ¢" |eo,e1€{~1,1},k€Z} and {O5° O ¢" |er,ea0 €{~1,1},kEZ}.

By (4.12), the adherence of each of these curves at {¢g = 1} is given by
{g=1,t=1}.

(1) Strictly speaking, here one has to choose an order for the eight curves to be blown
up in order to obtain a well-defined result in restriction to those ¢ € C* where the curves
intersect. We will however neglect these values of ¢ anyway afterwards, because they are
not close to 1.
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Remark 4.6. — The behavior of the whole set S, when ¢ goes to 1 may
be wild. This can be fixed as in [24], by requiring that ¢ tends to 1 along
a g-spiral. More precisely, let t € C\ {0,1} and fix |go| > 1 with ¢t ¢ g
We have ¢g§ — 1, when € > 0 is a real number going to 0 and for ¢ > 0
sufficiently close to 0, we find ¢ & Se.

5. Appendix: The relation between two notions of
g-isomonodromy

Some authors interpret the pseudo-constancy of the Birkhoff connection
matrix as a suitable discrete analogue for the isomonodromy of families of
Fuchsian systems. We will explain here how this is related to our notion of
g-isomonodromy (see Section 2.2). This Birkhoff connection matrix is de-
fined wvia certain fundamental solutions of the family of ¢g-Fuchsian systems
parameterized by ¢t € ©. Therefore, we shall first recall from [24] the con-
struction of fundamental solutions (see also [4, 21, 22] for constructions in
some more general settings). Note that these fundamental solutions will be
meromorphic matrix functions on C* x ®. In particular, they are uniform
in ¢, which is one of the reasons why the definition of monodromy in the
differential case should not be translated literally to the g-difference setting.

Let g be a complex number with |g| > 1. Let © be open connected subset
of C*. Let

0g2Y (2,t) = Az, )Y (2, 1),
Ay () At (1)
x—1 t(x—1t)

with  (z,t) = Ao(t) + x (5.1)

be a family of ¢-Fuchsian systems as in Definition 1.6 with non-resonant
spectral data (®,©). Note that in particular, we assume that for each
i € {0,1,t}, we have 2; € Ma(O(D)), i.e. these matrices have holomorphic
entries. Moreover, by the requirements of Definition 1.6,

Spec(Ap(t)) = {9,000} and A, = (6000 @OO) ,

where A, = Ao + A1 + % Note that we may have Oy = Oq so that the
matrix 2Ao(¢) may be not diagonalisable. Let us choose P € GLy(M(D))
such that

P()2Ao()P() ™" = Jo, (5.2)

where Jy is in Jordan normal form, with eigenvalues Gy, .

- 1035 —



T. Dreyfus and V. Heu

LEMMA 5.1. — For each i € {0,00}, there exists a matriz L;(z) €
GLy(O(C*)) satisfying the q-difference equation

UQ,mLO = JOL07 quzLoo = (@000 @O > L.

Proof. — As explained for example in [24, p. 1024], for any a € C, there
exists a meromorphic function e, (z) on C* satistying the g-difference equa-
tion

O0q,28q,a = A8q,a -

Indeed, one may set eqq(z) := fgf/c()l), where ¥,(z) = Enezq;”’(?l)x” is
q

the Jacobi theta function satisfying o ,¥,(z) = 29,4 (z). We may now choose
Loo(x) == diag(eq’@m (x),¢q.0. (:v)) If Jy is diagonal, the construction of

Lg is similar. Let us assume that J, = (900 @10) is not diagonal. Let us

introduce the g-logarithm £, (z) = %&()x)’ that satisfies o ,({q) = £ + 1.

Then, we may take

¢q,00 (2)¢q(x)
Lo(z) = (eq’eo(z) 090) . O

0 etb@o (.Z‘)

Remark 5.2. — Of course the choice of the matrices L; in the above
lemma is not unique. Moreover, some authors prefer to replace ¢, () and
¢4(x) respectively by

aiziz; and In(z) ,
In(q)

which satisfy the same g¢-difference equations, and yield matrices L; whose
entries are defined no longer on C*, but on the Riemann surface of the
complex logarithm.

ProrosiTiON 5.3. — Let Lo,Ly be as in Lemma 5.1. Let P €
GLy(M(D)) such that (5.2) holds. There exists a unique pair ($o,9He0) of
meromorphic matriz functions satisfying the following:

e Ho(z,1), Hoo (271,) € GLo(M(C x D)),
° “60 (Oat) = Heo (OO,t) = 127
o the matriz functions g, Uss € GLa(M(C* x D)) defined by

Uo(z,t) := Ho(x, t)P(t) ' Lo(x) oo (2, ) = Hoo (2, 1) Loo ()
are both solutions of (5.1).

Proof. — We will closely follow [24, p. 1034], where an analogous result
for fixed t has been established, but we also need to take the ¢-dependency
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into account. We focus on the existence of $)g as in the statement; the con-
struction of $), is analogous. The change of variable Y = $P~'Lg leads
us to the g-difference equation

Tq.0(H0(a, 1)) Ao (t) = A(z, £)$0(z, 1) . (5.3)

It suffices to show that for each ¢y € D, there exists a unique germ of
holomorphic solution $g of (5.3) with $9(0,t) = I, defined in a neighborhood
U x A of (z,t) = (0,) € C x D. Indeed, the functional equation (5.3) then
allows to extend this holomorphic solution to a meromorphic solution on
C x A. By uniqueness, we obtain a unique meromorphic solution on C x ©.

Let tg € ® and let A C ® be a sufficiently small disc with center #g.
Recall that © C C*, so that we may assume there exists some R €]0, 1] such
that |¢t| > R for each t € A. Let D(0; R) = {z € C||z| < R}. Moreover, we
may assume that on D(0; R) x A, the matrix function 2((x, t) is holomorphic
and given as the sum of a normally convergent series }_, .-, At (t —to)
with A;; € M2(C). In particular, on this product we may write 2(z,t) =
Do (t)z® with A;(t) € Ma(Op(A)), such that the power series

a(z) = Zaixi, where a; = ||A; ()] 0o := sup || A; (2)]],
i>0 teA

converges on D(0; R). Here || -| is some submultiplicative norm on My (C)
and Oy(A) denotes the ring of uniformly bounded holomorphic functions on
A. For A € C*, let us consider the map

v, M3 (0b(A)) — M2(Os(A))
o X — AX () — Ao () X.
As we may see for instance in [24, p. 1033], the set of eigenvalues of ¥} is
given by
Spec(\I',\) = {)\@0 — @0, /\@Q — éo, /\éo — @0, )\(:)0 — @0} .
In particular, by the non-resonant assumption, for every n € Ny, the

endomorphism Wy is invertible. If we write $o(z,t) = > .o, H;(t)a', with
Hy(t) = Iz, then equation (5.3) is formally equivalent to

VneNso, Hy(t) =¥, (Zn: Ai(t)Hn—i(t)> :

In particular, H,(t) is uniquely determined from the lower order terms. As
shown in [24, p. 1034], the inverse endomorphism \I!q_nl tends to zero as
n — oo, and there exists a bound S such that

VneN, VXeMy(0(4), [V (X)]eo <BIX] oo
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By induction, one deduces that for each n € N, the value of || H., (t)||o is less
or equal to the n-th coefficient in the power series expansion of

[ Ho(t)llso
1= B350, apak
Since this power series has positive radius of convergence, we obtain that

$Ho(x,t) is holomorphic on U x A, where U is a neighborhood of x = 0
in C. |

Remark 5.4. — We may also solve order one equations having only mero-
morphic coefficients. More precisely, let C({z}) be the field of germs of
meromorphic functions at z = 0. Let 0 # ¢ € C({z}), let v be its valu-
ation, and let ¢y € C* such that ¢ = coz¥ + .... By [24, p. 1034], there
exists 0 # m € C({z}) solution of ¢, ,m = ccy 'z~*m. Consider the Jacobi
theta function 9, and ¢4.,, that are defined in the proof of Lemma 5.1.
Then, ¢g q,0ym satisfies 0 . (eq,c,9gm) = ceq ¢, Jgm and is meromorphic on
a punctured neighborhood of 0 in C*.

PROPOSITION 5.5. — Let o, be as in Proposition 5.3. The following are
equivalent.

(1) The family (5.1) is g-Schlesinger isomonodromic.
(2) The matriz Boo = 04 1loo - Uzl € GLo(M(C*xD)) is rational in x:

B € GLy(M(D)(2)).

Proof. — By definition, we have Boo = 04900 * 0gtLoo - Lo - O
Since Lo, does not depend on ¢, we actually have B, = 04,90 ~£’)gol €
GL2 (M ((P*\ {0}) x D) and Boo (00, t) = Io. Moreover, using 0q,,0¢,1tleo =
04,t0¢,08o and the definition of B, we find that X = B, solves the ¢-
difference equation

gt X =0q,X 2. (5.4)
It follows from [24, §1.1.3] and the non-resonant condition on the eigenvalues
of Ao, that this g-difference equation (5.4) admits a unique formal solution
X =Y, s06n()z™™ € GLy (M(D)[z~']) with & = Ip. Hence the power
series expansion of B, at £ = oo coincides with this unique formal solution.

On the other hand, by Proposition 2.9, the (non-resonant) family (5.1)
is g-Schlesinger isomonodromic if and only if there exists a solution 8 €
GL2(M(D)(x)) of the ¢-Lax equation (5.4) which satisfies B(00,t) = I. By
uniqueness of the formal solution of (5.4), the equality holds B = B,. The
result follows. |

Given g, L, as in Proposition 5.3, we may define the Birkhoff connection
matriz Pz, t) by

P = UL - Uy € GLa(M(C* x D)). (5.5)
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PROPOSITION 5.6. — Let o, U, P be as above. The following are
equivalent.

(1) The Birkhoff connection matriz P is pseudo constant, i.e.
g, P =P.

(2) For By, B € GLa(M(C* x D)) defined by B; := 0,8 - 47", we
have Bg = B, .

Proof. — We have

P Lo P =Ugt Mooy tt ag il
=85t B o,
=85t BBy -y

The result follows. O

COROLLARY 5.7. — If the Birkhoff connection matriz 3 given in (5.5)
is pseudo constant, then the family (5.1) is q-Schlesinger isomonodromic.

Proof. — Recall from the proof of Proposition 5.5 that B = 04,190 -
$HL. Similarly, we obtain Bg = 0q7tﬁo-0q7tp_l-P~.VJal, where P is asin (5.2).
Note that B (00,t) = Iy and B(0,t) = P(qt) "L P(t). By assumption and
Proposition 5.6, we have B, = By. It follows that B, € GLy (M(C* x D))
can be meromorphically continued to x = 0 and z = oco. Hence B, is
rational in z. We conclude by Proposition 5.5. (|

The above corollary establishes the sought relation between the two no-
tions of g-isomonodromy (in the non-resonant case with |¢| > 1): pseudo-
constancy of the Birkhoff connection matrix is a stronger requirement than
g-isomonodromy as in Section 2.2. Note that the Birkhoff connection ma-
trix in (5.5) is not canonically defined: it depends on the choices of Lg, Lo
and P. However, for any choice, its pseudo-constancy implies ¢g-Schlesinger
isomonodromy. As a final remark, we indicate that for example in [6, 12],
another type of (again non-canonical) Birkhoff connection matrix has been
considered, namely

{i}::ugol'gﬂ7

with ﬁo := 4o - P. It has been shown in [6, Proposition 1], see also [12,
Thm. 3], that the analogue of Proposition 5.6 for ﬂo,ﬂoo,‘f} holds under
the additional assumption that 2y(¢) is either constant or proportional to
t. The choice of Iy in the above exposition was made to circumvent this

assumption.
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