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Hardy Spaces on Compact Lie Groups(*)

BriaN E. BLaNk(?) and Dasaan Fan(®

RESUME. — Nous démontrons que ’espace de Hardy atomique HZ(G)
d'un groupe de Lie connexe compact semi-simple peut étre caractérisé par
des opérateurs maximaux associés aux noyaux de Poisson et de la chaleur
si 0 < p < 1, par I'opérateur maximal de Bochner-Riesz S¢ pourvu que
§>nfp—(n+1)/2 ot n = dimp(G), et, si p = 1, par des noyaux non
différentiables satisfaisant une certaine propriété de Dini.

ABSTRACT.— We prove that the atomic Hardy space HZ(G) of a
connected semisimple compact Lie group G can be characterized for
0 < p £ 1 by maximal functions based on Poisson and heat kernels,
by the maximal Bochner-Riesz operator S¢ for § > n/p — (n+1)/2 where
n = dimg(G), and, for p = 1, by certain nonsmooth kernels satisfying a
Dini condition.

KEY-WORDS : Hardy space, atoms, maximal operators, Poisson kernel,
heat kernel, Bochner-Riesz kernel, Dini condition

AMS Classification : 43A77, 42B30

Atomic decompositions of Hardy spaces of real functions on Euclidean
spaces first arose in the work of R. Coifman [6] and R. Latter [13]. An
abstract theory of atomic Hardy spaces was later developed by R. Coifman
and G. Weiss [7] in the context of spaces of homogeneous type. These spaces
include Euclidean spaces and compact Lie groups but do not in general have
the structure on which to base a theory of Hardy space defined by maximal
functions. It was noted by R. Coifman, Y. Meyer and G. Weiss in [7] and
by A. Uchiyama in [18] that when a space of homogeneous type admits a
certain family of kernels, a maximal function based Hardy space can be
defined and shown to be equivalent to atomic Hardy space. Although the
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kernels in question are well-suited to an argument of L. Carleson [3], they
are not necessarily intrinsic to any additional geometry (such as Riemannian
structure) that a space of homogeneous type may possess. For example,
compact Riemannian manifolds have Laplace-Beltrami operators which give
rise via Poisson kernels to maximal function based Hardy spaces. In such
cases it is of interest to obtain the atomic decomposition of Hardy spaces
defined by maximal functions as was done for spheres by L. Colzani [8].
Moreover, the atomic Hardy spaces in [7] and [18] are, of necessity because
of the more general structure, defined by duality. Where polynomials are
available, such as is the case with compact Lie groups, it is desirable to
have a direct definition of atoms in analogy with those in [7] and [13]. In
this paper we establish the equivalence of the Hardy spaces on compact
semisimple Lie groups that arise from their homogeneous type structure
with those that arise from their Riemannian structure. We also characterize
Hardy spaces by several standard maximal functions. In doing so we also
set up a frawework which will be used elsewhere to generalize a number of
familiar Euclidean results concerning Littlewood-Paley theory and Lipschitz
spaces.

Let G be a connected semisimple compact Lie group with invariant
distance d and Laplace-Beltrami A induced from the Killing form. The
operators 8/8t — A and 82/0t2 — A on Gt = G x (0, 00) give rise to heat
and Poisson kernels W;(z) and Py(z) respectively. In Section 1, we describe
some relationships among Py, W;, and the Bochner-Riesz kernel 5152 (6 >0).
The geometry reflected in these kernels is most easily seen via a metric J,
obtained in Section 1 from the Lie algebra g of G, which is equivalent to d.
It is this Riemannian geometry on which the analysis that follows is based.

In Section 2, we study the (maximal) Hardy space HP(G) of all distribu-
tions f satisfying

Ptf(z) = i‘;%“’t *f(z)| € LP(G) (0<p<1).

Using the Poisson kernel, we define other maximal functions PXf, P f,
P]’{‘,}:s f and the grand maximal function f*. Then we prove that f is in
HP(G) if and only if one (and hence all) of these maximal functions is in
LP(G) (0 < p < 1). The proofs in this chapter are broadly based along
standard arguments, but are technically more difficult since the Poisson
kernel on G is considerably less tractable than its R™ and sphere X"
equivalents. Careful estimation of the kernels involves a combination of
previous analysis of Cowling, Mantero, and Ricci [9] and J. L. Clerc [5].
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Ellipticity is used to obtain estimates that are obtained in the Euclidean
setting by harmonicity.

Section 3 deals with the atomic characterization of H?(G). We have cho-
sen to work with the atomic Hardy space H}(G) introduced by J. L. Clerc
in [5]. This atomization, by making use of the availability of polynomi-
als on compact groups, resembles the Euclidean atomization more closely
than those in [7] and [18], avoids the use of Lipschitz spaces and duality
arguments, and is eminently suitable for analysis as was demonstrated in
[5]. Unfortunately, it is considerably more difficult to work with polyno-
mials on G than on R™ or £". We first use geometric arguments to study
the classical group U(n) of unitary isometries. A result from approxima-
tion theory is then used to prove that any distribution in H? (U (n)) has an
atomic decomposition. Next, unitary embedding, a well-known consequence
of the Peter~Weyl theorem, allows us to transfer this result to G, yielding
H?(G) = HE(G). 1t should be noted at this point, that both atomic and
maximal function Hardy space appearing here are defined differently from
those in [18].

In Section 4, we define maximal functions by the heat kernel instead of
the Poisson kernel; these give rise to HP-spaces which we prove coincide
with those defined by the Poisson kernel. We also investigate an analogue
of a theorem of Fefferman and Stein pertaining to C'*°-functions ¢ on R?
that can be used to construct a kernel ;(z) = t "™ ¢(z/t) that characterizes
Hy(RY). Here, the obstacle to obtaining a simple analogue comes from the
lack of dilation of RT on G. We also give, this time generalizing work
of Y. Han, a Dini condition sufficient for a (non-smooth) central function
on G to characterize H!(G). In the case of the Bochner-Riesz kernel
S’%(z), characterization of HP(G), is shown to hold for § > n/p— (n+1)/2
(n = dimg(G))

The two main techniques of Hardy theory on R, dilation of space and
Fourier transformation of functions, are largely unavailable in compact Lie
groups. Some basic ideas on R™ are adaptable but are technically more
difficult to execute; other ideas do not transfer at all and must be replaced
with new ones. Another difficulty arises in the handling of polynomials
which are necessarily more cumbersome than in the Euclidean setting. Our
expositional strategy is to omit proofs which are obtainable in purely routine
fashion from similar Euclidean proofs, but to give essentially full details
where new techniques are needed. We have found in the literature occasional
laxity in distinguishing between these two types of proof and have taken
pains not to use the phrase “by a standard argument” unless justified. On
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the other hand, the analysis undertaken in the two papers [5] and [9] is so
essential to our program, and so difficult to briefly recapitulate, that an
attempt to allow our work to be read independently would have resulted in
substantial and needless lengthening; where appropriate, we have utilized
constructs from those papers, identically notated in our work, with no more
than a reference to the source. Occasionally, we have taken the path that
best allows for further investigation of the harmonic analysis of compact Lie
groups; the second named author will pursue those matters in a series of
papers elsewhere. In particular, in part because of this ulterior motivation
and in part to fully utilize the available geometric structure, we have not
directly compared the maximal Hardy spaces defined here with those defined
by Uchiyama, which would have obviously been another way to proceed. A
preliminary manuscript, differing from the present paper only in detail, was
circulated in 1990; a number of matters that arose in the interim delayed
publication until now.

1. Notation and Basic Material

Let G be a connected compact semisimple Lie group of dimension n. Let
g be the Lie algebra of G and t the Lie algebra of a fixed maximal torus T
in G of dimension £. Let A be a system of positive roots for (g, t); then A
has (n — £)/2 elements. Let

p=53

a€A

Let t* denote the open Weyl chamber of t associated with the root ordering.
The regular elements t, of t consist of those H € t for which a(H) ¢ 27iZ
(a € A). Let A be a connected component of t, contained in t* such that
0 is cl(A), the topological closure of A. Then A is a fundamental domain
for the exponential map up to conjugacy in the sense that every element of
G is conjugate to a unique member of exp (cl(.A)). We let H : G — cl(A)
be the resulting map.

Let | - | be the norm on g induced by the negative of the Killing form B
on g€, the complexification of g. Then | - | induces a bi-invariant metric d
on G. Futhermore, since Bl ¢C (C 1s nondegenerate, given A in hom c(t€,0)
there is a unique element H) of tC such that A(H) = B(H, Hy) for each
H € €. Welet (-,-) and || - || denote the inner product and norm

- 432 -



Hardy Spaces on Compact Lie Groups

transferred from t to hom ¢(t,{R) by means of this canonical isomorphism.
Let N = {H €t|exp H = 1}. The weight lattice P is defined by

P={)let|XX)e2rZ, X € N}
with dominant weights defined by
A={xeP|{(},a)>0, a€A}.

Then A provides a full set of parameters for the equivalence classes of
irreducible representations of G: for A € A the representation Uy has

dimension 0 )
+p,
gy = [ BEe.el (L1)
a€A (p’ a)

and its associated character is

S ew £(s) 0+0)  X)
e(s) elsp, X) ’

xa(z) = r=expX, X €t (1.2)

where W is the Weyl group, ¢(s) is the signature of s € W, and (v, H) =
v(H) for H € t and v in hom(t, C).

For a positive constant ¥ and zo in G define the cone I'y(zg) in
Gt = G x Rt with base point zg by
Ly (zo) = {(z,t) € GT | d(z,z0) < 7t} .

We will also have occasion to consider the truncated cone Ty e, (zg) =
T (z0) N (G x (0, 0]). It is convenient to have another distance function

d defined by

d(z,y) = zgglﬂ(zh) - 'H(yh)| , z,Yy€EQG. (1.3)

PROPOSITION 1.1.— The metric d is equivalent to d.

Proof. — We will show that there exists an 9 on (0,1) such that
cod < d < d. In fact it is known [5] that |H(z) — H(y)| < d(z,y)
(2, y € G), whence d < d. Taking h = y~! in (1.3), it is enough to show
the existence of g depending only on G such that eod(z,y) < ‘H(zy‘l)}
or, equivalently, eod(g,e) < |’H(g)| for all ¢ in G. Indeed, if 6 > 0 is

- 433 -



Brian E. Blank and Dashan Fan

small enough so that exp : g — G is a diffeomorphism for |X| < §é, then
d(z,e) = |H(z)| whenever |'H(:I:)} < 6. Otherwise, |H(z)| > 6D‘1d(x e)
where D = max,eg d(g, 1) is the diameter of the group. Thus, go = 6D1

will do. O

Let X1, X2, ..., Xn be an orthonormal basis of g. Form the Casimir
operator A = Zz_l Xz-z. Then A is an elliptic bi-invariant operator on G
which is independent of the choice of orthonormal basis of g. The solution
of the heat equation

Bpe )= 2 (1), o@,0h)=f(z) onGt=Gxm
for f € L1(G) is given by ¢(z,t) = W; * f(z) where
Wt(-’ﬂ) — Z e—t(“)\'H’“z—“P“z)d/\x/\(x), zeT (14)

A€EA

is the Gauss-Weierstrass kernel. Here and throughout this paper, unspec-
ified measures on G and T are bi-invariant Haar measures normalized to
have total mass one; Lebesgue spaces, in particular, are defined with re-
spect to these measures and |E| denotes the Haar measure of a subset E of
G except for the Weyl group W, in which case | - | denotes cardinality. The
solution of the Poisson equation

2
Ap(z,t) = %% (z,t), ¢(z,07)=f(z) for fe LY(G)
is given by ¢(z,t) = P; * f(z) where

/
Pz)= 3 e IMAP-IAR) Py (2), zeT (1.5)
AEA

is the Poisson kernel. We will also consider the Bochner—Riesz kernel:
6
A+p 2
Sf(:c):Z(l—l—tjf—”— dyx,(z), 6>0,z€T. (1.6)
A€EA +

These three kernels are central functions on G and are determined by their
restrictions to T as given in (1.4), (1.5) and (1.6).
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Let ¢x(z) = VA3 Ux(2) (2 € G) and put 93(f) = [ f(@)er(s) " da
for f € L'(G). Then f has Fourier expansion

dodxy *f(z) =Y tr(ea(Hea(z)) (1.7)

AEA A€EA

and in particular

Kxf@) = (1- e+ ) w(ea(Hea)  (19)

A€A

There are relationships among these three kernels that we shall make use
of. The first we list is Bochner’s subordination formula [14]:

Py(z) = 7r“1/2/0 u~1/2 e—thz/4u(:c) du
1.9
=t [T @) 12 0 g (19)
—m b € u u(l‘) u.

In order to describe the relationship between W; and Sf we will briefly
introduce classes of functions discussed more fully in [16]. Let ACj,c(0, 00)
be the space of local absolutely continuous functions. Let C[0, co] denote
the space of uniformly continuous functions e(t) on [0, 0o) such that
e(00) = limy—. e(t) exists. Let BV; denote the class of functions on [0, o)
of bounded variation. We define BV, for § > 0 as follows. Set o = 6§ —[6].
To begin with, suppose § € N*, in which case a = 0 and define

BViys = {e €0, 0] | e® € ACle(0,00), a < B<6—1,
e® € BV, “e"BV1+5 < oo}
where
-1 [® s .
lellgy, ;= T@E+ D™ [~ ]de ]+ tim e
For 6 non integral, in which case 0 < & < 1, define
4
(B e)(t) =T(1 - a)_l/ (s—1)"%e(s)ds, 0<t<E
t
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and set d
@) = lim — (71—
e\ () 5li)rgo ” (I€ e)(t).

For k=0,1,2,...,[6] set

o dk (e
ek+a) (1) = aﬁe( )(@).

With these interpretations of e(o‘), ceey e(6), we define BV;4s as above.
Also, deﬁne
-1 o0
= {e € BVsyy "e"ngH =T(6+b+1) / 945 de® ()| < oo}
0

for 6 > 0 and b > 0. Finally, we consider the normalized subclass

—b

BVs4 = {e €BVE,; |e(0) =1, e(c0) = 0}. (1.10)
For any e in this class it is known [16] that

[e e}
e(t):c/ (s—1)°de®)(s), 0<t. (1.11)
t

—=b
For each f € L1(G) and e € BV4,; we define the e-summation of f by

et * f(z) = Z e(”)\ + p||2) dyx, * f(z), (z,t)€GT. (1.12)
A€EA
Then, by (1.1), (1.11) and Fubini’s theorem,

et x f(z) =

_c/ fta) Y e (t||A+p|])(H A+p,a))xk(y)dy

A€EA a€A

—C/ fly™2) > (H(/\+p,a>>x
A€EA

a€A

X (/tl:+ " (.s—t”)\-+-p||2)(‘S de(6)(s)) X, (y) dy
=c[swa [T ¥ TT0+s

t||)\+p||2<s a€A

t
x (1 S p1|2) de®(s)x, (v) dy
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whence

et * f(z) = C’/:o s‘SSf/s * f(z)de®)(s). (1.13)

It is easy to verify that e(t) = e~ belongs to EVZ_H forall 6 > 0 and b > 0.
With this choice of e(t), (1.13) gives for f € L}(G):

W f(g) = el [T eo(sf xn@yas  (L1a)
0
or o
W = C etllel’? / sge_sSf/s ds. (1.15)
0

Another important formula, the details of which may be found in [9], is
obtained by Poisson summation:

3 (H a(X+Z)> eIX+2IP /4t (1 14)

ZeN \a€A

etllell? 4—n/2
Wi(z) =C _—DW
where z = expX € T and D(z) is the denominator in (1.2). Also to
be found in [9] is a useful approximation of the heat kernel in a Sobolev
norm. To wit, choose a radial function n € C*(t) that is supported in a
neighbourhood of 0 whose translates by distinct elements of N are disjoint
and that is identically one in a smaller neighbourhood of 0. Let K;(x) be
the central function on G defined on T by

Ky(z) = e2PIP=42 3™ (x4 gy e IXHEIP/4t 5 —exp x| X et
HeN
(1.17)

For s € Nt let H%*(G) denote the Sobolev space consisting of functions
f with derivatives of order up to s in L?(G) and with finite Sobolev norm

1/2
1£]2,s = (Z NG ||A+P!I2s) :

A€EA

In [9] it is shown that for each pair (s, N) of positive integers and each ¢t > 0
there is an integer ¢ = ¢(s, N) and a bi-invariant differential operator Ay
of degree q with coefficients whose dependence on t involves only powers of
t up to ¢ such that

[We = Mgk, , = O(@Y) ast—0. (1.18)
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Let S(G) be the class of infinitely differentiable functions on G. For any
f in 8(G), we have f(z) = ¥y ca tr(ea(f)pa(2)), and by the Peter-Weyl

theorem, ”f||z2(G): E,\eA”S"A(f) || 2 where the norm of a finite dimensional
operator A on a complex Hilbert space is taken to be the Hilbert-Schmidt

norm ||4|| = (tr AA*)I/ 2. The following proposition is the analogue for
semisimple compact connected Lie groups of a standard torus result which
is often used in the theory of multiple Fourier series and which is in fact
used in the proof of its analogue below.

PROPOSITION 1.2.— A function f belongs to S(G) if and only if for
every positive integer m there exists a constant C(m, f) such that

C(m, f)

Proof. — If f € 8(G), then f(y) = [o f(z)f(yz)dz belongs to S(G)

and

lex(I” = tr(ex(ea())
:d/\/G/Gf(:c)f(y)tr(U)\(:c'l)U,\(y)) dz dy

=d)\/G/Gf(:c)f(y)tr(U)\(yz_l)) dz dy
=dA/Gf(y)xA(y)dy

=dA|Wi_1/ / Flty™) Y O+ 0Dy dy dt
r/a seW
by the Weyl integration formula. Now the inner integral is infinitely
differentiable on the ¢-torus T', whence ”%\(f)” < G(L+|A)™™ for some
constant C = C(m, f) by the well-known result of multiple Fourier series
that we referred to.

Now suppose that for each m > 0 there exists a constant C = C(m, f)

such that ||<p,\(f)” < G+ |)\[)—m. Clearly f), = tron(f)er is a
C>-function on G. For each Y € g and for every matrix coefficient
oV"(z) = (pa(z)u, v) we have (as in [14, p. 43]):

(n/2)+1 . »
u,v U,y
Yei llo <4 3 1A% L2y < AN
k=0
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Hence, )" ycp tr(pa(f) Yoa(z)) converges uniformly on G and Y f(z) =
doaeatr (¢A(f) Ya(x)) is continuous on G. By induction we obtain Y7 f €
C(G) for all multi-indices J = (j1, j2, ..., jn) and for all ¥, Y, ..., Y, €
g, which proves that f € S(G). O

A complete topology on S(G) can now be defined in the standard way
by declaring the family

Nem = {f € 8(G)

sgp(1+ D™ lea(h)]| < 5} , meNt e£>0

to be a local base at 0. The subspace S'(G) of the space of formal
Fourier series Z/\e A tr(C’,\go,\(x)) (where each C) is an operator in the
representation space of U)) consists of Fourier series for which ||C,\|| =
O(|A|™) for some m € N*. We topologize the space S'(G) of Schwartz
distributions by defining the local base at 0:

Ns,m = {Ztl‘(C)\(p/\) € S,(G)

Sl/l\p(]. + |/\|)_m||C)\” < 6} ,

meNt £>0.

For f = ZAGAtr(C,\go,\) and ¥ = Z/\GAtr(c,\goA) in 8'(G), the
convolution of f and v is defined by

(f *x9)(z) = Y tr(Crerpa(z)) -
A€A

The space of Schwartz distributions is closed under convolution and the
Dirac distribution 6(z) = ) \cptra(z) is an identity element for convo-
lution. If f € 8'(G) and ¢ € S, then

feule) = /G Fye(y ) dy.

2. Maximal Functions

For any distribution f in 8'(G), P * f is a measurable function on G*.
With the interpretation of G as boundary of G, we have maximal functions
associated with three different boundary approaches. The radial maximal
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function P f, the nontangential maximal function PJf, and the tangential
maximal function P37 f are defined for z in G by

P+ f(z) = sup| P » ()| @.1)
>0
Prf(z)y= sup |Pexf(y)| (2.2)
(y )€l (z)
AT = s * _t Y
Py S( )—(y’t;lef)G+|Pt )| (d(:c,y)+t> . (2.3)

When v = 1 we write P*f for P;'f. We also define local maximal functions
for g > 0 as follows:

P;'(;f(:c) = sup 'Pt * f(x)| ,
0<t<eg

P’;‘,Eof(x): Sup |Pt*f(y)|1 Ps*of:P]’:SOf
(¥,)€ly(2)
0<t§50

and

M
t
P37 = P, —
Mo f(x) ('y,t)esél)r()(o,so ]l o f(y)l (d(l’, y) + t)

We observe that we have the following pointwise inequalities:

P*f(z) < Pyf(z) < CPiff(z), Pdf(z) < Pre f(z) < CPij., f(z)

(2.4
P}f(z) < PTf(z), Py, f(z) <Pf(z), Pif. f(z) < Piff(z).
2.5)

The following two constructs play the same role in the current setting
as they do in Euclidean space. For a measurable function f on G, the
Hardy-Littlewood maximal function M f is defined by

M) = sup B, )| | Ol se6 @)

where B(z,h) = {y € G| d(z,y) < h}. The distribution function Ay of a
measurable function f on G is defined by

/\f(a):l{:cGG||f(:c)|>a}‘, a €0, 00). (2.7)
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The weak (1,1) property

c
(@) S = | fllpe, >0, fell(©),

although not universally valid on Riemannian manifolds, is well-known and
easily obtained in the present setting.

For each z € G we choose 7 small enough so that exp~loL,—1
B(z,7) — g (where L denotes left multiplication) gives a coordinate
chart (y1, ..., yn) where 271y = exp(1y X1 + - - - + YnXr) and d(y, x)z ~
y% + -+ y%. Since G is compact, 7 may be uniformly chosen. We do not
fix such a 7 once and for all at this time but it is to be understood that
any future reference to a parameter labeled 7 entails that it is small enough
that this condition is satisfied.

LEMMA .— For any t > 0 and v > 1, there ezxists a constant C which
does not depend on t or v such that |B(z, (v + 1)t)I_1|B(w,t)| > Cy™™.

Proof.— 1t is clear that the inequality is only at issue for 0 < ¢ < D
(where D denotes the diameter of G) and by invariance we may take z to
be the identity element e. In the case that (v + 1)t < D it follows from
Proposition 1.1 that we may find positive constants u and v such that

[Be. -+ 1) = /B(e, VS ﬁH SR E4|a(H)| w

<Cy? ~/IHI<t H |cv(H)|2 dH

="o€A
and
|B(e, 1) > /H|< I focf anzof o L etf ar

from which the lemma follows. In the remaining case, i.e. when (y + 1)t >
D, we prove, as in the first case, that IB(e tl > Ct" > Cy~™ and
|B(:c (v + 1)t)| = |G| = 1, whence the required estimate. O

PROPOSITION 2.1.— If0 < p< oo, M > n/p, and 0 < g9 < T there are
constants C1 and Cy depending only on G, p, and M such that

123 2o fll o) < CLllPe fllio(q) < CollPito fll oy, £ € S'(G).
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Proof. — First we prove
1P eo I 2oy < O 1P FlLney frv21- (2:8)
We let
E, = {y e | |P5*0f(y)| > a} and E} = {Man > Cor™ "}
where Cj is the fixed geometric constant of the previous lemma. Then
|Ea| < CY*|Eql (2.9)

since the Hardy-Littlewood operator is of weak type (1,1). We will show
that
{Pyeof>a} CE; (2.10)

which together with (2.9) implies that
[{Pycof > a}| < Cy" |Eal (2.11)

We obtain (2.8) from (2.11) by the standard distribution function argument:
p * 1
”P'y,sof”Lp(G)zp/o o? TH{Py o f > a}|da <
% p-1
<orp [ @Bl do = 07| P2 )

We prove (2.10) by working with the complements of the indicated sets. Fix
g ¢ E%. Let (g1,t) € Ty e (g). We claim that the ball B(gy,t) cannot be
contained in Ey. If it were, we would have B(g1,t) C Eo N B(g, (v + 1))
by the triangle inequality and therefore, by the lemma preceding this
proposition,

1
M(xg, )9) 2 mé(g,(wﬂ)ﬂ Xg, (v)dy
|E« N B(g, (v + 1)t)| |B(g1, )| n
[Blo, G+ 0] = [Blo (v + )] =

which contradicts g ¢ EX. Thus, for each g ¢ E% and (g1,t) € T'y,(9),
we may pick a go € B(g1,t) N ES. Then IPt * f(gl)| < IP;“Of(gg)| < « and
since (g1t) € I'y ¢, (g) is arbitrary, ‘P,’; f(g)| < @, which proves (2.10).

s€0
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We can now establish the first required inequality, without regard to the
size of €g:

1Pi7 eo | ooy < CNPE oy, M > %’ €0>0. (2.12)

For fixed (y,t) € G x (0, ¢o] and for any z € G, fixa y = 2™ (m € N1)
such that d(z,y) < 4t. Then

|P* £(3)| (“—+7> < |Pex £( )|<d(y’ )> -

yM|P« f(y)| < v MI|EL, f(2)]

whence
[Piieof (@) < sup |27 Pon e, f(2)], = €G.
m

Therefore, by (2.8)
LB ARED S Rl

< i Mmp+mn/| f'pdg
m=1

CllP& £z (c)

for M > n/p where C = C(M,p,n).

We now prove the remaining required inequality:
| Pz f||Lp(G) <c| 2€0f||L,,(G) 0<ep<T,0<p< 0. (2.13)

Since the Hardy-Littlewood maximal operator is bounded on L?(G) it
suffices to show that for £; small enough

|P: /4f(:c)|p/<CM(P+ AP @), z€G,0<p<oo. (2.14)
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Applying Theorem 1 of [17] (together with the remark following that
theorem) to the function P; * f on GT (which is a solution of the elliptic
operator A + §2/0t?) we have for t < ¢1/4 and d(y',y) < t

IPt " f(y')lp/2 s o {d(z,9)?+(s-1)2 <22} IPS * f(z)|p/2 dzds

2t
< ct=(t1) / / | Ps * f(z)|p/2 dzds
0 JB(y)

—(n+1) & + p/2
< Ct /0 /B (y’t)|P€1 f [P dzds
-n 2 2
< /B(y,t)|P€+1/2f(z)|p/ dz < OM (P, 1))
and (2.13) holds for 7 =€, 4. O

PROPOSITION 2.2.— If0 < p < oo and M > n/p, then

"PX/;fHLP(G) < C”P*f”Lp(G) , f€ S,(G) .

Since the proof of Proposition 2.2 only uses ideas found in the proof of
Proposition 2.1 it is omitted.

We now define another maximal function associated with distributions
on G which is more flexible in some way than those discussed above. For
N € Nt and ¢ € G we define the subclass Ky (z) of S(G) as all those
¢ € S(G) satisfying:

i) Suppe C B(z,h);

dN —N-n
7 (Prxe) ()| < h ;

iii) |||l o, < h™™ for some h > 0.

il) sup
t,x

ki

We note that A = D, the diameter of G, is permitted.

For distributions f in $'(G) and ¢ in K () we use the pairing (f, ¢) =
J f(9)#(g) dg. The grand maximal function f* is defined by

re=m{lnol|[sern@}, res© @
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in analogy with the C. Fefferman-Stein grand maximal function for R™
[11]. Of course, the dependence on N is concealed by the notation. The
restriction of N to even integers below is made only to simplify computations
and is not essential.

PROPOSITION 2.3.— For N € 2Nt there is a constant C' depending
only on N and G such that

Ptf(z) <Cf*(z), feS8'G),zeCG (2.17)

Proof.— Let tg = /2 where 7 is as in Proposition 2.1. Then
P*f(z) < sup
0<t<to
< Pif(z) +Qf(2).
We estimate the maximal function Qf first. It will be clear that Qf(z) <

Cf*(x) with C independent of f and z if we prove that there exists a
constant C' independent of ¢ and z such that

[ s dy] + sup
G t>to

/ f(y)Pe(yz=1) dy
G

CPyz™') € Kn(z), t>ty, z€G. (2.18)

In fact, if ﬁt(y) = Py(z71y),

~ 1/2
P * Pi(y) = Piyps(z™y) = Z o= (t+)(I+ol12=]10]1?) dax, (7 1y)

A€EA

whence

dN 1 A 2é+n—£

¥ Pore(e™ly) < © 3 e RNy for € > 2N .

§ AEA
It follows that

4 PR <c
sup — P+ P(y)| <
veG, s>0|dsV *°

with C dependent only on tg. In the same way we obtain
sup | P()]| oo () < C
50 A =)

which yields (2.18).
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We turn to a similar estimate of Pt'g f. For each £ € G, exp~ 1oL,
(where L denotes left multiplication) gives a coordinate chart for the
ball B(z,tg). For a fixed ¢ in (0,%p), there exists a jo € N such that
200+1 < § < 290424 For 0 < j < jo let

Aj(z)={ye G| 91t < d(e,y) < 20+1t}.

Set .
A(z) = {y € G| d(z,y) > 2074} .

Then A;(z) C B(z,6) for these j and d(y,z) > €0/16 for y € A(z). Using

the indicated chart we may choose a C'® partition of unity {pj((] <Jj<
Jo), ga} relative to the covering {4; (:c)}]. U {A(:c)} of G with the property:

(X7 er)@)| <Cs@) V), zeG, T=(i1, b2 ..., dn) ENT

where Cj does not depend on k. In terms of the modified kernel given by
(1.17), for a fixed element ¢ of (0,?5) we have by (1.9):

Pi(y) = Pz )
o0
_ 53/7\/; e—t2/4uWu($—1y)u—3/2 du+
t ! —12 /4u -1 - (1 -3/2
+ 2—\7;/0 e (Wu(z7ly) — AguKu(z™ y))u du
t (' e -1 3/2
+ 2—\/__—7}-/0 € qu,uK‘U-(x y) u” du

which we write as Pt(l)(y) + Pt(z)(y) + Pt(g)(y), noting that each term is in
8(G). Now for s > n/2 we have by Sobolev’s theorem

o0
L e A LYWLy
< Ct /oo e_t2/4u”Wu”2 su—s/z du
1 9
< Ct / et Auy—s—(n41/2)-1 4y < O
1

Also o
1P <0t [ Wt gkl du < ©
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by (1.18). For N even and i € {1, 2},
an
dsNV

dN— dN 2

Pox P = - 5 APex P)) = =5 P+ APY

= P« AN2P0)

the last equality resulting from iteration. The same argument used to
estimate ||P( )” now yields ||AN/2P(z ” < C. Thus,

aN i P
3N Ow)| < a2 |12, Iy <€

where C' is independent of y € G, t < tg and s > 0.

To recapitulate our progress, we have shown that

Ptf(z) < Cf*(z)+ sup [Pt(?’) * f(a:)l .
0<t<tg

The task of showing that the last term is pointwise dominated by f* is
most nettlesome. We write

Pt(S)(y) Zt/);(y) +¥(y) where ; = P, @) -p; and ¢ = P(3)
7=0

By choosing the cut-off function # in (1.17) with sufficiently small support,
we may assume that the kernel Ky is supported in B(e, 7). As in [9] we
have for z = exp X.

11 , i -
%7 PP < 3 ex M (24 2 T o ce <o,
=0

For & > 0 and 2771t < || X|| < 27*1¢ one easily sees that

—(n+1)/2-a tatlojo i e
t”X||a(t2+ ”X”2) = 9i(n+1)+2jayn+1+2a < C279(27t)
whence

X < Y CaglX*PP(@)XPp;(2)|
lee|+18I=17]

< €279 (29t) ~nlel (2) ~WAI = i (9~ MI
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Hence,

aN i —meN i —n=N
dS—NPs*d}j(y) §C||PS|IL1(G)2 1) < o2 ()T

for all s > 0 and y € G. Thus ”Ps *¢j||oo <C27d (2jt)_". We deduce that
Y = C2—j1Zj where 12;]' € Kp(z). We similarly obtain
dN

—7 Ps* ¢

dsN =C

L>(G)

for all s > 0 and ||¢] ., < C. Therefore C¢ = 4 for % € K (z) where C
depends on N and 7 but not on j. Thus

sup [P« f| < CS 2791, 85) + CF*(2) + C{f,8) < CF*(2)

0<t<to 7=0

which completes the proof. O

Although there is no pointwise converse of Proposition 2.3, it is still
true that the grand maximal function f* is dominated pointwise by the
tangential maximal function Py7 f as we shall show by a standard technique
involving an auxiliary kernel closely related to the Poisson kernel but better
adapted for the approximation of smooth functions.

Let L be an integer to be specified later and let {f, 41, ..., ¢1} be
distinct positive numbers with 1/4 < £; < 1/2. There exist co, c1, ..., ¢,
such that Ef:o ¢; =1 and EJL:o cj€3=0,5€{L,2,..., L}. Define

L
ot(z,w) = ch'ngt(w_lx) , 0y =0y/3—0¢ and ot = o1/2 + 0t
=0
For these kernels we will need to show that there exists a constant C
such that

||P[jt]|Loo(G)§Ct“”, 0<t<1,0<j<L. (2.19)

Indeed,

|P(2)| <C ) e~tMHellg2 < oy=(2m+)
A€EA

whence (2.19).
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We will also need the estimate

k
4 Py(w™lz)

—F < Cd(z,w) ™™ | keN,weG; dx,w) > 9.
u

(2.20)
We may easily reduce this to the case where w = e, x € B(e, 7) — B(e, 9t),
and 0 < u < 7. Using (1.9), elementary calculations give

dk [(k+1)/2] . 0 .
— Ps(z) = Z stl+(k—2j) / 6—32/4uWu(IL‘) u=3/2-(k=3) 4y,
0

dsk =

(k odd) where

1
I; = Cjst+(=29) (/ +/°°> e 4y =312k iy (1) dy = IJ(I) + I]@)-
0 1
In Proposition 2.3 we obtained |IJ(2)] < C. For IJ(-I); we estimate

1
. 2 .
31+k—23/ =5 /4uu—3/2_k+‘7Aq,uKu(x) du.
0

Since |Aq,uKu(:v)| < Cu=™2e=ll=IP /4 grom [9], we have

. oo .

|I](-1)| < Csl+k—2]/ =5 14y ~3/2—k+j-n/2 ~||z|*/4u g,
0
REVEY

(2 + ||o|2) /2RI

Now if ||z|| < s, then |IJ(-1)| < s71mn=2k+2+1+k-25 < ||:c"—"_k; the same
estimate is immediate if ||z|| > s and (2.20) follows.

If d(z,w) < gt it is an immediate consequence of (2.20) that

tL+l

|0’t(.’l§, Ui)| S CW .

(2.21)
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If d(z, w) > 9t,

oi(z,w) =

5 | Lot | A
= — Py(w™ "z T, w —_—
koY Ju b1 7 1
im0 ¥ u=0 j=0 d wet LT D)
and (2.21) again follows from (2.20).
LEMMA .— Suppose ¢ € CL(G) and
dL +1 _ _
o P+ 9)@)| < h n=L-1 (2.22)
Then
‘ / o7 (z, w) p(w) dw‘ < cibtipn-L-t, (2.23)
G

If (2.22) 1s valid only for s € (0,7), then (2.23) remains valid for 0 <t < 7.
If, in addition to (2.22), ¢ € B(z, h), “30”L1 <1land M < L+1, then

/G ’/G aah(y,w)so(w)dwl (1 + c—l(—Z’h—w)—) dy <C(a,M), a>0 (2.24)

and

d M
/ ’/ o (v, w) p(w) dw‘ (1 + (—:E’;U—Q) dy < b+t (2.25)
Gl\JG
Proof.— Since P, * ¢ is harmonic on GT and all its derivatives up to
order L are continuous in Gt we have
i (e8)"*
/Gat(x w) p(w) dw = p(z) + EC] JoL+1 Du* o() T+t
u=0;¢4;t
whence
ot o) TE
dL+1 (g2) 1
<Z|C| —75 Pu* #() A AL
+1 !
7=0 du u=0;£;1 (L + 1)
L L+1 (¢ ‘t/2)L+1
+ 2 1G5 | 3oz Pu* #(2) I Or
= du web,6,4/2 (L+1)!

< CtL+1 h—n-—L—l .
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Note that the left side of (2.24) is bounded by

9 M
(1 + —) / / |oan(y, w) p(w)| dwdy +
a B(z,9h) JG

1 1\Mrn—M (ah)L+1 o
T2 _— d(z, dwd
* (9 a) /G—B(z,Qh)/G d(y, w)"TEH [e(wld(z,y) ™ dwdy

the first term of which is obviously bounded by a constant depending only
on M and a. For the second term, notice that since y ¢ B(z,9h) and
supp ¢ C B(z,h) it follows that d(z,y) > 2d(y, w) and d(y,w) < 2d(z,y)
and the second term is bounded by

C,h~M-L-1 / |(w)| / d(z,y) M I 1" duwdy < €.
G G-B(z,9h)
We also note that the left side of (2.25) is bounded by

10M

[ o) ) du ay+
B(z,9h) IVG

L+1
th
“L)n—“ﬁ |o(w)|d(z, ) dwdy,

G-B(z,9h) /G d(y, w)

+Ch M

the first term of which is bounded by

c (ht)EF1p=n=L=1 gy < 4L+
B(z,9h)

and the second term is similarly bounded as per the treatment given for
(2.24). O

- ProposITION 24.— If N = L+1 > M > n/p, then f*(z) <
CPyf. f(2), f € 8'(G), with C independent of f.

Proof.— Let ¢ € Kn(x) with supp ¢ C B(z,h). We may without loss

of generality suppose that h < 1. Note that satisfies the assumptions in
the last part of the lemma. Choose 2~k < ¢¢. Let

oros(v) = /G oi(y,v) os(y,e)dy.
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Then

L L L
orror=|> CiPri| = (ZC,-PM) = Y CiCiPy,44):
7=0 1=0 1,j=0
whence lim;_,g 01 * 0t * p(z) = ¢(z). In particular, if we set hg = 9~kop,

oh* oh % oY) = /G /G o1(3,v) o (v, w) p(w) dw do

and define 0',': * o) * o similarly, we have

p(z) = im gy * 09—k, * p(x)
k—o0

oo
= Ohy * Oy * p(2) + Z ”;—kh * 0,k * p(x)

k=ko
and therefore for any f € S'(G)
oo
(F0)={F 2 Ono* o % @)+ D {F s 05k ¥ O5miy % ¥)
k=ko
oo
= (O, * f, Ony ¥ ) + Z (or;'_kh*f, 0'2__kh*<p).
k=ko

Define o
ial@ = s (7o (=)

0<t<eg
vEG

and define (6+)Eso f(z) by replacing o¢ above with o . Since
L
(f,o(-,0)) =D cjPri+ f(v)
i=0
we get
Tiieof (@) S OPifoof(@) and (o%)35, f() < CPif o f(2).
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Therefore, in view of the preceding lemma,
[ony * fy ony * F)| <

< Coiiand @ [ | [ onots, ) wtwyan] (14 220) 4,

< Cojpe f2).

Also,

(i £ Ty )] <

< 0312® [ | [ orantv ) ety au] (14 55 ;?) av

< CoM-L-Dkpex | f(z).

It follows that |(f, )| < C Prf e, (z) (¢ € Kn(z)) with C independent of
®. We may finally conclude that f*(z) < CPij ., f(z). O

For 0 < p < oo the Hardy space HP(G) is the collection of all
distributions f € S'(G) for which P*f € LP(G). The HP “norm” of f
is defined by ”f“HP(G) = ”P f”LP(G) Although not a norm in general,
|| ” HP(G) provides a complete metrizable topology in H?(G). The spaces

HP(G) (1 < p < 00) are known, to be Lebesgue spaces ([1], [15]) and so we
assume that 0 < p < 1 in the remainder. The next theorem can be culled
from the preceding results.

THEOREM 2.5.— Let f be a distribution in S'(G). Suppose that M >
n/p and N > n/p with N even. The following are equivalent:

i) fe€HPG);

ii) PYfelLP(G);

i) P} f e LP(G) for some e > 0;
w) PXfeLP(G), e>0;

v) f*eLP(G);

vi) Py .fELP(G),0<e<T;
vii) PXf € LP(G), 0<e < T.

- 453 -



Brian E. Blank and Dashan Fan
Moreover, we have, for 0 < ¢ < 7 and suitable constants Ce and C:

151l e =
= 1P fll 1oy < Cell P2 fl 1oy < CellPiref Nl 1oy < Cell Pefll 1oy

< Cel| P fl Loy < Cell PSSl oy < O™ oiay < CllFl mr(o) -

THEOREM 2.6. — S(G) is dense in HP(G).

Proof.— Let f € HP(G). For fixed ¢ > 0 the function P; * f(z) is in
S(G). By the semigroup property we have Ps*(Pyx f —f) = Psyt*f—Ps* f
whence PH(f — P; * f)(z) < 2P%f(z); the right side is finite almost
everywhere since Pt f is in LP(G). By proving that for almost every «,
lim;_o PT(f — P » f)(z) = 0, the theorem will follow from Lebesgue’s
theorem. Since for harmonic functions existence of non-tangential limits
and nontangential boundedness are almost everywhere equivalent [17],
t — Pif(z), t € (0, 1], admits a uniformly continuous extension to [0, 1]
for almost every x in G. This implies that for almost every € G, given
€ > 0 there exists a tg = tg(z, €) such that

|(Psge* f— Psx f)(z)| <e, 0<t<to.

Therefore limt_,0|P+(f — P x f)(m)| =0.0

3. Atomic characterization of H?(G)

Elements in the closed unit ball of L°°(G) will be called exceptional
atoms. In order to define regular atoms, we consider a faithful finite
dimensional unitary representation 7 of G; one such exists by consequence
of the Peter—Weyl theorem and the choice of 7 will not matter as will be seen
in Theorems 3.3 and 3.4. We may therefore identify G with a Lie subgroup
of U = {U € GL(L,C) | *TU - U = e} for some L and by extension regard
G as a real submanifold of the real vector space E underlying End(CFL).
For 0 < p < 1llet ng = [n(p'1 - 1)] We let Ps(E) denote the vector
space of polynomials on F of degree no larger than s € N; for a given p
we will take s = ng as above. As in [5], we define a regular (p, ¢)-atom for
0<p<1<gq< oo tobe an element a of L(G) satisfying the following
three support, size, and cancellation properties:
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(i) suppa C B(z,p) for some p > 0;
@) [laf Lo < /2717,
(iii) [ga(z)P(m(z))dz =0, P € Pp,(E).

Since G has finite diameter, (i) is only meaningful in conjunction with
(ii). For such pairs (p,q); H5"(G) is the space of all f € 8'(G) admitting
a decomposition f = Y 72, crax (Ezillcklp < 00) where each ay, is either
a regular (p, ¢)-atom or an exceptional atom. The “norm” || f || HP is the

infimum of (3} lck|p)1/ P over all such decompositions of f. These definitions
are evidently valid in the larger class of compact Lie groups; we will in
particular use the definition for the unitary groups Uj,. On the face of it,
these atomic Hardy spaces seem to depend on the particular embedding,
but, by obtaining their equivalence with maximal function based Hardy
space, we will show this to be illusory. In the more general context of spaces
of homogeneous type it is known that the index g is ultimately superfluous:
HYY(G) = HE(G) [8]; therefore we need only consider HY™(G). By a
p-atom we mean either an exceptional atom or a regular (p, co)-atom. The
constant (n — 1)/2, arising frequently, will be denoted by v. Our first result
is that maximal Bochner-Riesz operators of p-atoms are uniformly bounded
in LP(G) for suitable exponents. We let

Sia(x) = sup|S§S * a(z)| .
t>0

PROPOSITION 3.1.— There exists a § > v and a constant C depending
only on G, 6 and p such that ”Sia”LP(G) < G for all p-atoms a.

Proof. — If a is exceptional, then
)
Is? * || oo () < Mlall oo () 1S I 26y S € forall t>0
and the conclusion follows for these atoms. For a regular p-atom a, we have
& _
5% allpooy < CPp™™/7 forall 6> v.
Therefore,
/ |S_5|_a(:c)|p de<C
d(e,x)<2p

and we need only estimate

/ |S_‘§_a(:c)|p de.
d(e,x)>2p
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Fix N asin [5, p. 108]. For ¢ < 2Np we argue as in [5] to obtain
st va@)| <o [ |si] e
B(z,p)
and 5
|S3()] < 57 (d(e,) ™7 + (D7) -

Since d(e,y) > d(e,z) — d(y,z) and d(y,z) < p < d(e,z)/2 we have
d(y,z) > p > t/2N. Therefore,

ISf * a(:v)| <

< Cp~n(1-1/p)48-v (d(e, x)_(y+1+6) + |B(m,p)|_1/B( )ID_I(U)| dy) .
z,p

By setting 6 = n/p + 8o — v — 1, the task of finding 6 > v becomes
equivalent to that of finding 6o > 0. In terms of this parameter our estimate
above gives

|S¢ % a(z)| < Cp% (d(e, :c)_5°_n/p+ |B(:z:,p)|—1 /B( )|D'1(y)ldy) .
P

T

for 0 <t < 2Np.

Now suppose that ¢ > 2Np. The argument of Proposition 6.2 of [5]
provides a Taylor polynomial 777, (Sg )(y) such that

|S? * a(z)| =

/d(e N a(y) (S (zy™) — TZ (S8)(y)) dy

< Cp™|laf| poo(yp™ sup{lXJSf(y)I ‘ y € B(z,p), |J| < mo+ 1}

< Cpn+no+1—n/pt—no—1 _t6o+n(1/p—1) id(e’x)—(so—-n/p + |AR(:C)—1”

where AR is as in [5] and R = 1/¢. Since —ng — 1+ n(1/p—1) < 0 we can
choose 6y sufficiently small that —ng — 14+ n(1/p— 1)+ 8p < 0. Then, since
t > 2N p, we have

t—no—1+60+n(1/p—1) < Cpmo —1480+n(1/p-1)
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e |55 % a(z)] < Cp (d(e, 2) 7077 4 |AR(g)71])
< Cp% (d(e,2) ™07 4 |D7N(a)]) .
Thus
|$a(2)| <

< o (d(e, z)~ 7P 4 | D7 ()| + |B(x,p)l_l/B( )ID_I(y)ldy)
P

Z

for d(e,z) > 2p and C independent of the particular p-atom a. Therefore,

55 P < C+/ 5opd , —n—5opd +
I +a||LP(G) = d(e,z)zzp/’ (e, 2) z

p
+ [ p@dst [ o (/ ID*I(wldy) de
d(e,z)>2p G B(z,p)

4
_<_C+C(/ /ID"I(yw)Idydr> p™<C.O
B(z,p) /G

In analogy with the maximal operators P* and Si we define the radial
maximal heat operator

Wtf(z) = supth * f(:z:)| .
t>0

We prove in Proposition 3.2 that W+t and P*, like S¢, are uniformly
bounded on p-atoms; this is the standard procedure for establishing the
containment HP**°(G) C HP(G) which is recorded in Theorem 3.3 which
follows.

PROPOSITION 3.2. — There is a constant C' depending only on G and p
such that ”P+a”LP(G) <C and “W+a“LP(G) < C for all p-atoms a.

Proof.— Let a be a p-atom and define the maximal operators W; and
W2 by

Wif(x) = sup |Wt * f(z)] and Wyf(z)= sup |Ws * f()] -
0<t<5 5<t< 00
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For ¢t > 5 there is a Taylor polynomial T}7, (Wi(y)) (as in Proposition 3.1)
such that

|Wt*a(z)| =

_ ‘ [ e (Eiler™ - T W) 4
B(e,p)

< Cpttnli=1/p)+no SUP{IXJWt(y)I ‘ y€B(z,p), /| <1+ no}
< C|Wil| s )
for some s > n/2+ 1+ ng. Therefore
1/2
|We a(2)| oy < € (A%e—tllxn’ || ,\||2s+n) < C(1 4176+

This shows that
[W2al| oo () < C- (3.1)

By (1.15),

Wia(z) < C sup
0<t<5

o0
/ s e'sSf/s xa(z)ds| < C.S'ia(x) .
0

Thus
1W*al| poo () < 1Wha]| poo () + W20l poo) £ €

by Proposition 3.1 and (3.1). By (1.9) we have

Pta(z) =supC
>0

o0
/ u~1/2 e Wiz 4y * a(x) du
0
[e ]
< C/ u"HY2e % du - Wa(z)
0
and the required bound for Pt follows from that for W+. O
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THEOREM 3.3.— There exists a constant C depending only on p and G
such that ”f“Hp @) < C“f”Hp,OO(G) for all f in HY'(G). In particular,
H a

HY*°(G) C HP(G).

Proof.— Each f € HY*(G) has a decomposition f = > cja; where
{a;} is a sequence of p-atoms and Zlelp < 00. Thus

175 = [ suplpex 3 cjosfP o

< Zlcj-|p/GP+a(:c)p de < CZ'CJ-IP. O

It remains to establish the reverse inequality between the norms of
HE*°(G) and HP(G); that will complete the proof of the equivalence of
the two Hardy spaces. The idea of the proof below is not new, but minor
errors have appeared in the two instances that we know of where it has
been used. We first state two lemmas, the proofs of which use only standard
partition of unity techniques and are omitted. We then consider the classical
unitary group U, (where, in this discussion, n is arbitrary and not dimg G)
and prove Lemma 3 which establishes atomic decompositions for Hardy
functions on the unitary groups. Although the technicalities of Lemma 3
are specific to unitary groups, the broad generalities of the decomposition
have been previously carried out for balls and spheres. The case of general
compact Lie groups may quickly be reduced to that of Lemma 3.

LEMMA 1.— There exist constants A, a, 8, v and § with0 < 6 < v <
1 < B < o such that for any nonempty open subset Q of G there is a
collection of balls {B(:cj, rj)}j, 0 < r; <eo, for which

i) :L‘j_lB(:l?]', r;) C B(e, €0),

i) B(zj,ar;) is not contained in Q,

i) UjB(zj,77j) = Q,

w) B(zj,ér;)N B(x;,br;) = ¢, i # 7,

v) B(zj,Br;) CQ,

vi) B(z;,r;) intersects at most A of the B(zj,r;) for alli.
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LEMMA 2.— Given Q and {B(:cj,rj)}j as in Lemma 1, there is a
collection of positive functions {goj-}j C S(G) with

1) supp p; C B(z;,7;),

2) X #i = Xa

3) For each j there exists a y; € G\ Q such that Cgoj/”gaj”Ll(G) €
Kn(y5)-

Next we consider the classical unitary reductive group
Un = {U € GL(n,C) |'TU = e} .

The identity map on U, is a faithful finite dimensional unitary repre-
sentation of U, which allows us to embed U, in £ = R2"*. For each
FeSG)NHP(Uy) let Q= Q(f) = {z € G| f*(z) > 2k}, For each fixed
k. Let 2 , ;5 and @i be the items of the previous two lemmas associated
to Q. Let P(z : j, k) be the unique element of Ps(E) such that

L@ - P25 k) P(a@) piaz) dz = 0

for each P in Ps(E) and let P(z : ¢, j, k) be the unique element in Ps(E)
such that

/G (f(z) = P(z : j, k) P(n(2)) pix (2)s() da =
= /GP(Z‘ 11,5, k) P(m(x)) pjr(2) de

for all P in P4(E). Of course, in the definition of these polynomials we have
suppressed dependence on f, s, G and 7.

LeMMA 3.— For G = Uy if z € B(zj, Crjy), then |P( : i, k)| < C2F
and |P(z : 1, j, k)| < C2k.

Proof.— We will denote the general element of Uy, by © = (u;; + 17 - v55)
where u;;, v;; € R. It is an elementary fact that (u;;) or (v;;) may be taken
as a coordinate system for Uy, ; we will give explicit arguments in the cases
where the latter provide the more convenient coordinates, writing u;;(v)
and z(v) = (u;;(v) +i-v), v = (vij), accordingly. A general 2n?-tuple of

- 460 -



Hardy Spaces on Compact Lie Groups

nonnegative integers will be denoted 7 = (;;,&;;) with Ei,j(ﬂij,fij) = 7.
We order these multi-indices so that 7 < k if |j| < |k|; we need not specify
the ordering of 7 and k when they have equal length. Let {p; |0 < |7] < s}
be the basis of P4(E) such that

o= (1) (oo ) (I14) o0 o

1#]
and
pi(z) = (H(l — u,-,-)'“‘) H u;;)™  for E{U =0.
i 1#]
For the first set of polynomlals that is, those for which )" ¢&;; > 0, we

will use v = (v;;) € R™ as a coordinate system of U,. For the second
set of polynomials, (u;;) is the more convenient coordinate system; the
discussion for these, differing in no essential way from that of the first
set of polynomials, is omitted. Let {Q;} be the orthonormal system
obtained by orthonormalizing {p;} with respect to the measure dp,(z) =

901,7(1') IISOJk“Ll dz :

Bi(z) = 3507 B (7)Q5 (2)
”P" E]<z P‘(])Q] “L2(du k)

Qi(z) = 3.2)

where p;(7) = <p;, Qj) L2(dpyi)’ We denote the numerator of (3.2) by ¢;.

We assert that {Q7} is uniformly bounded on B(z Cr;k) independently
of p;r and r;;. Using a standard argument we need only show that
|Qx(u)| < C for u € Be, Crjx) and supp p;p C B(e,Crji). The proof
of this is by induction on 7, the case |7] = 0 being obvious. We will drop the
subscript j during this argument. For any multi-index 7 we first estimate
the numerator of (3.2). If 3~ &;; > 0, one easily sees that |p; (:c)l < Cr2bis
for z € B(e,Cr) and that

Iﬁ{ (E)I < sup{|p;(:c)| |QE'(Z)i z € Bfe, Cr)} .
It follows that |p; (k)| < Cr2=tis, Therefore,

SuP{!Qi(z)| z€ B(e,Cr)} < Cr2ti
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when 7 = (k45,&;;) with 3 &; > 0. Also,

2
la? 20 [ (o) - LRIy d
B(e,b7) T
2
>C / H &ij H —Kii H(l _ Uij)—mjz:ﬁi(z)@g dz
Bledr)| =1 i# R

Since ¢; dv = ¢1 [] dv;; < dz < ¢z dv, there exist C' and 8o > 0 such that
”q;”2 > Cr &5 A, where

5'1 uf‘_ﬂii rv —_ U rv —Kij
/B(o 1/2) H I;[ i (% )g(l ii(8orv)) X
2
x (6or)~ 280 3 5 (B)Qp(z(6orv))| dv.

k<i

Our assertion concerning the uniform boundeness of the Q; will therefore
follow from the existence of a constant M such that

A>M, 0<r. (3.3)

If (3.3) were invalid, we could find a sequence {r,} such that A,, < 1/n
and limr, = rg € [0,&0]. If o > 0 we can find an &1 > 0 such that
€1 < rn < go for all n. But since {pn} is uniformly bounded and equi-
continuous, we may, by the Ascoli-Arzela theorem, assume without loss of
generality that ¢,(z) — ¢(z). This gives us a pair (ro, p) with ”go“oo <1
¢ >0, and supp ¢ C B(e,rg). Now we have by [10]

0= lim A,, =limA,, > E(v;;) >0
k—o0
where E(v;;) is the best approximation in L?(B(0,1/2)) of I1:; z” by

means of the family of functions

i=1 i#]

{H” H u T (Sorov) H(l — u;;(6orov)) T }
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0< ) (i +mij) <lil =1 and Y (kij+&;) =1l

This contradiction forces rg = 0 and we have

0=li_mA'rk >

> ||
B(o, 1/2)

x (60%)2= 59 3" 5 (9)Q5 (2(60rk))

7<%

H ¢is H uz; " (borgv) H (1 — u;j(orv)) ="
,J i#]
2

But (u;;) tends to the identity matrix as (v;;) — 0 and therefore

hmz p—( Q] (z(b0rk)) H b

J<z Ork

for almost all (v;;) € B(0,1/2). Furthermore p; (3) = O(rkZ EU‘) and by our
induction hypothesis we have

> @; (x(6or0)) 71 3) (fork) "2 =
<v
= 2. On Hunu(éorkv) T (1 — wij(Sorgv)) ™ H(réov )"
(Am)<z i it i

where the constants C'y,, depend on ry but in such a way that Chrp = 0(1).
Therefore, we can choose 7, such that

Hvﬁu —hmZQJ 17(507"kmv))( (k)) C.

<t

This contradiction establishes (3.3).

Now we may complete the proof of Lemma 3. Since the Q;’s are
uniformly bounded and since C - ga/”go”Ll(G) € Kpn(y) for some y & Q

we also have C - Q; (go/”go”Ll(G)) € Kn(y). Now

P(z i k)= / SOl Pik() 4, s (x)

eik s (G)
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and therefore

|P(z :4,k)] < Y Cf(1)|Q:(2)] < C2F if © € B(vig, Crig) -

Since

Sojk( )
@ik ]| 1

P(i&' : l;]’k) = Z/(f(y) - y ]’k + 1))¢2k(Z)Q‘l (Z) ” dz Qz ((C)

and {QT}T is orthonormal with respect to the measure du i, the remaining
estimate follows analogously. O

THEOREM 3.4.— If f € HP(G) then f admits a decomposition f =
Y_;cja; where the a;’s are p-atoms and (X; |CJ.|p)1/zrJ < C”f”HP(G) for
some constant C depending only on p and G.

Proof.— Fix f € HP(G) N S(G). In the notation already established,
we may use the embedding 7 : G — U(L,C) to transfer the estimates of
Lemma 3 to G:

|P(z:4,k)| < C2¥ and |P(z:i,j,k)| < C2F

for all z € B(zjk, ;). The atomic decomposition is now obtained in a
standard way. We write

f:f'XG\Qk+ZP( Zk)%k'l-z:f P( ))Sozk'—gk'*'zbzk

7

We have ”gk”Loo(G) < C2 and by = 0 for every (i,k) for which
”f”Loo(G) < 2% Choose an h such that

2k < ||f*||p(g) , f=gnt Z(gk+1 ~ 9k)
k=h

and g5, = C2"a;, with aj, an exceptional atom. We observe that

Gkt — 9k =3 (F=P(- i, k)i = Y _(F = P(- : jik+ 1))@ hp1 -
J

1
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— k
Also, Qi D Qpyq and Qf = ¢ as soo.n as‘2 > ||f*”L°°(G) > ||f“L°°(G)'
Moreover, by the geometry of the covering, if B(z;x, rix)NB(Z; k41,7 k+1 #
0, then r; iy < Cry (for C = (1 4+ @)/(B — 1)). Therefore, for fixed
J, only a finite number of balls of the collection {B(zx,r;x)}; intersect
B(z; k41,7 k+1) and only a finite number of the P(- : i,j,k + 1) are
different from 0. Since 3 @i p; k+1 = ®jk+1 We have

/G Z Pij(z 4,5,k + 1)P(n(z))pjr(z) dz =
= [ (1 - P @PE@)) T pa@pin k(@) de =0
for any P € Ps(E). This implies that Y, P(- : 4,5,k + 1) = 0. Hence

ger1 =gk = ((F = P(- :4,k))pix) +

1

-~ Z (f=P( g k+1)pix — P(- :4,5:5))9; k41)
J

1
= 2| B(eg, rix)| P aik

where each a;; is a (p,co)-atom with support contained in B(z;i, rik)-
Consequently,

o0
f=02a,+ 3 ST C2F|Bei, i) | Pai (3.4)
k=h ¢

and since C'is independent of f and since this right side of (3.4), being locally
a finite sum, converges to f pointwise and in each Lebesgue space L(G)
(g < 00), this series furnishes an atomic decomposition of f. Movever,

|c2MP + CI;LZ (I1BGk, 5 [MP2¥)" < c)l |2 + C];Lﬂpmk;

<clsl;-

This proves the theorem for f € S(G). The transition to an arbitrary
distribution f in HF(G) is now, in view of Theorem 2.11, a routine
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denseness argument. Since there is a sequence {fn} C S(G) such that
fn=3;¢jnajn (an atomic decomposition),

£l oy < 27" Il oy f= > fns

1/p
(Zl%‘nlp) < Clfnll grgy -
J

we have f =3 . cjnajn and

1/p

1/p
Sha) <0 (Sliling) < Wl
nn n

which concludes the proof of Theorem 3.4. O

4. Heat kernels and Hardy space

As in Euclidean space, it is useful to have a heat kernel characterization
of Hardy space. Define the kernel

Wiz) = Y e Moy, @) = e Wliwe), @)
AEA

the second equality exhibiting the positivity of Wt(:c) The associated
maximal operator is W+ f = supt>0|Wt * f | We define a nontangential
maximal operator by

W*f(z) = sup |Wt * f(y)| -
d(z,y)2<t

It is convenient to have some auxiliary operators:

Uz, t) = t1/2|Vo(f * We)(2)| (4.2)
U*(z)= sup U(yt). (4.3)
d(z,y)2<t
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Then we have the following result:

PROPOSITION 4.1.— For any p > 0 there exists a constant C such that

“W*f”LP(G) < Ciiw+f||LP(G) '

Proof. — By an argument that originates in [11], the proposition follows
from the following inequality

17*@)]| 1oy < C”W*f”LP(G) (44)

which in turn, by Propositions 2.1 and 2.2, follows from

U*(z) < CW§ f(x), N>§ (4.5)
where
e . (1/2 N
WX f(z)= sup |Wixf _— ] .
N IE) (y,t)epG+| e fW) d(z, y) +t1/2

By the semigroup property, f * Wt =(f=* th) * Wt/z.

Hence, for any (y,t) € Gt such that d(z, y)2 < t, we have

| Xi(f * Wo)(y)| <

< CW;‘\}*f(:c)/ ¢~ V/2 (t1/2 + d(y, z))N,Xth/z(z_ly)l dz.
G
Therefore, (4.5) will follow by showing there is a C independent of ¢ in (4.6):
- N =
L= [ CNERREE LAy )Y X Tl dy <o (@

From Section 1 we recall that

— Mt oo
Wiso(y) = Cs (/0 +/Mt) (s° e—ssf/zs(y)) ds

for any 6 > 0 and M > 0. After substituting into (4.5) we arrive at
I; = I + I, with I; an integral over G x (0, Mt) and I, an integral over
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M x [ Mt, 00). We vill estimate I; and I separately. First, we break up
Iy further by

L=C 8 e-st—(zv-1)/z/
Mt d(y,e)2>t/2s

+/ +(£Y2 + d(y, €)) V| Xi S8 5, (v)| dy ds,
d(y.e)?<t/2s ( (v, ) | t/2()|

denoting the first summand by J; and the second by Jy. By Theorem 5.4
of [5], for § > 2N, we obtain by a simple calculation

o N
Ja < C/ 267314 (25)" %)V ds < Ot -
Mt
Again using the same theorem in [5] we get

J1 <C s e_st_(N"l)ﬂ/ (tl/2 + d(y, e))N X
Mt d(y,e)2>t/2s

25\ n/4-1/4-6/2 —n/2-1/2— _
*(7) (A ) ™22 4+ AP ) dy s

where AR) = (25/t)—”RDR, pft and DR are as in [5].

Since (¢1/2 + d(y, e))N <d(y, e)N(l + (28)1/2)N we obtain

Jl S C/OO 86 e—st—(N"l)/2(1 n (23)1/2)N (2_5)71/4—1/4—&/2 «
Mt t

N—n/2—1/2-—6 N (R) 1
d ) +d , A duds.
g /d(y,e)>(t/2s)1/2 ( (y e) (y e) (y) ) yds

Let 6 = (n — 1)/2 + 8¢ for some §g > N. Then

=6 —s,—(N-1)/2 1/2\N ( 28\ ~%0/2
/Mts et (1+(29)1/32) <t) X

x / d(y, e)N—n—1—6° dyds <
d(y,e)>(t/2s)1/2

<C/ (14 @s)/2)N ( )60/2 I g5y ~N=D/2 g
+ C/ e (1+ 2)/2) N (25) "NV 2 45 < 0y
Mt
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Also, from the definition of A(R) one easily sees that

® 5 —s,—(N=1)/2 1/2\N ( 28\ "/ 4=1/4-6/2
/Mts ©t (1+(29)"%) (t) X

x f d(y,e)N A® (1) dyds < Cyr.
d(y,e)2>t/2s

This shows that Iy < Cps. For I} we use the estimate [5, Theorem 5.2],
b s\ (n+1)/2
”XzSt/zs(y)”Loo(G) hS C({) :

When t > 2, (s/t) (n+1)/2 < CM(s/t)1/2 and (11/2 + d(y, e))N < CptN/2,
whence o
L < CM/ §0-1/2 =5 g5 <Cum.
0

When t < 2,
Mt
L < C/ SHH)/2p=(N=1)/2=(n42)/2 =5 45 < ¢y .
0

This shows that |I;| < C for any ¢t > 0 completing the proof of (4.6). D

By consequence we see that for f € LP(G), 1 < p < o0,

”W*f”LP(G) < Cp| £l 2o (4.7)

and
tlh% Wi * f(y) = f(z) for almost every z in G . (4.8)
d? (z,y) <t

For N a positive integer and & € G we define a (new) class Kn(z) in a
way similar to that of Section 2:

Kn(z) = {¢ € S(G) | ¢ satisfies (i), (ii), and (iii)}

(i) suppy C B(z,h),
N

d —_oN—
dt—N(Wt*SO)(‘T) < h72N-n

(i1)  sup
(z,t)eG+

(i) oo < 7"

b
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We draw attention to the 2N in (ii). For a distribution f in 8'(G) and
¢ € Kn(z), we use the notation (f, p) = [ f(z)@(2). The corresponding
grand maximal function f* of f in §'(G) is then

f(e) = {S‘;P|(f, %) ! pe I{N(m)} :

By methods too similar to those already given in Section 2 to bear repeating,
we have W f(z) < Cf*(z) for all  in G and therefore, by Proposition 4.1,

7=l 1oy < CIWH Fll oy < CIWF Fl oy S CIF ey - 49)

From here there is no difficulty in repeating the arguments of Section 2
and 3 to obtain the analogues of Theorem 2.10 and Theorem 3.5.

THEOREM 4.2.— The following are equivalent:

i) f*€LPG),

i) |[Wif]l, < oo,
iii) Wi f € LP(G),
iv) W*f € LP(G),
v) WtfelLk(G),
vi) W f e LP(G).

THEOREM 4.3.— W f € LP(G) if and only if f € Hb, (G).

We now show that any central ¢ € S(G) satisfying [, dz = 1 also
characterizes the HP(G) spaces. In addition, we will prove that some non-
smooth kernels (including Bochner-Riesz kernels) characterize HP(G) as
well. For ¢ satisfying

@ € S(t) is a radial function satisfying /go(H) dH =1 (4.10)
t
we define
pr(x) = Y & (t]|A+p]) dax,(z), t>0. (4.11)
A€EA
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THEOREM 4.4.— If0 < p < oo, then for all f € 8'(G) the following are
equivalent:

i) sup[got * f| € LP(G) for some ¢ satisfying (4.10),
t>0

i) sup Igat * f(y)| € LP(G) for some ¢ satisfying (4.10),
d(z,y)<t

2
o<1

Proof.— For the most part, the proof of the original result for Euclidean
spaces [11, Theorem 11] carries over and we need only show that i)—ii). As
in [11], it suffices to prove

i) f*(¢) = sup sup |¢t*f(y)| € LP(G) where
$€Ao d(z,y)<t

Jasrm™ = [ 2s0

lo]<No

Ag = {¢ € S(RY

Jor some No = Ny(p, n).

U*(z) < Colf(z) for M > % (4.12)

where U*(z) = SUPg(z,y)<t t|V80t * f(y)| and

. M
100 ()

Choose ( € C*([0,1]) such that {(s) = sV/N!for 0 < s < 1/2,
05((3)_<_5N/N!for1/2§s§1and6£((1)=0for0_<_j§N+1
where 95 = 8/0s. Let ((ps)*(N) = (goT(N))s be the N-fold convolution
product of 5. Let

ppflz) = (

1
N *(N+2
I= (—l) +1‘/0 C(S)(aiv-i'lgos( + )) * Q1 ds.
Then by integration by parts we have

1
*(N
I=¢ +/0 N1 (5)ps N x oy ds
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or
1
o= ()% [ @) e pras+

1
- /0 N1 (s)ps ™D w1 ds.
But

Oz ) = 3 w(sln+ o) BlellA+ o) A+ ¥+, (2)
AEA

for another radial function ¢ in S(t). Therefore

o= (0 [0 T et o) €+ AP iy s+
A€A

1
- /0 st * OV T1C(8) VY 4 oy ds

Hence, for any X € g

X(f*et(y) = (- N+1/ Frost+((s) Y w(st|A+p]) daxy

AEA

s NP SN+ | VB (A + pl]) dy * x, (v) s +
AEA

/ £ xpatx O 1¢(8) 3N w Xpr(y) ds
= Ji(y) + Jo(y) -
Now for any fixed (y,t) € G such that d(z,y) < t

|72(v)| <

x 1 st M N+
<coirso [ [ (qadrm) 168 xo06y)] axas

By the argument given in the proof of Proposition 4.1, if d(z, z) < t,

1| 72(v)| < CoTi f(a) / j 2Ny dy < Coip ().
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If d(z,2) > t, then

(st +d(z, z))M <c (1+ d(z'tly, e))M

st -

whence

t/l / ('L)—M |90:§N+1) *XSDt(Z_ly)ldzds <
1/2 ﬂxﬂ>t d(z,z) + st <

<o 3 L, Lol (D)

k1+4k2=0

-1 kz
x/ t(d—(—ztifl) IXgot(z—lw)ldzdwdSSC’.
G

Hence, |tJ2(y)| < Cpypf(z) whenever d(z,y) < t.

We turn to a similar estimate for J;(y). It’s easy to see that

[t71(y)| <

< et o) [ 1 = Z))M

XS+ VB2 + ) daxa (M)
A€EA

2 v(stlA+pl]) dax, *
€A

dzds.

For 271y conjugate to exp 6 € T* there exists a differential operator P(4)

of order N + 1 such that

S IA+ oI FEB (N + oll) daxy (8) = P(O) 37 B(t]A + pl]) dax, (0)-

AEA A€EA

Now using Theorems 3.3 and 5.4 of [5], our estimate for J, and Propo-
sition 4.1, we get t|J1(y)| < C, d(z,y) < t, from which the required result

follows. O

We note that from Theorem 4.4, it is easy to see that for K;

Yaene E AP dyx, and ¢ as in Theorem 4.4, we have &+ f”LP
le* ﬂhwc and, “me“K+ﬂhnG-WV ﬂhuc we get

le™ Fll Loy = NEF fll oy 0<p<1, fES(G).
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Heretofore our kernels have been infinitely differentiable. The following
theorem shows that such smoothness is not a necessary condition for the
characterization of HP(G).

THEOREM 4.5.— For the maztmal Bochner-Riesz operator Sff(a:) =
SuPt>0‘S§5 * f(:c)l,

. n n+1
12 poy = 1oy i8> 5= ——

Proof.— Suppose that § > n/p— (n+1)/2. If f € HP(G), then f has
atomic decomposition f =" ¢;a; and

1/p l/p
Hsff”LP(G)SC(Z|Cj|p) (/G|5£a|pdl') :

Conversely, if ”Sff”LP(G) < 00 then

<CSif(z). O

oo
C/O s e—sSf/s*f(:v) dz

sup|Wt * f(.r)| = sup
t>0 t>0

We will now further relax the regularity assumption, admitting even non-
smooth kernels, by generalizing a Euclidean result of Y. Han concerning the
characterization of Hardy space by kernels satisfying a Dini condition. For
a function ¢ € C(t) satisfying:

i) supppcC{fet|dl<1},

il has derivatives
b

iii) ¢ is radial: (6) = po(]|0]|) for a function g (4.13)

of one variable,
iv) [ p(0)a0 £ 0,
¢
set ¢(s) = (d/ds) (n=0)/ 20(s) and define the central kernel ¢; on G by
4N (a:0> M
pi(expb) =t (g——sin(a,e)ﬂ) ¢< ), 0<t<1,0€t. (419
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We do not assume that the kernel is smooth; instead of a smoothness
assumption on ¢ we assume that ¢ satisfies a Dini condition:

€
/ w¢(6)(—i§ < oo forsomee >0 (4.15)
0

where wy(8) = sup||9_<||55|¢(6’) — ¢(¢)|. We define a maximal operator ¢*
on functions on G by

" f(z)= sup |p¢* f(y)| (4.16)
d(z,y)<t<1

and an H!(G)-type space by
Hy(G) = {f € ING) | *f € ING)} (4.17)
we norm Hy(G) by || f| g, () = I fll 11(c)-
THEOREM 4.6.— Suppose that p € C(t) satisfies (4.13) and that ¢ =
(d/ds)(n_e)ﬂgo is bounded and satisfies (4.15). Then H,(G) = H(G).

Proof. — We may assume that [, ¢(6)d6 = 1. For any exceptional atom
a(z) and any (y,t) € GT, |90t * a(y)l < ||3"t”L1(G) < C, where C does not
depend on (y,t). Let a(z) be a (1, 00)-atom with support in some ball B.
Without loss of generality, we can assume B = B(e,p) for p sufficiently
small. Now for any 0 < ¢ <1 and y € G such that d(z,y) < ¢

p*a(z)= sup |p¢*a(y)
d(z,y)<t

< lalloolietlizag) < C1BGe )|

Therefore, for any € > 0 as in (4.15), there exists a constant C = C(e)
independent of a(z) such that

/ pra(zr)dz < C
lll6"|I<25/¢]

where [E] denotes the subset of G conjugate to exp E for E C t. For fixed
¥y € G, and for £ € G, let § = 6(€) € t exponentiate to a conjugate of y&~1.
Then

I
pr*a(y) = C/B(e,p) () (};-!:4 sin(a,@)/2) ¢ ( t ) 4
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Notice that ||| < d(y€~ 1, e) = d(y, &) and ¢(]|6]|/t) is supported in 6 < 2.

Thus, for any & € B(e, p), we have p; * a(y) = 0 for 0 < t < d(y,£) and so

we need only consider d(z,y) <t < 1, d(y,€) <t, z € G\ B(e,2p/¢) and
& € B(e, p). But for such z, y, £ and ¢,

d(z,€)

—5— < d(z,€) —d(¢,¢) < d(z,€) < d(z,y) +d(y,£) <2t

Thus
(4.18)

1
-< .
t ~ d(z,e)

Now, using Taylor’s formula, we obtain

|t * a(y)| < C‘/B(e,,)a(f)t_n‘ﬁ (ﬂgﬂ) al +

vof ol (D)

<Ph+h

For exp ¢ conjugate to y, we have

6 (ﬂfj) (IICII)‘ de |

By (6.3) of [5] (as noted in the proof of Proposition 1.1 above) “6 - C” <
d(y€~t,y) = d(&,¢e). This shows that

|P1| < Cp—nt—n/ w¢(d(£,e)) d
B(e.p) ¢

Recall from (4.18) that ¢~ < 4d(z, e)_l and d(¢,e) < p. Therefore,

1P| < Clla]| oo ) /B(e p)t-n

|P| < Cd(a:,y) wé(d(j.pe)) . (4.19)

|Py| < Cp'”t—”“/ (”9”> |6])*~2 d¢
B(Lp)

<ct "2 < Cd(m,e)_n+2 .
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Therefore, for m = —logy(p/e) which we may assume is integral,

[ i
[16"]1>20/¢]
—n 4p >
< d(z, —— ) dz+C
- /[||9' >2p/e] (=:0) "o (d(x,e) *
<Cc+cC / o)~ ( ) a0’
2; P2k [e<]|6/]|<p2F+1 /e 1717 ws 11¢"]]

2k+]p/s
<c+cE/ -1, (48”) ds

2kp/e

and on substituting s = 4p/é
2—k+2,

p*a(z)de < C+C / wg(6)dé
'/[”9’”229/5] ) Ig 2-k+1e +(%)

2e dé
0

as required. Since the constant is independent of the atom, a similar esti-
mate for any f € H(G) follows immediately from the atomic decomposi-
tion, yielding

11 &, < ClAlai e -

Conversely, if f € Hy(G), let ¥ be a C* radial function on t that is
supported in |f]| < 1/2 and f;%(6)d6 # 0. Let ¥(8) = o * 3(6). Then ¥
is a radial tempered function with [, ¥(6)dé # 0. We define y; and ¥; on
G by

Yi(z) = % (|2 + o)) drxy ()
A€A

and

Ui(z) = 3 ¥ (1| A+ o)) dixy (=)
A€A

Then ¥¢(z) = ¢t * ¢¢(z). But for any fixed 0 <t < 1 and y € G such that
d(z,y) <t we have

-1 n+1
£+ perin(a)] < Cotafo) [ (24 LED) T e ag
< Oy (@)
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Thus,

sup lf * \Ilt(a:)l
0<t<1

<Cleriaflie S Clefllie) -
11(6)

Also, fort > 1,
155 ¥t oo ) < Ol el o) | 7 26 < Ol 26y -

Furthermore, since lim;—q ¢t * f(z) = C f(z) for almost every € G, we
get

sup [/ # ¥el| o ) < Cll* Fl 126y

By Theorem 4.4, we conclude that ”f”Hl(G) < C”go*f”Ll(G). 0
We now pick up two corollaries:

COROLLARY 1.— Suppose that ¢ is radial, compactly supported, ftgode
#0 and $(6) = O(|8]7""%) as § — oo for some g9 > 0. Let ¢ be obtained
from ¢ as above and suppose that ¢ satisfies (4.15). Then f € HY(G) if
and only if

sup gt * f(y)| € L*(G).
d(z,y)<t

COROLLARY 2.— If ¢ and ¢ are as in Corollary 1, if [(odf = 1, and
if f € HY(G), then

lim sup f*ei(y) = f(x)
=0 d(z,y)<t

for almost every ¢ € G.
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