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Existence results for quasilinear problems
via ordered sub and supersolutions(*)

MaBeL CuesTta Leon(1)

RESUME. — On démontre l'existence de solutions maximales et mini-
males dans l'intervalle formé par une paire o < § de sous et sursolutions
faibles du probléme

{—div(‘Vu|p_1Vu) = f(z,u,Vu) inQ ®)
u=0 on 9Q.

Ii p > 1, Q est un domaine borné régulier de RV et f(z,s,t) est
une fonction de Carathéodory dont la croissance en Vu est inférieure
a4 p—1+min{p/N,1}.

Notre démonstration utilise une généralisation pour le p-laplacien de
I'inégalité de Kato. On étudie également les systémes non coopératifs
de deux équations quasi linéaires du méme type que (P).

ABSTRACT.— We prove the existence of maximal and minimal solu-
tions between an ordered pair of weak sub and supersolutions of the
quasilinear problem

{—div(qu'p_IVu) = f(z,u,Vu) inQ (P)
u=20 on 90

where p > 1, Q is a smooth bounded domain of RY and f(z,s,1)
is a Carathéodory function whose growth in Vu is less than p — 1 +
min{p/N,1}.

Our proofrelies on a generalization for the p-laplacian of Kato's inequality.
We also study non-cooperative systems of two quasilinear equations of the
same type as (P).
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1. Introduction

This paper is concerned with the existence of maximal and minimal
solutions between an ordered pair of weak sub and supersolutions of the
quasilinear problem:

{ —Apu = f(z,u,Vu) inQ ()
u=0 on 09.

Here Apu = div(|Vu|P~2Vu), p > 1, is the well-known p-laplacian operator.
We will assume throughout the paper that Q is a bounded domain of RN
with smooth boundary and f: @ x R x R* — R is a Carathéodory function,
i.e., f is mesurable in = € Q and continuous in (s,t) € R x RN,

Maximal and minimal solutions can be easily found by using the method
of monotone iterations provided f satisfies a monotonicity condition like
condition (H3) in Theorem 2.1. This method is the classical approach to
the problem of the existence of solutions of (P) via sub and supersolutions.
The case p = 2, i.e., Ap = A, has been extensively studied, starting from
Keller, Amann [1], Sattinger, Amann-Crandall [2] (see references in [1]) and
more recently by Clement—Sweers [4] and Dancer—Sweers [6].

The literature for the case p # 2 is less extensive. In the setting of
weak solutions, existence results via sub and supersolutions can be found in
Deuel-Hess [7] (see Theorem 2.2 in section 2), Hess [8], Boccardo-Murat—
Puel [3] and, when f is monotone and independent of Vu in Diaz [5] (see
Theorem 2.1). A more systematic study of the subsolution-supersolution
method for quasilinear operators of divergence form has been done by
Kura [10]. Among other results, Kura proves the existence of maximal
and minimal solutions when the given subsolution and supersolution are
respectively locally bounded [10, Theorem 3.2] or bounded [10, Theorem
3.5] allowing, in this last case, the nonlinearity f to grow in Vu up to the
power p — ¢ as in [8].

Later Dancer-Sweers [6] proved for p = 2 the existence of maximal and
minimal solutions of weak type when the sub and supersolutions are not
necessarily bounded and f grows in Vu at most linearly. The approach of
[6] is shorter than in Kura’s paper.

We present in this paper a generalization to the p-laplacian of the result
of Dancer—Sweers [6] for weak solutions (cf. Theorem 3.1 in Section 3). Our
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Existence results for quasilinear problems via ordered sub and supersolutions

result improves slightly a similar result of Kura [10, Theorem 3.2] since, as
in [6], we do not assume the pair of subsolution and supersolution to be
locally bounded. Moreover we prove as a consequence of Proposition 3.2
and corollary 3.3 that, according to the notation of [10], W-subsolutions
(respectively L-subsolutions), are actually weak subsolutions (respectively
locally bounded subsolutions) and similarly for supersolutions. The proof
of Theorem 3.1 uses Zorn’s Lemma and an inequality of Kato type which
is stated in Proposition 3.2. This generalization of Kato’s inequality will
be the key point of the proof. We also give the analogue of Theorem 3.1
for quasimonotone systems of two quasilinear equations. We have mainly
followed here the results of Mitidieri-Sweers [11] for the case p = 2.

This note is organised as follows. In Section 2, we briefly recall two
classical existence results using sub and supersolutions. The first theorem,
Theorem 2.1, uses monotone iterations in a p-laplacian setting. The second
theorem, Theorem 2.2, is close to the result of [7] already mentioned. In
Section 3, we prove our main result. In Section 4 we generalize our result
for a class of quasimonotone systems.

2. Two classical existence results using sub
and supersolutions

Let p > 1 and Wo1 P(Q) the usual Sobolev space. We denote by “ . ”p the
norm of LP(Q) and by ||u|| = ||Vu||p the norm of W(}’p(ﬂ). We denote

Np .
fp< N
p/: fl’ p*: N—p p
P 00 ifp>N.

We define 9(s) = |s|p—2, s €eR.
We recall that the operator Apu satisfies the well known condition (S;):

V up — u in WyP(Q) with limsup(—Apup , un —u) <0
n—oo
one has “un - u” — 0.

We will also use the following useful inequality:
Vz#yeR", (|:c|p—2x— {y’p_zy) (z—y)>0. 2.1
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DEFINITION. — A function u € WHP(Q) is called a solution (subsolution,
supersolution) of (P) if f(-,u,Vu) € L' (),

/qu|p—2Vu -Vedz -/ f(z,u, Vu)pdz =0(< 0, >0) (2.2)
Q Q
VeeCiQ), ¢ >0 and

u=0(<0,>0) ondQ. 2.3)

The condition on O is understood in W1=1/PP(8Q) i.e, in the sense of
traces (see Remark 5.1).

By an ordered pair of sub and supersolutions, we mean a subsolution «
and a supersolution 3 such that o < 5 a.e.

The next theorem is only stated for functions f = f(z,s). A similar
result can be found in [5, Theorem 4.14].

THEOREM 2.1.— Let us assume the following conditions:

(H1) there ezists an ordered pair o < B of sub and supersolutions of (P);
(H2) |f(z,5)| < K(z)
Vs :a(z) < s < B(e) for some K € LP(Q), ¢> (v7)';

(H3) 3 M >0 such thatV s1, sz : a(z) < 81 < 52 < B(z), we have
f(z,51) = f(z,82) < =M (¥(s1) = ¥(s2)) -

Then there exist U, V solutions of (P) such that:
(i) a<U<SV<Bae infy
(i1) U is minimal and V is mazimal in the following sense:
Yue W(}’p(Q) solution of (P) witha <u < f a.e.
thena<U<u<V<f ae

Proof . — Let I = {u€ W'P(Q)|a<u<Bae}. Define the map
T:1Im WO1 P(Q) by T(u) = v where v is the unique solution of

{ —Apv + MyY(v) = g(z,u) in Q
v=0 on 09
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Existence results for quasilinear problems via ordered sub and supersolutions

with g(z,u) = f(z,u) + My(u). It is easy to check that T is well defined
since V u € I we have that g(z,u) € W‘l’pl(Q).

Let us prove that T is increasing. Take u, v € I with u < v. By (H3),
f(z,u) + My(u) < f(z,v) + M+(v) and since the operator —Ap, + M1
satisfies the weak comparison principle (see [11, Lemma 3.1]), we conclude
that T(u) < T(v). The same principle proves that o < T'(a) < T(8) < 8,
thus T : I — I.

We construct the following monotone sequences:

{ul =a up=T(up-1)
v1=08 wvn=T(vp-1)

We claim that the sequences (up), (vn) are convergent. In order to prove
that, let us check that (uy) is bounded in W(} P(Q) (the proof for (vy) will
be similar). Multiplying the equation (2.4) by un = T(up—1) and using
(H2’) we find

Junll? + 2 =
= [ oo, wnr)un de < el | K, + 20 unca [E
and, since a < u < B a.e., then
un|| < € (2.5)

where C depends only on M, K, a, .

By Rellich’s compact imbedding theorem we deduce the existence of a
subsequence (still denoted u,) and U € Wg P(Q) such that (up) converges

to U weakly in Wg’p(Q), a.e. in 2, and strongly in both LQI(Q) and LP(Q).

Using again that un, = T(u,—1) is a solution of (2.4) we obtain, after
multiplying (2.4) by v = u, — U,

(=Aptin , un — U) <

< |||, = lun = Ully + M (Jun-a 27 + un]27) Jlun - U],

and by (2.4) and the strong convergence in L%'(?) and L?(Q), we have
(=Apun , up = U) =0(1).
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Using condition (Sy4) we finally get that limp oo un = U in WO1 (Q).
Therefore U is a solution of (P) which clearly satisfies o < U < .

Let us check that U is a minimal solution in the interval [, 8]. Let u
be a solution of (P). Then T'(v) = u. If moreover o < u < 3 then, by the
monotonicity of T, @ < un < u, V n. Hence U = limy—, 00 up, < uand U is
minimal.

Similarly we construct the maximal function V from the sequence v,. O

The next theorem and corollary are originally due to [7]. We have slightly
changed the growth condition on f with respect to |[Vul: in [7] it is at most
p — 1 which is strictly less than our growth p/ (p*)’ in (H2). The proof
of Theorem 2.2 in this case follows from [7] using Sobolev’s imbedding
theorems.

We point out that there are other existence results between sub and
supersolutions that allow f to grow in Vu up to the power p — € or even
up to p. The hypothesis on the sub and supersolutions are however more
restrictive than ours. See Remark 5.3 at the end of this paper.

Note that in the next theorem the monotonicity condition (H3) has been
removed and that we consider functions f which may depend on Vu.

THEOREM 2.2. — Assume (H1) and

(H2) |f(z,5,t)| < K(z)+alt|” ae,2€Q,Vs: a(z) <s<B(x) and
VteRN, where

K e LY(Q), q>(p*)’ and 0§r<——p—

)"
Then (P) has at least one solution Wg’p(ﬂ) between o and §.

Proof. — We introduce the function g defined by:

f(x, a(z), Va(a:)), s < az)
g(z,5,t) =< f(z,s,1), a(z) < s < B(x) (2.6)
f(:c, 5(x),Vﬁ(:c)) , 8> fB(z).
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A lemma in [7] proves that the map u — g(z,u, Vu) from W1?(Q) to itself
is bounded and continuous. If we set £ = max{q',p/(p - r)} — 1 then
1< €+ 1 < p* and Holder’s inequality gives

<afollpp + el Vel ol Vw0 e W@,
(27)

‘/ g(z,u, Vu)vde
Q

for some ¢1, ¢g > 0.

Let us define the following penalty term (different from the one used in

[m): 2 e
12,8 == ((a)=9),) + (- B@),) - (28)

forz € Q,V s €R. Then for any u, v € Wol’p(Q), we have

Vﬂ'y(z, u)vdz

/Q'y(:c w)ude > cs|u ”e+1 c6 (2.10)

¢
< eaflvllgr + eallulleallvllesa (2.9)

and

Yue W(}’p(Q), for some c3, ¢4, c5, cg > 0.
Consider now the map B : Wg P(Q) » W1#'(Q) defined by

(B(u),v) :/qu|p_2Vu‘Vvdx—/ g(:c,u,Vu)vdm+M/ v(z,u)vde
Q Q Q

for some M > 0 that will be fixed later on.

The map B is well defined by (2.7) and (2.9). It is also bounded,
i.e., the image by B of a bounded set of W(}’p(Q) is a bounded set in
W=1#"(Q). Moreover the inequality (2.1) implies that B is pseudomonotone

[12, Theoreme 3.3.42]. Let us prove that, for M large enough B is coercive,
that is B(u, u)/||u|| — 0 as ||u|| goes to +oc. Using (2.7) and (2.10) we have

(B(w),w) 2 [ Vullp=(elull gy + 2| Tully ulless ) +2 (es]ull ] - ce) -

(2.11)
We pick any 0 < € < 1/es and we use now Young’s inequality to evaluate
the term ”Vu”; ||u”e_|_1 in the inequality above to obtain

|9l el ey < ellVully +de) ull 21
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and since p/(p—r) < £+ 1 we get
[Vull} fulleyy < ellVullp +e)llullehs

where d(¢) and ¢(e) are some constants depending on €. Similarly ||u|| 41 S

“u”ﬁﬂ + ¢y. Replacing in (2.11) we get

(B(w, ) > (1= c29) | Vull2 = (eafjull 3 +cze@)uls1)
+ MC5||u||§E — Mcg — cye7.

Choose now M > 0 large enough to have Mcs > cac(e) + ¢;. We conclude
that
(B(u), u) > (1= co¢)|| V|7 — Mcg —c7.

Whence B is coercive.

All these properties imply [12, Theorem 3.3.42] the surjectivity of B. In
particular, there exists Wg’p(ﬂ) such that B(u,v) = 0, Vv € Wol’p(Q).
Thus u is a weak solution of the following problem:

{ —Apu = g(z,u, Vu) — My(z,u) in Q
u=0 on 6Q.

Let us prove that u is a solution of problem (P) i.e., that « < u < §.
Consider the test function v = (u — f3) + € W(}’p (). After multiplying in
(2.12) by v we have

(—Apu, (u— ﬂ)_l_) = L(g(z,u,Vu)— M'y(:/:,u)) (u— [3)+d:c

(2.12)

_ . v — . u— Bt 4z
= [ 18,98 w=0) e - ur [ (u-5) d

Since G is a supersolution of (P) and (u — ) _ is positive it follows that

+
[ @898 =9, de < (-85, (u-5),) -
By combining these two last results we have
0< (~Apu+Ap8, (u-9),) < —M/Q(u_ﬁ)iﬂ dr <0

which implies that (u — 8)
similarly. O

+ = 0, i.e., u < B. The proof of u > « runs
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COROLLARY 2.3.— There exists some constant C = C(a,8,9Q, K, a)
such that ||u|| < C for any solution of (P) witha <u < f a.e.

Proof. — The conclusion of the corollary follows easily after multiplying
the equation of (P) by u and using (H2). O

3. Maximal and minimal solutions of weak type
The main result of this paper is the following theorem.

THEOREM 3.1.— Assume (H1) and (H2). Then there exist U, V
solutions of (P) such that:

(i) a<U<LV<Bae,

(1) U is minimal and V is mazimal in [a, B].

The proof of [6] of this theorem in the case p = 2 uses the following
Kato’s inequality:
Alu| > sign(u) Au

where the inequality has to be interpreted in one of the following senses:

(1) foru e Wli’cl (R2) it means
/Q|u|A¢dx2 /Q¢sign(u)Audz, VéeCPQ), 630;

(ii) (weak version) for u € H'(Q) such that Au € LL (Q) it means

loc

/V|uj-V¢d:c§—/d)sign(u)Aud:c, VoeCsP(), 6>0.
Q Q

For p # 2, we vill prove in the next proposition a generalization of the
weak version of Kato’s inequality. We don’t know if any such result exists
in the literature.

PROPOSITION 3.2.— Let uy, up € WYP(Q) such that there exist fi,
f2 € LL (Q) satisfying

—Apu; < fy fori=1,2. (3.1)

- 599 —-



Mabel Cuesta Leon

Let us define

_[h@) ful@)>uwl)
19={ 10 fu@ e 7
Set u = max{uy,uz}. Then
—-Apu<yg. (3.2)

Proof. — Fix any ¢ € C§°(Q), ¢ > 0. We write

= f |Vur[P2Vuy - Vo de +/ |Vuo|P~*Vuy - Védz = I + I
Q] 92

where
U ={zeQ|u(x)>u(z)}, Q=0\0.

Let us take a sequence of functions &, : R — R such that

1 ift>1/n

0 ift<o,

We now introduce the following sequence of functions:

gn(z) = én ((“1 - “2)(1'))

for € Q. The function g, € WP(Q) since &, € C1(R),&], € Co(R)and uy,
ug € WHP(Q). It is clear that g, converges pointwise to the characteristic
function of ;:

£ € O1(R), 5n(t)={ €50 on(0,1/n).

1 zey
191(x)={0 o

Moreover since ||qn || o < 1 by Lebesgue Theorem of dominated convergence
we have

L= lim | gu|Vur|["?Vu; - Véda. (3.3)
Q

n—0oo

Besides the function 0 < gn¢ € W(}’p(ﬂ) because ¢n, € W('}’p(Q) N L*(Q)
and ¢ € C§°(Q). Integrating by parts the above integral we obtain

/nanVull‘”‘2Vu1 - Védz =
:/Q|Vu1|p—2Vu1-\7(qn¢)dx—/Q 8|Vur [P Vuy - Vgn de .
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Hence
JanlvuaP v Vode< [ guéfide— [ o[Vu Ve Ve de
i (3.4)
since Vgn, =0 on Q\ Q, where
1
Q, = {:c e ' ug(z) < ui(z) < ug(x) + ;} .
Similarly, for I we have
I, = lim / (1- qn)|Vu2|p—2Vu2 -Vodz (3.5)
n-—0oo Q
and after integrating by parts it becomes
/ (1- Qn)IVU2Ip_2VUQ -Véde <
o (3.6)

< /Q(l —qn)9f2dz +/Q $|Vus P2 Vuy - Vgn de.
We have that:

(a) the first two terms on the left hand side of (3.4) (3.6) give at infinity,

Jim [anoridz= [ onde

lim /ﬂ (1 - gn)fada = /Q of2dz

n—oo

(3.7)

by Lebesgue Theorem of dominated convergence;

(b) the sum of the second terms on the left hand side of (3.4)-(3.6) can
be estimated as follows. We replace Vg, = &, (u1 — u2)V(u1 — ug)
and we use that &, > 0, ¢ > 0; then it follows from condition (2.1)
that

/ $€! (uy — ua) (|vu2|p‘2w2 - |vu1|”’2vu1) V(uy — ug)dz < 0.
Qn
(3.8)

Finally, adding (3.3), (3.5) and using (3.4)-(3.8) we get, after going to
infinity,

(-2pu0)< [ ohde+ [ ofrde= [ ogds
191 Q2 Q
and the proof is completed. O
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COROLLARY 3.3.— Letuy, ug € WHP(Q) be two subsolutions of (P) and
define u = max{uy,uz}. Then u is a subsolution of (P).

A similar statement holds for the minimum of two supersolutions.

Proof of Corollary 3.3

Condition 3.1 is automatically satisfied. Moreover we have that g(z) =
f(z,u(z), Vu(z)) a.e. z € Q and the corollary follows from (3.2). O

Proof of Theorem 3.1

Let us consider the following set
N = {u e WH(Q) | a(z) < u(z) < B(z) a.e. and u is a solution of (P)} .

We first prove the existence of the maximal solution V. In order to do that,
we show that N satisfies the hypothesis of Zorn’s Lemma. Let {ui}i el be a
completely ordered family of N. Let {un} be a sequence that is cofinal with
respect to the ordering < . By corollary 2.3, ||un|| < C. Then there exists
a subsequence (still denoted uy,) converging to some u weakly in Wg ()
a.e. and strongly in L°(Q2) where s is any fixed real number such that

max{q', p }§s<p*,
p—r

Observe that, since u, is increasing, we have

a<u, <u<fB ae inQ.

We claim that u is a solution of (P), that is, v € N. In order to prove
the claim it will be enough to show that the sequence u, converges strongly
to u in Wg’p(Q). We first observe that the sequence ||f(:c,un,Vun)||s, is
bounded because of the growth condition (H2) and that ||un|| is bounded
as well. Using the L® convergence we deduce that

/ f(z, un, Vup)(un —u)dz — 0. (3.9)

Q

Then testing (P) (for the solution u,) by v = un — u and using (3.9) we get
(—Aptin , up —u) — 0.
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By (S4+) we conclude
Up — U in Wc}’p(Q).

By Zorn’s Lemma there exists a maximal element V € N. We want to prove
now that V' is maximal in the sense of Theorem 2.1. For this purpose let
u1 be any function of N and put us = V' in Proposition 3.2. Since

—Apu; = f(x,u;,Vu;) fori=1,2

then condition (3.1) is immediately satisfied. By corollary 3.3, u =
max{uy,uz} is a subsolution of (P). We now apply Theorem 2.2 between
[u, B]. Hence there exists a solution z of (P) such that

a<u<z<pB.
Hence z € N. From the inequalities
V = up <max{uj,us} =u<z2

and the fact that V' is maximal in N, we conclude that V' = 2. Therefore
u; <V as claimed.

The existence of U can be proved in a similar way. O

4. Quasimonotone systems

It is not very hard to extend the corresponding result of Theorem 3.1 for
quasimonotone systems. For sake of simplicity we consider systems of two
equations of the form: '

—Apu = g(z,u,v,Vu) in Q
—Agv = h(z,u,v,Vv) in Q (S)
u=v=0 on 69,

where h, g : @ x R x R x RN — R are Carathéodory functions, that is:

e measurable in z € Q,

e continuous in (s1, 82, ;).

We recall that system (S) is quasimonotone if
g(z,81,89,t1) is increasing in s; € R for all fixed z € Q, 51 € R, ¢ € RN,
h(z, s1,82,t2) is increasing in s; € R for all fixed ¢ € Q, s3 € R, 12 € RN,
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When ¢ (resp. h) is a function satisfying a (H3) type condition in u
(resp. v), is increasing in v (resp. u) and it does not depend on Vu (resp.
Vv), it is possible to prove the existence of maximal and minimal solutions
between a pair of sub and supersolutions using monotone iterations as in
Theorem 2.1

For p = ¢ = 2 maximal and minimal solutions of weak type for
quasimonotone systems has been obtained in [11]. See [11] for references on
this subjet. We give here a generalization of this result to the system (8S).

Let us recall some definitions. For simplicity we write X = W1P(Q) x
Whe(Q), Xo = WoP(Q) x Wy *(R) and || (u,v)|| = llull+lo]l, ¥ (u,v) € Xo.

DEFINITION. — The pair (ug,vo) € X is called a subsolution of (S) if
9(z, uo, vo, Vo) € LP' (Q), h(z, ug, vo, Vo) € L7 (Q) and

—Aqvp < h(z,ug,v0, Vvg) in Q

{ —Apug < g(x,up,v0, Vug) in Q
ug, vo <0 on 0Q.

Similarly we will define supersolutions of (S) reversing all the inequalities
above. By (ug,vo) < (u0,v°) we will mean up < u® and vg < v° a.e. in Q.

THEOREM 4.1.— Assume that:

(H1) there ezists a subsolution (ug,vo) € X and a supersolution (uO, vo) €
X of (S) with (ug,vo) < (u°,2°);

(H?) |g($,31,82,t1)| < Kl(l‘) +a |tl|r11 |h(1‘,81,82,t1)l < Kz(.’l?) +
a2|t2|72, Y 51, 82 € R such that
up(z) < 51 < uo(:c), vo(z) < 82 < vo(:c) for all t1, t, € RN

and for some

Ki€L™(Q), KyeL™(Q), n1 > (p*)', n2 > (¢,
q

()"

037‘1(—1—)—- 0<rog<

()"

Then there ezists a mazimal solution (U, V) € Xo and a minimal solution
(Z,W) € Xo between (ug, vo) and (u°,°).
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Proof.— As in [11] we start proving the following result.
1) There exists M > 0 depending on ug, vo, u°, 0, Q, K;, a; such that
for every subsolution (%,7) with (ug,vo) < (4,7) < (u0,20), then there
erists a subsolution (u*,v*) satisfying (¥,7) < (u*,v*) < (u%,00) and
7)) < .

In order to prove 1). consider the following problems:

{ —Apu = g(z,u,v,Vu) inQ (41)

u=0 on 99,

{ —Aqv = h(2,%,v,Vv) inQ (4.2)
v=20 on 9Q.

We then apply Theorem 2.2 to (4.1) taking & < u® as the ordered pair

of sub and supersolutions and to (4.2) with the pair ¥ < v°. It turns

out that there exists M = M(up,vo,u%v°,Q, K;, a;), u* € Wol’p(Q) and
v* € Wy(Q) solutions of (4.1), (4.2), respectively, with

i<u<u®, T<v<O

and
“(u*,v*)“ <M.

Since % < u* and ¥ < v* one finds g(z, u*, 7, Vu*) < g(z, u*,v*, Vu*) and
h(z,d,v*, Vv*) < h(z,u™,v*, Vv*) and hence (u*,v*) is a subsolution of

(S).
2) Zorn’s lemma.

Consider the set N of (u*,v*) € Xg such that there exists a subsolution
(u, ) of (S) satisfying

{UOSﬂSU*Suo, vo ST L v <P,
x*

u*, v* are solutions respectively of (4.1), (4.2) for the pair @, 7.

We now apply Zorn’s Lemmato N. Take an ordered sequence {(un, vn)} neN
of subsolutions in N. Since ||(un, vn)|| < M there exists a subsequence (still
denoted (un, vn)) such that the subsequence converges to some (u,v) € Xg
weakly in X, strongly in LP(Q) x L?(Q2) and pointwise a.e. In fact we can
prove that the sequence (un,vp) converges strongly to (u,v) in Xo arguing
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as in the proof of Theorem 3.1. One has to write uy, (resp. v,) as a solution
of the auxiliary problem (4.1) (resp. (4.2)) and repeat the proof. Finally
we choose a (sub)sequence such that (Vuy, Vu,) converges pointwise a.e.
in Q.

It is easy to see that (u, v) is a subsolution of (S). This is a straightforward
consequence of the inequality

/|Vun|p_2Vun-V¢dx§/g(:c,un,vn,an)qum
Q Q

for any ¢ € C§°(Q), ¢ > 0 and for any n € N. We can pass to the limit
inside both integrals using the strong convergence in the right hand side and
the continuity of g (jointly with (H2)) in the left hand side. By the result
of 1) there exist (u*,v*) € N with ug < u < u* <% vp < v < v* < 0.
Hence the sequence has an upper bound in N. By Zorn’s Lemma, N has a
maximal element (U, V) in the sense of the ordering.

3) The mazimum of two subsolutions in N is a subsolution.

Let (up,v1), (ug,v2) € N. Call u = max{uj,uz}, v = max{vy,v2}.
Apply Proposition 3.2 to the functions f; = g¢(-,u1,v,Vui) and fo =
9(-,u2,v,Vug) (resp. fi = h(-,u,v1,Vo1) and fo = h(-,u,v2,Vua)).
It follows that —Apu < g(x,u,v,Vu) and —Azv < h(z,u,v, Vv) that is,
(u, v) is a subsolution.

4) A mazimal element in N is a solution of (S) and it is a mazimum.

Let (U, V) be a maximal element in N. First we prove that it is a solution
of (S). If this was not the case then, by the result of 1) there would exist
(u*,v*) subsolution of (S) such that:

(@) (U, V) < (um,v7)
(ii) u*, v* are solutions respectively of (4.1), (4.2), for the pair (U, V).

Since (U, V) is maximal then necessarily (U, V) = (u*, v*) and therefore
(U, V) is a solution of (S).

Now we show that (U, V) is a maximum. Let (u,v) be any solution of
(S) between (ug,vp) and (u® v°). Then trivially (u,v) is a subsolution of
(S) and u, v are solutions respectively of (4.1) and (4.2) for % = u and
¥ = v. Hence (u,v) € N. Using the result of 3) (max{u, U}, max{v,V})
is a subsolution of (S), and by 1) there exists an element (u*,v*) € N
such that (max{u, U}, max{v,V}) < (u*,v*). Then (U, V) < (u*,v*) and
hence U = u*, V = v* which implies (u,v) < (U, V). The proof is now
completed. O
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5. Final comments and remarks

Remark 5.1.— We impose the regularity of the domain Q only to give a
sense to the inequalities defined on the boundary of . Inequalities on dQ
can be defined in a different way as in Kinderlehrer and Stampacchia (see
[6]). This entails only minor changes in the proofs.

Remark 5.2.— The results of Proposition 3.2 and Theorem 3.1 are also
true if we replace A, by any other operator

N
Ap(z,u, Vu) = Z (9% Ai(z, u, Vu)
1=1 ?

satisfying conditions (A1)-(A3) as in [7] and [8]:

(Al) each A; is a Carathéodory function and there exist cog > 0, Ko €
L?'(Q) such that

|4i(z, 5,8)]| < Ko(e) + eo[ls][77 + [1t) 5

(A2) TN (4i(e, 5,8) - Ai(z, 5,)) (i —t)) >0,V s € R,V t #¢' € RV,
a.e. r;

(A3) Z;’\; Ai(z, s, )t > CY”th, VseR,teRY, ae. 2.

Notice that the key point in the proof in Proposition 3.2 is inequality
(3.8) which will follow from hypothesis (A2).

Remark 5.3.— In Remark 1 of [6] the authors prove that their result
on maximal weak solution for problem (P) with p = 2 can be extended to
nonlinearities of the form f(z, u, Vu) with:

|f(z,s,1)| SC(1+Qt|2) forz € Q, a(z) <s < B,

provided a, 3 belong to W1°(Q) and Q has a C?-boundary.

For quasilinear problems, the existence of solutions between an ordered
pair of sub and supersolutions o, 8 € W1°°(Q) for nonlinearities of the
form

|f(z,5,1)| < K(z)+C|t]
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for ae. z € Q, a(z) < s < B(z) and K € LP'(Q) has been established by
[3]. However, we can not still assert the existence of maximal and minimal
solutions (see [10, Remark 3.1]).
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