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An Existence Result on
Noncoercive Hemivariational Inequalities(*)

GeoRGE Dinca(l) | Panacrotis D. PanagioTopouros(?)
and GaBRIELA Pop(l)

RESUME. — On donne des résultats concernant 1’existence de la solu-
tion des inégalités hémivariationnelles non coercives sur des ensembles
convexes dans un espace hilbertien de dimension infinie. Les démonstra-
tions utilisent essentiellement I’existence de la solution en dimension finie
et certaines techniques de régularisation.

ABSTRACT.— In the present paper nonccercive hemivariational in-
equalities on convex sets are studied. Applying the method of recession
cones using a regularisation procedure and beginning from a finite di-
mensional problem we derive sufficient conditions for the existence of the
solution.

1. Introduction

The theory of hemivariational inequalities has begun some years ago
with the works of the second author (see [20]) concerning the derivation
of variational expressions for nonconvex nonsmooth energy functions. Such
variational expressions are called hemivariational inequalities and their
derivation is based on the notion of generalized gradient of F. H. Clarke
[7]. For a complete list of references on the subject we refer to [21].

The aim of the present paper is to give an existence result for nonccercive
hemivariational inequalities on convex sets in a real Hilbert space. For
variational inequalities which are nonccercive such results can be found in
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the works of Fichera ([10], [11]), and Lions and Stampacchia [17]. In [2],
Baiocchi, Gastaldi and Tomarelli extend and unify these well-known results.
There is partial overlapping of their results and those contained in Brezis
and Haraux [3] and Brezis and Nirenberg [4]. Some ideas from a paper
of Goeleven [12] will be used in the present paper. Our framework is the
following:

2 is an open bounded subset in R™, V is an infinite dimensional real
Hilbert space with the scalar product (-, -) and norm || - ||, such that

V C L) C V*, the injection of V in L%(Q) being compact; (1)
the duality pairing between V' and V™ will be denoted by (-, -);
a:{u,v} —a(y,v) = (Tu,v) with T € L(V,V*), (2)
is a bilinear continuous form on V with values in R;
K CV is aclosed, non-empty convex set ; (3)
£:v— ({v) is alinear continuous functional on V'; 4)

B € L>®(R), B(€ £0) exist for any £ € R and there is £y € R such that

esssup B <0< esssup f; (5)
(=00,~&0) (€0y400) :
J is defined by ¢
i©= [ swa. ©)

We consider the functions:

Bu€) = e sup A1) and B (€)= esssup S(&1).

§1-¢I<u [€1~¢€|<u

They are increasing and decreasing functions of yu, respectively; therefore,
the limits for 4 — 04 exist. We denote them by B(£) and B(&) respectively.
Chang [6] has shown that if § € Lf°. and (€ £ 0) exist for every £ € R,

then a locally Lipschitz function j : R — R can be determined by simple
integration, i.e., j(§) = f(f B(t) dt, such that

(8e)(€) = [B(6), BE)] , )

where (¢ j)(€) stands for the generalized gradient of Clarke for j at point
€ (cf. Clarke [7], Aubin [1]).
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According to Rockafellar (see [23, p. 62]), we call recession cone of K
(asymptotic cone, according to Bourbaki’s book, [5, p. 125]) the set

E®=()a(K-20), 20€K (8)
a>0

(see also Baiocchi, Gastaldi and Tomarelli [2, p. 623]).
This definition is independent of zg. The following results hold:

K is a closed convex cone with vertex at the origin; 9)
if K is a cone, then K = K (10)
if 0 € K, then K*® C K. (11)

An element w € V belongs to K if and only if either of the following
conditions is satisfied:

r+wekK, VeeK,; (12)
r+awekK, VYVzeK,Ya>0; (13)
Jzp€K : zo+awe K, Va>0. (14)

Let T* € L(V, V™) be the adjoint of T":
a(u,v) = (Tu, v)
a(v,u) = (T"u,v), VYu,veV.

We denote by
N(T,K)=K*®NnKer(T+T")

and by
KHT,K)={z* e V* | (z",y) >0, VyeN(T,K)}.

We say that K+ (T, K) is solid if its topological interior is not empty:
o]

———
KY(T,K)#0.
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Remark 1.1.— Let us assume that N(T, K) # {0} and denote by
int{K¥(T,K)} = {«* e V" | (z",9) >0, Vy € N(T,K), y # 0}

Then we get

(o]

——
1) K¥(T,K) C int{ K (T, K)};

o

N
2) if Ker(T+T™) is finite dimensional, then K (T, K) = int{ K+ (T, K)}.

Proof

o
e N

1) Let 2§ € K¥(T, K). There exists ¢ > 0 such that z§ + z* € K (T, K)
for any z* € V* for which ||z*]| <e. Let ye N(T,K), y# 0 and 2] € V*
be defined as follows:

« n__ w9
<‘T1>C) - “y” €, VCE V.

Since ||2%]| < € we get z3+2] € KT (T, K). Consequently (zj+z7, y) >0,
which implies .
(25,9) > (—=21,v) =lvlle > 0,

the last inequality entailing z € int{ K*(T, K)}.

2) Next we prove that in case Ker(T' + T™) is finite dimensional, the

inclusion o

N
int{ K*(T,K)} c K*(T, K)

holds. Since int{K*(T,K)} C KT(T,K), it is enough to show that
int{ K*(T, K)} is open (or, equivalently V* \int{ K* (T, K)} is closed).

In order to prove it let (m,‘;)n C V*\int{K* (T, K)} be a sequence such
that 2}, — z* in V*. Then, for any n € N, there exists y, € N(T, K),
yn # 0, such that (z3,yn) < 0. Let the sequence {» = yn/||lyn|| € N(T, K).
Since Ker(T + T*) is finite dimensional, we can assume (passing to a
subsequence if necessary) that {, — ¢ € N(T,K), ||[{|]| = 1. Using
(z3,¢n) < 0, we obviously get (z*,{) < 0, where ( € N(T,K), ( # 0,
that is 2* € V* \ int{ K+ (T, K)}.
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DEFINITION 1.1.— We say that T € L(V, V™) is “positive plus” on K if
the following conditions are fulfilled:

(i) Tz,2)>0,Vze K,
(ii) ¢ € K* and
(Te,z) =0=z € Ker(T+T7).

Remark 1.2 (Mironescu, [18]).— If T € L(V, V™), then
(Tz,z) >0, V2eK <<= (Tz,z)>0, VYVzeKUK®.

Obviously, only the “only if” part should be proved.
Let 2 € K. If 2 = 0, then (T'z,z) = 0.
Suppose ¢ # 0 and let ¢ be any point in K. Then, for any ¢t > 0,
2o + tx € K. Consequently,
<T(z‘0 +tz), zo+ t:c) =
= (Tzo, z0) + t((Tzo, 2) + (T, z0)) +t2(Tz,z) >0, Vt>0.
Taking the limit as t — oo, we further get (Tz,z) > 0.

According to this remark, the Definition 1.1 is equivalent to Goeleven’s
definition [12] where the condition (i) is formulated as (Tz,z) >0,V z €
KUK®™,

The Definition 1.1 of “positive plus” operators seems to be a technical
one. Note that the classe of “positive plus” operators, basically introduced
by Goeleven in [12], includes the classes of copositive plus matrices (cf.
Lemke [16]), of copositive plus operators (¢f. Gowda and Seidman [14])
and also the class of semicoercive operators (cf. Fichera [11]; see also the
concluding remarks of the present paper).

2. The main result

THEOREM 2.1.— Suppose that conditions (1)-(5) are satisfied. More-
over, let the following conditions hold true:

(i} T is positive plus on K;
(ii) K*(T,K) is solid;
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(i) the map ¢ — (T, z) is weakly lower semicontinuous;
(iv) every sequence (zn), C V such that ||en|| = 1 and liminf(Tz,, 2,)
=0 has a subsequence (:cnk)k, such that zn, — « in V and z # 0.

(<]

e e,
Then, for every £ € T(K)— KT (T, K), the solution set of hemivariational
inequality:

veK, a(u,v—u)+/Q(ch)(u)(v—u)dQ >, v-u), YveK, (15)

1s nonemply.

(In (15),
(Dej)(x)h = limsup M—_M
Ay:oﬁ A

stands for the directional Clarke derivative).
Remark 2.1.— Let us remark first, that hypothesis (iv) in Theorem 2.1
implies that Ker(T + T™) is of finite dimension.

Indeed, in case it were not true, there would exist (zn)n C Ker(T+T7)
such that
llzn)l]=1 and =z, —~0in V.

But (Tzn,zn) = 0, hence, using the hypothesis (iv), it follows that there
exists a subsequence (zy,) . C (zn)n such that

Ty ANy #0,
which obviously contradicts the previous equation.

Remark 2.2.— From the Remarks 1.1, 2.1 and using the hypothesis (iv)
in the Theorem 2.1 too, it follows that if N(T, K) # {0}, then

—_—
Kt (T,K) = int{ K(T, K)}
={e*eV*|(z*,9) >0,YVye N(T,K), y#0}.

The previously derived result will be systematically used as an argument in
proving the Theorem 2.1.
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We will prove first the following intermediate result.

PROPOSITION 2.1.— Let us assume the hypotheses of Theorem 2.1 to be
satisfied and let € € (0,1) be arbitrarily chosen. Then, there is u® € K (not
necessartly unique) such that:

(Tus,v——u5)+/ Be(u)(v—u)dQ > (¢, v—u®), YveK, (16)
Q
where B, ts the mollification of B, t.e., Be = per 3, with
1 .
pe(-)=;p(;) , PED(-1,1), p20
and

/Zp(s)de=1.

Proof

(o]

P S
Step 1. Since K*(T, K) is solid (hypothesis (ii)), we get KT (T, K) # 0.
]

e N,
Using the hypothesis £ € T(K) — K¥(T, K), we further infer that there
exists £g € K such that

(o]

e N
Tzo—£€ KY(T,K) . (17)

Step 2. Denote by F, the family of all finite dimensional subspaces of V
which contain zq. If F' € Fy,, then there is uf € K N F such that

(Tuf, v——u%)+/ Be(ugp)(v—uf)dQ > (£,v—u%), VveKNF. (18)
Q
For the proof, let J - F — F*, defined as follows:
(Tu0)ppe = Tuv)+ [ Belupoan = (60), (19)

F being endowed with the norm induced from V. We shall show that J is
continuous. Indeed, if u, Y, u, then is easily seen that

|7n = Tullpo < [Tem = Tl + el un) = 8o 20y
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¢ being the constant used to express the continuous imbedding of V into
L%(Q), and the problem reduces to showing that

L3(Q
Be(un) 2D B.(u).
But, the injection of V into L%(Q) being continuous, we have

L*(Q)
Up —/ U

and, consequently, there exists a subsequence (unk) r C (un)n such that
Un, — u a.e. on . It is easily seen that for any t1, t2 € R, we have:

|B:(t1) = Be(t2)| < ||ﬁ||Loo(1R)- [FA ”C([—a,e]) [ty —t2| (Jt1 —t2| +2¢) . (20)

Consequently,
Be(un,) — B:(u) a.e. onQ.

On the other hand, |ﬂs (t)] < H B || Leo(R) for any ¢ € R and, from the classical
dominated convergence theorem, it %ol)lows that

,Bs(unk) LQ_((Z) ﬁs(u) .

So, we have the following result: if up Y, u, then there exists a

subsequence (un,), C (un), such that

L2(Q
Be(tng) =D 8. (w).
It follows from this that
L2(Q
Bo(un) 2D ().

Indeed, if one assumes on the contrary that the above limit is false, then
one easily obtains a contradiction to the result stated above.

For each n € N, let B, = {ue€V ||[u]|[<n}. Aszg € KNF, forn
sufficiently large, the compact convex set K, = KNF N B, contains zg. By
using a classical result (see Theorem 3.1 in Kinderlehrer and Stampacchia
[15]) for any such n there is un € Ky such that

(T, v=tn)pp. 20, YveKn,
that is

<Tun,v—un>+/0,65(un)(v—un)d92(ﬂ,v—un>, Vve Knp. (21)
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We shall show that the sequence (un), is bounded. Suppose to the
contrary, that (us), is unbounded, i.e. (passing to a subsequence if
necessary) ||un|| — oo and let

Passing (if necessary) to a subsequence, we can suppose that
V ~ ~
tn, —Z, ||Z||=1 and 4, —0.

Let us show that ¥ € N(T,K) = K*® N Ker(T + T*). We show first that
z € K*°. According to (13) it is sufficient to show that for any v € K and
a>0,v+af €K.

Let v € K and « > 0. For n sufficiently large, we have a/||un|| € [0, 1]
and, by the convexity of K,

(1— a )v+ a u, € K

that is

<1— a >v+a:anK.
[|un]]

Passing to the limit one obtains v + aZ € K.

As ¥ € K* and T is positive plus on K, in order to prove that
Z € Ker(T + T™) it is sufficient to prove that (T%, Z) = 0.

According to (21) we have

<Tun , Lo — un> + /Q Be(un)(zo — upn) dQ > <£, zg — un> , (22)

for n sufficiently large.

At this moment we need the following auxiliary result (see the proof of
Lemma 2.1 in Panagiotopoulos [22] or Rauch and McKenna [19]): there are
the constants p; > 0, po = “ﬂHLw(JR)’ which do not depend of ¢, such that:

£Be(§) >0 for |€] > p1 and € € (0, 1),
> —p1p2 for any £ € R and € € (0,1). (23)
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Consequently, one has
| Betun)(a0 = 1) 49 < |8l oy ol sy + o2 mes2. (2)
By combining (22) and (24) one obtains
(Tun, 20— tn) +[|8]| oo (r)" |20l 11 () + P12 meESQ 2 (£, 2O —un) . (25)

Now, divide by ||un ||2 in (25) and pass to the limit. One obtains (TZ, Z) <0
that is, in fact, (TZ, Z) = 0 and, consequently, Z € Ker(T' + T™).

Let us resume: assuming that the sequence (un)n is not bounded we
infer the existence of ¥ such that

Un

llunll

—

8

FENTK), |7]=1, zn=

hold. But this entails a contradiction.

Indeed, the case N(T,K) = {0} is inconsistent with Z € N(T,K) and
lIZ]| = 1.

If N(T,K) # {0} then, from (17) and Remark 2.2, we get
(Tzo—£,%) > 0. (26)

On the other hand by the positivity of T, (Tun, un) > 0, so that, taking
into account (25) it follows that

(Tun,20) + 8] 2y Il + Pro2mes 2 (6, 0 = un).
Dividing by ||ur|| and passing to the limit one obtains
(TZ,z0) > —(£,T) .
But, taking into account that & € Ker(T + T™), we also have
(TZ,z0) = —(T"%, zo) = —(Tx0, T)

therefore,
(Tzo,%) < (4,7)

which contradicts (26).
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The sequence (un), with un € K N F N By and satisfying (21) is,
consequently, bounded. We can suppose (passing to a subsequence if
necessary) that

Uy AN ue KNF.
To conclude the proof for Step 2 we shall show that such an u satisfies
(Tu, v—u>+/ Be(u)(v—uw)dQ >(¢,v—u), YveKNF. (27)
Q

Indeed, let v be an arbitrary element in K N F.

For n sufficiently large, v € K, = K N F N B, and, consequently,
(Tun,v—un)+ /Q Be(un)(v — un)dQ > (€, v — up). (28)
Taking into account the previous results, we have:
un Lou=s up 2Dy = Be(un) 79 Be(u) .

Consequently, passing to the limit in (28), inequality (27) follows.

Let us underline the result obtained above: if F is a finite dimensional
subspace of V such that xg € F, then there exists ug € K N F such that
(18) is satisfied.

Step 3. Let F € Fg, and

VE = U {u € K | u satisfies (27) forevery v€ KN F'}.  (29)
FleFy,
F'OF

For every F € Fy,, the set VI is (nonempty and) bounded.

Indeed, let us suppose the contrary: there exist un € K, ||up|| — oo and
F! O F such that:

(Tun, v—un>+/nﬂs(un)(v—un)d9 > (£, v—ug), VveKNEF,. (30)

By using the same arguments as above, we have:
(Tun, v = un) + |8l poo(m) - V]l 12 ) + PrP2 MESQ >
>(¢,v—un), YvEKNF,.
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As 20 € KNF C KN F] for any n, we have, in particular,

(Tun, 20 = un) + || Bl| oo gy [20]| 11 () + PLP2 MeSQ >

(31)
2<Z,x0—un>, VneN.

Let 2, = up/||un||. Passing to a subsequence, if necessary, we can suppose
W o~
rpn —> .
We shall prove that Z € N(T, K) = K* N Ker(T + T™).

We show first that T € K*°.

To do it, let v be an arbitrary element in K and a > 0. For n sufficiently
large, we have a/||un|| € [0, 1] and, consequently,

«
1- —) u, € K,
( Tuall) * 7 Tl n|| "

which can also be written as

(1 al > v+ar, € K.
||unll

Taking the weak limit, it follows that v + @ € K (being convex and closed,
K is weakly closed), which implies € K.

As T is positive plus on K, in order to prove that € Ker(T + T), it 1s
sufficient to show that (T'Z, x) = 0. To do it, let us divide (31) by ||un||
One obtains:

x 1
(7o g =)+ e (Plemiay leoliogay + pmmes) >

e =)
> £, =0 g, ).
= Nuall N7 luall "

Taking the sup-limit in this inequality one has:

hmmf(T:cn, rn) <O0.

n—oo
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On the other hand, by using the positivity of T and condition (iii), it follows
that:
0<(TZ,2) <liminf(Tzp,z,) <0,

n—oo

therefore, (TZ,%) = 0.

Let us observe that Z # 0. This is a simple consequence of
llzn]l =1, Lminf(Tey,,z,) =0
N—00

and hypotesis (iv).

Let us resume: assuming that V£ were not bounded, the element Z
obtained as above would be such that, simultaneously, ¥ # 0 and % €
N(T, K). But this entails a contradiction. Indeed, the case N(T, K) = {0}
is inconsistent with 2 € N(T,K) and £ # 0. If N(T,K) # {0} then, from
(17) and Remark 2.2, we obtain

(Tzo—£,%)>0. (32)
On the other hand, by the positivity of T, one has
(Tun,un) >0.

By combining this last inequality with (31) and dividing by ||uy|| one derives:

1
{Tzn, zo) + Taa] (”'BHLW(]&) [|zol| 11 ) + 1oz mes Q) 2

Z <f, ﬂ_ = xn> .
l[unl]

Passing to the limit in (33) (and taking into the account that operator T is
“weak to weak continuous”) one obtains:

(33)

(TZ,20) > —((, 7).

With the technique used for Step 2 we derive from this the inequality below
(Tzo—£,7) <0,

which contradicts (32).
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Step 4. Now we are able to indicate an element u® € K which satisfies
(16). To do it, we proceed as follows: according to the previous result,
for every F € Fz,, V§ is a (nonempty) bounded set contained in K.
Consequently, the weak closure of Vg, V_I?w is weakly compact and also
contained in K.

Fix Fo € F, and consider the family {VE“ NVE™ | F € Fu, } (it is a

family of weakly closed subsets contained in the weakly compact set ng)
Obviously, this family has the finite intersection property. Consequently,

N (E*nVE*)= N T #0.
F€Fa, F€Fa,

Consider an element u® € nFeF,O I—/If?w‘ We shall show that such an
element satisfies (16).

Indeed, let v € K and F € Fy, such that v € F. Because u® € VE °,
there is a sequence (un) , C VE such that un ., u®. Taking (29) into
account, this implies: there exist Fy, € Fy,, Fr D F such that

(Tun, w——un)+/nﬁ5(un)(w—un)d92 (Z, w—un),
VweKNF,,VneN.

In particular,
(Tun, v—un>+/nﬂa(un)(v—un)d9 >{¢,v—un), VneN. (34)

Because u, — u® and T is weak to weak continuous,
(Tun,v) — (Tu®,v). (35)
Moreover, by using hypothesis (iii), it follows that
(Tu®,u®) < l%rgioréf(Tun, Up) . (36)

Finally, we shall show that

ligsolip /Q Be(un)(v — upn)dQ < /Q,Bs(ue)(v —u®)dQ. (37)
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Indeed, because the imbedding of V into L2(Q) is compact, we have:

L2 (Q
Up — U => up, —(r)ue

= (passing possibly to a subsequence) un, — u® a.e. on Q.

By using estimation (20), it follows that 8¢ (un) — Be(u®) a.e. on Q.
On the other hand

Be(un)(v — un) < p1p2 + ”/BHLOO(]R) “|v] ae. on,

therefore, by using Fatou’s lemma one has:

limsup /Q Be(un)(v — upn)dQ < /Qlimsup Be(un)(v — up) dQ
= / Be(u)(v = u®) dQ
Q

which is precisely (37).

Passing to the sup-limit in (34), and taking into account (35), (36) and
(37), we obtain (16) and the proof is complete.

Now we are able to give the following proof.

Proof of Theorem 2.1

—_——
Let £ € T(K) — K¥(T,K) and let 29 € K be such that

[+]

e N——
Tzo—£€ KT(T,K) .

According to Proposition 2.1, for every € € (0, 1) the set {ue | u® satisfies
(16)} is nonempty. Moreover, we shall show that

U={u" €K |ce(0,1), u satisfies (16)}

is bounded.
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Indeed, if we suppose on the contrary that this family is unbounded, we
have: there exists a sequence (en), C (0,1) and a sequence (ue,), C K
such that

(Tuen v usn> + / Ben (uen ) (v — e, ) dQ2 >
Q

(38)
>(f,v—u.,), VveK,VneN,
with ||ue, || — oo.
By using the estimations (23) again, we easily derive from (38)
(Tten , v — ue,) + ||'B||L°°(1R) : HUHLI(Q) + p1p2 mes ) > 58)
2<£,v—u5n>, VveK,VneN.
In particular,
<Tu€n y L0 — u€n> + ”,BHLOO(]R) : “500||L1(Q) + p1p2 mes) > (39)

<{€,20—ue,), VREN.

Let us set zp, = uc,/||te,|. We can suppose z, — Z. By using

arguments like those used for Step 3 in the proof of Proposition 2.1
(inequality (39) replacing (31) this time) one obtains:

ZEN(T,K), T#0 and (Tzo—£,%)<0.

But this entails a contradiction. Indeed, the case N(T,K) = {0} is
inconsistent with ¥ € N(T,K) and & # 0. If N(T,K) # {0} then, from
o

e N,
Tzo — £ € KT (T, K) and Remark 2.2, we get (Tzo — £, &) > 0 which is
inconsistent with the already established inequality <Ta:o -~ ¢, 5) <0.
Now, the family 4 = {u® € K |c€ (0,1), uF satisfies (16)} being

bounded, there is ¢, — 04 and a sequence (usn)n C U such that

Ue, — u€K.
We shall show that u satisfies (15).

Indeed, let v be an arbitrary element in K. We have:
(Tue, , v—u€n>+/ Ben (ten)(v—1te, ) dQ > (£, v—ue,), VneN. (40)
Q
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With the (same) arguments used in order to obtain (35), (36), (37) we can
write:

limsup(Tu,, , v — u€n> < (Tu, v— u) (41)
n—o0

limsup(€, v — ue, ) = (€, v — u) (42)
n—oo

lim sup / B (te)(v — 12, dQ <
Q

n—0oo

< / limsup B¢, (ue, )(v — ue,, ) dQ. (43)
Q n—o
The essential point consists in showing that for any y € R,
limsup B, (ue, )(¥ — te,) < (Dej)(u)(y —u) ae. onQ.  (44)
n=—00

Since we can suppose (passing, possibly, to a subsequence) u., — u
a.e. on Q, for the proof of (44) it is sufficient to show that for any
r € Q such that ue,(z) — u(z) and for any convergent subsequence

Yk = Bep (Uen () (¥ — e, (2)), inequality
Jim g, < (Dej) (u(z)) (v — u(z)) (45)

holds.
First, we shall show that

liminf Be,, (ue,(2)) and limsup Be, (e, (2))
n-—00 n=—00
belong to (8¢j)(u(z)). As a consequence, we shall have:

(timinf 8, (ue(2))) 2 < (Do) (u(e)) 2
(46)
(liy?if;p Ben (usn(x))) z < (Dej)(u(x))z, VzeR.

For the proof, let # € Q, with ue,(z) — u(z) and z > 0 be given. There
exists n, ; such that, for every n > n, ;, one has

|u5n(:c)— u(z)| < %’ 0<ep < %
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Consequently,
B (en()) < esssup  A() < esssup A(t) = B, (ule))
[t—sen (z)|<en [t—u(z)|<u
Therefore

limsup Be,, (ue, (2)) < B, (u(2))

n—00

and, passing to the limit with y — 04, we derive
limsup B, (ue, (2)) < B(u(z)) .
n—00
Analogously, one obtains
é(u(:c)) < I%Higfﬂsn (uen(2)) -
Thus,
limsup S, (usn(a:)) and liminf g, (uen (:c)) € [é(u(.’c)) , ,E(u(:c))]
n—00 n—=00

= (0c4)(u(=)) -
Now, we are able to prove (45).
If y = u(z), then y — u.,(x) — 0. Because |Bc(t)| < ”ﬂ”Lw(IR) for any
t € R and any ¢ > 0, it follows that y — 0. Thus, (45) is verified.
If y > u(z), then

Jim ye = (klijgo Ben, (Uen, (w))> (y - u())

< (imaup b, (uer () ) (v = )

< (Do) (u(@)) (v — u(@))
the last inequality being justified by (46).
For the case y < u(z), a similar procedure can be used (by using the
inf-limit this time). So (44) is proved.
From (43) and (44) it follows that
limsup/ Ben (Ue, ) (v — ue, ) dQ < / (DeH)(u)(v—u)dQ.  (47)
n—oo JQ Q

Finally, passing to the sup-limit in (40) and taking into account (41), (42),
(47), inequality (15) follows.
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3. Some comments and remarks

The hypotheses concerning operator T associated to the bilinear form a
are those formulated by Goeleven [12] for the study of variational inequality

veK, a(u,v—u)+é(v)—a(u)>(-L,v—u), YveK. (48)

In Goeleven [12], both V' and K are supposed to be separable and the
functional ¢ : V — R satisfies the following assumptions

(a) ¢ is convex and lower semicontinuous;

(b) ¢(au) = ad(u),Va>0,YueK.

In our paper, instead of inequality (48) we consider the hemivariational
inequality (15) and the hypothesis concerning the separability of V and K
is removed. Consequently, our technique is quite different from that used
by Goeleven in [12].

Note that the assumption on the separability of V' and K was deleted
also by Goeleven in [13].

Let us also remark that in [12], sufficient conditions are given, which
guarantee the satisfaction of hypotheses of Theorem 2.1. To the extent that
these conditions concern only operator T, they remain valid in our case.

To complete the picture, we give these conditions (adding some comments
too) in the next.

I.— If T € L(V,V*) is positive on V| i.e.,
(Tz,z) >0, VzeV,

or T is compact, assumption (iii) is satisfied.
II.— If T is positive on V, then T is positive plus on K.

IIT.— Let P be the continuous projector of V onto [Ker(T + T*)] Lo
T is semicoercive on K U K i.e.,

(Tu, u) > c”Pu”2 , Yue KUK®
then T is positive plus on K.
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It can be proved without difficulties that T is semicoercive on K U K
if and only if T is semicoercive on K:

(Tu,u) > o||Pul*, Vu e KUK® <= (Tu,u)>c|Pul? Vuek.

Obviously, we need to prove only the “<” part. Let ug € K. It follows
that u +tug € K, Vt > 0, Vu € K. Using <T(u+tu0), u+tu0> >
c||P(u+ tuo)”2 we derive

(Tu, u) +t ((Tuo, u) + (Tuo, uo)) + t2(T'uo, uo) >
zc@pqﬁ_mwmuwpwn+ﬂwmﬂﬁ, V>0,

therefore
(Tug, ug) > c“PuoH2.

IV.— If T is semicoercive on V and dim[Ker T + T*] < oo then
assumption (iv) is satisfied.

Since in Remark 2.1 we showed : hypothesis (iv) = dim[Ker T + T*] <
0o, consequently, we have the conclusion: if T is semicoercive on V then the
assumption (iv) in Theorem 2.1 holds if and only if dim[Ker T+T*| < 0.

V.— If there exist a3 > 0, ag > 0 and a real Hilbert space Z with V
compactly imbedded in Z such that

(Tz,2) + aafle| 2 |25

then the assumption (iv) is satisfied. Notice that, in this case, Ker(T'+ T)
is also finite dimensional (indeed, it is easily seen that if condition (49)
holds, then the unit ball in Ker(T + T™) is compact).

VI (Proposition 3.1 in [12]).— Let C be a closed subset of V. If T is
semicoercive on C and dim[Ker(T + T*)] < oo, then from every sequence
(2n), C C such that ||z4|| = 1 and liminf(T2n,2n) = 0, there exists a
subsequence (xnk)nk such that w —limz,, =z in V and z # 0.

VII.— If T is symetric (T = T™) then

o o
e N

N
LeT(K)— KT(T,K) ifandonlyif —£€ K*(T,K).
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Indeed,

——— e
if € T(K)— KT(T,K) then 3 zg € K so that Tzg— £ € KT(T,K) .
Consequently, there exists ¢ > 0 such that, for any * € V* with ||z*|| < ¢
one has (Tzo—£+z*,y) >0,V y € N(T,K). As (T'zo,y) = (T*y,20) =0
f—/o"'“
one deduces that (—¢+2*, y) >0,V y € N(T, K), that is —£ € K+(T, K).
For the converse implications, similar arguments can be used.

]

e N
VIII.— If (a) Ker(T + T*) = {0} or (b) K = {0}, then K¥(T,K) =
V*. Consequently, inequality (15) has a solution for every £ € V*. We
have (a) if, for example, (Tz,z) > 0,V z € V, z # 0; we have (b) if K is
bounded closed convex set.

IX.— Let us examine the particular case K = V.
Obviously, in this case
K® =V, N(T,V))=Ker(T+T")
KHXT,V)={z*eV*|(z*,y) =0, V y € Ker(T + T™)}
= [Ker(T +T%)] +
and the hypotheses formulated in the Theorem 2.1 become:
(i) T is positive plus on V < T is positive on V ({(T'u,u) > 0,V u € V).

For obvious reasons only the part “<” has to be proved.

In other words, we have to prove that, if T is positive on V then
te€V and (Tz,z)=0 = ze€Ker(T+T").

Indeed, let € V be such that (T'z,z) = 0 and let y be an arbitrary element
of V. Then, for any A > 0, since

(T(z+My), z+Ay) >0

we get
((T+Tz, y) + MTy,y) > 0.
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Taking the limit as A — 04, we obtain
(T+Tz,y)>0.

Since y is an arbitrary element of V, the previously considered inequality
entails (T +T*)z, y) = 0, that is (T + T™)z = 0.

(i) KT(T,V) = [Ker(T + T"‘)]‘L is solid & Ker(T + T*) = {0} &
KT (T, V)=V~
The argument is somehow a standard one.

The assumption (iii) is implied by the assumption (i): if T is positive on
V then the mapping ¢ — (T'z, z) is weakly lower semicontinuous.

Note that
{(@) + (ii) + (ii)} © T is coercive on V. ({Tw,u) > c|u|?, YV ue V).

The “<” is straightforward. Moreover, if T is coercive then there exists no
sequences (zn), such that ||z,|| = 1 and liminf(Tzn, £n) = 0.

The argument to justify the “=” part can be as follows. Let ¢ =
inf(Tz,z), hence ¢ > 0. Assuming that ¢ = 0, there exists a sequence
(:cn)n such that ||z,|| = 1 and (Tzp, zp) — 0.

According to (iv) there is a subsequence (:an)k C (xn)n such that
w
Tp, —* and z#0.

But, using (i) and its outcome (iii) it folows:
0 < (Tz,z) <LUm(Th,,2n,) =0

hence (Tz,z) = 0, that is # € Ker(T + T™*) = {0}, which is, obviously, a
contradiction.

Now, let us notice that since K1(T,V) = V*, the condition ¢ €

o

e e
T(K) — K¥(T, K) can be expressed as “for any £ € V*”.

Finally, using the previously described developments, we arrive at the
following conclusion.
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THEOREM 3.1.— Let a(u,v) = (T'u,v) be a bilinear continuous coercive
form onV and B € L*°(R) such that the conditions (5) hold. Then, for any
£ e V™, the solution set of

u€eK, a(u,v—u)+/ﬂ(ch)(u)(v—u)dQ2(E,v—u), VveV,

where j is defined by j(€) = foe B(t)dt, V € € R, is not empty (to be compared
to the Theorem 2.1, [22]).
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