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Local uniform convergence of the Riesz means of
Laplace and Dirac expansions(*)

Mikros HorvATa®)

RESUME. — On considére des extensions arbitraires non autoadjointes
& spectre discret de l'opérateur de Laplace défini sur un domaine borné
Q. On étudie les développements spectraux associés. On démontre que
si la fonction développée se trouve dans un espace convenable et s’annule
prés du bord, alors le développement converge uniformément dans chaque
compact K C . On démontre aussi un principe de localisation.
Finalement, on obtient les mémes résultats pour les développements
suivant les fonctions propres de 'opérateur de Dirac.

ABSTRACT.— We consider arbitrary nonselfadjoint extensions of the
Laplace operator with discrete spectrum, defined in a domain . We study
the corresponding spectral expansions. We prove that if the expanded
function is sufficiently smooth and vanishes near the boundary then
the expansion converges locally uniformly. We prove also a localization
principle. In the final part of the paper, we obtain the same results for
the Dirac expansions.

0. Introduction

This paper investigates nonselfadjoint Laplace operators with arbitrary
complex discrete spectrum. If the eigenfunctions form a Riesz basis in Lo
(see [26]), it makes possible to study the expansions in this basis. We
prove two theorems. The first one states that if f is sufficiently smooth
then the Riesz summation of the expansion of f converge to f locally
uniformly. Theorem 2 states a localization principle like that of Riemann

(*) Recu le 11 janvier 1995
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for ordinary Fourier series. The class Hy of smooth functions are defined
by finite differences. Since Hy contains most of the known function classes
(Sobolev classes, Liouville, Zygmund-Hélder, Besov classes; [21] or [4], [24]),
hence our theorems hold also for those classes (with the same indices o
and p). To avoid technical difficulties in the boundary of the domain
considered, we assume everywhere that the function expanded vanishes near
the boundary. As we see from the statement of theorems, if we increase the
summation order s, the convergence holds also for less smooth functions.
The convergence is proved by the usual Banach—Steinhaus principle: the
operator of taking Riesz means is bounded in norm (Lemma 2) and there
is a dense subset where convergence holds (Lemma 5). The boundedness
of the Riesz means is proved by the square sum estimate of Fourier
coefficients (Lemma 4) and by the square sum estimate of eigenfunctions
(15). Using these results, any sum 3 cn(f, vn)un(z) can be estimated by
the Cauchy-Schwarz inequality; this is the basic idea in proving Lemma 2.
The eigenfunctions uy, satisfy the mean value formula (7) in which Bessel
functions arise. Hence almost every proof below requires deep investigation
of the properties of Bessel functions; that’s why the paper became so lengthy.

In the second part of the paper, we extend Theorems 1 and 2 for Dirac
expansions. We consider only the Dirac operator in empty space (i.e.,
with no vector and scalar potential). In this case the four coordinates of
any eigenfunction of the Dirac operator are eigenfunctions of the Laplace
operators with another eigenvalue, see (42). Hence the mean value formula
(7) remains true and the whole proof of the Laplace case can be repeated.

1. Setting of the problem
In this paper we consider a bounded domain
QcrY, N>1.
and a system {un | n > 1} of eigenfunctions of the Laplace operator
—Aup = Apun .

We assume that the u, form a Riesz basis in Ly(2) (e.g. [26]) and denote
v, its biorthogonal system defined by

(un , vk> =bnk-
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Local uniform convergence of the Riesz means of Laplace and Dirac expansions

We don’t assume that the v, are eigenfunctions. Let u, be a square root
of Ap with Ru, > 0 and introduce the notations

pn i =Rpn >0, vn:=Spn.

The Nikolskii classes Hy (R™N) are defined by the following way. Let o > 0,
1 < p< oo and let k, £ be nonnegative integers with

k>a—-£>0. (1)
Then the function f belongs to Hy (]RN ) if and only if it has derivatives
f8), |8| < £in the distributional sense, f € L,(RN) and
f{—
M= swp (|AEfO@),, [B) <oo. @)
heRN P
8i<¢

In this case
1l g = 11l + M

Here

k .
Akf(z) = 3 (-1)k (f ) F(z + ih)

3=0
denotes the k-th difference of f(x). It is known [24, § 2.3.2] that C$°(RY)
is not dense in Hy (R), so we introduce the notation
o«
H,(9)
as the closure of C§°(Q) in HY (RN). Introduce further the spectral
expansion of a function f € Ly(Q2) as

F2) ~ Y (f, vnhun(z) ;
its A-th partial sum (resp. A-th Riesz summation of order s > 0) is defined
by
O’)‘(f,:t) = Z <f: Uﬂ)“”(x)

pn<A

o3(f,z) = Z (f, vn)un(z)(1 - p2X~2)°.

pn<A

(3)

We aim to prove the following two statements.
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THEOREM 1.— Let f € Ic:’T:(Q), suppf C Q, ap > N, 1 < p < o0,
0<s<1l/2anda+s>(N-1)/2. Then

A—
Uf\(fs (C) —go f(.’l,')
locally uniformly in x € Q.

THEOREM 2.— Let f € I?I;(Q), suppf CQ, > 0,0<s<1/2 and
a+s>(N-1)/2. Then

o3(f,2) =0, ze€Q\suppf
locally uniformly in Q \ supp f.

Remarks

1) For the case A, > 0 the above theorems were obtained by I’in and
Alimov [11]. In case s = 0 these results were proved in Horvath ([6],
[9]) for Liouville classes.

2) In case N = 1 better results are known than Theorems 1 and 2
because we can transform them to the ordinary Fourier series by the
equiconvergence theorem of Joé and Komornik [18]; see Zygmund [27].

3) Concerning the complex point spectrum, we mention the papers [19]
of Komornik, [16], [15], [17] of Joé and [10] of Horvéath, Joé and
Komornik. The Riesz summation for selfadjoint Schrodinger operator
is studied e.g. in Alimov, Joé [2] and Joé6 [12]-[14].

2. Reduction of Theorems 1, 2 to Lemma 1

In this part of the paper the theorems are reduced to the following result.

LemMa 1.— Let0<a,0<s<1/2 a+s=(N—-1)/2 f € H,(Q),
supp f C Q, o € Q be a fized point and suppose

f(z)=0 forae z,|x—20|<p

- 656 -



Local uniform convergence of the Riesz means of Laplace and Dirac expansions

for some p > 0. Then for any sufficiently small ¢ > 0 (namely if
2¢ < 1/2 — s) the following estimates hold. If r € K C Q, K 1is closed,
then

c/\N/2‘°‘”f||H2a in case \p < 4m, z € K

|o3(f,2)] < { (4)

cp""N/z'E”f”Hg in case \p > 4w, z € K.

Here the constants ¢ = ¢(K) may depend on ¢, o, N, s but not on z, },

e [

Supposing Lemma 1 proved, we can prove Theorems 1 and 2 as follows.

LEMMA 2.— Let > 0,0<s<1/2,1<p< o0, 0<a-N/p<l,
a+s=(N-1)/2, fe I?:(Q), supp f C Q. Let further K C Q be closed,
then

|o3(f,20)| < ()| fllgg» o€ K.

The proof is almost identical to that of Lemma 4.3 of [2], so we omit the
details.

LEMMA 3.— Let 0 < s < (N -1)/2, ap > N, a+s > (N —1)/2,
1 < p < oo. Then there exist 8, q such that 0 < 8 — N/g < 1,
B+s=(N-1)/2,1<g<  and

@ c B @),

Proof. — When a is diminishing, H2 (RN) and then i : () is growing.
The lower bounds are & > N/p, @ > (N — 1)/2 —s. There are three
possibilities after diminishing o as much as possible. If o + s = (N —1)/2,
0 < a—N/p<1then we areready. If a+s=(N-1)/2and a—N/p > 1,

we can diminish the value p; since Q is bounded, i1 () is growing. For
p =2, a— N/p <0, hence we find p > 2 for which 0 < o — N/p < 1.
Finally in case  +s > (N —1)/2 and 0 < o — N/p < 1 we can suppose
also N/p+ s> (N —1)/2; we can apply then the imbedding theorem [24,
§ 2.8.1]

1 1
Hg(RN)CHqﬁ(IRN), 1<p§q<oo,ﬂ=a—N(I—)—;1->>0 (5)
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which implies

@@ (6)

Choose ¢ such that (N —1)/2—s—a+ N/p = N/q. Then 1/¢ < 1/p
and if a is sufficiently close to N/p, then 0 < 1/¢ hence p < ¢ < oo and
B=(N-1)/2-s=a-N(1/p-1/q) > 0, so the imbedding (6) holds;
finally 3+s=(N-1)/2and 0 < - N/g=a— N/p < 1. Lemma 3 is
proved. D

LEMMA 4.— Leta, R> 0, f € Hg‘(IRN), supp f C Q, dist(supp f, )
> R. Then

1/2
( > l(f,vn)l2) SCN—a”f“H;’ p>1
ulpn<2pu

where ¢ = ¢(a, R, N) is independent of f and p.

Proof. — Choose a natural number k such that
2k >a>0

and let

R
0<h<?

be arbitrary. Since f € Lo(Q), the series f = > (f, vn)un(z) converges in
L3(9) and hence in L1(f2), too. Consequently, using the mean value formula

Inyo—1(tnr
/aun(l' +r6)dé = (27r)N/2 —%)}\E—/l;_—ll un(z) (7
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Local uniform convergence of the Riesz means of Laplace and Dirac expansions

where || = 1 runs over the unit sphere of RY, we see that

/ flz+2)dz =
lzI<h

:Z(f, vn>/|z|5h up(z + 2)dz
h
=Z<f) vﬂ)A rN—l/gun(z+T0)d0 (8)

ko 1 INy2—1(pnr
= (271')N/2 Z<f, Un)“n(x)/c; PN IYJZ/LT)IN/;;__B dr

B N/2
= (0™ 3 f  dun(e) (2 ) Igalunh).
Introduce the function

k-1 . -N
E(z,h) = Z:(—l)‘7 (Qk) hVN_/Msh f(a: + (k —j)u) du +

j=0 ’
~1)* 79k
+ 55 () s
where Viy = 7V/2/D(N/2+ 1) is the volume of the N-dimensional unit ball.
We know that '
A% f(e — ku) =
k-1 ok
=307 (%) (14 G- 00) + o = (k= ) +
7=0
+0* () 1

k-1

= Z(—l)j (2]10) (f(ac+ (k=) + f(z = (k- j)u) —2f(z)) .

=0

Consequently

-N
E(z, h) = L/ L A2 £ — bu)du.
VN Jul<h 2
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Using the definition of H$(RN) with 2k > a > 0, £ = 0, we get

/ |E(e,b)|? de = 3 /
|2k f(z — ku)|® dudz 9)
<)% e

-N
<:- /||<h/|A2kf|2d:cdu<c||fH B2

because hk < R. On the other hand, by (8) the coefficients of E are

_(or )N/2 iy 2k Iny2(pnh(k - 7))
(E(-,R), vn)= (f,vn) (Z( 1)’ (]> = ))N/2 +

=0 (# h(k —

+ (_)__u())

N/2
= (2 ) <f,vn>F(/‘nh)

if the function F(2) is defined by

k k-1 . Al '
s (). o (%) )

j=0 ((k _])z

h=N 2

—/ Aﬁkf(:c — ku)du| dz <
VN [ul<h

Since {un} is a Riesz basis in Ly(Q), we have (e.g. [26])
/Q|E(:c,h)|2dx > CZ KE(-,h), vn>l2 = CZ I(f, Un>F(l‘nh)!2 . (10)

Now, we prove that there exist constants 0 < ¢; < ¢z < oo, depending
only on N and k such that

5 Slilzfsq |F(2)|>0. (11)

Taking into account (9) and (10) it implies the statement of Lemma 4 if we
set h = ¢/p. To prove (11), we recall the expansion

oo _1 n
Inja(2)e M= 27Ny o F((N/g e W@
n=0
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Local uniform convergence of the Riesz means of Laplace and Dirac expansions

It gives the following expansion for F if we observe that the starting
coefficient in (12) is Vv (27) —N/2,

F(Z) = 2—N/2 f: (_1)nan Z2n
—~ 2mIT(N/2+n+1)"
I S VIPNEL) ) WP
an .—Z(—l) i (k—J) —§A1 gn(z — k),
j=0
gp=2", 2=0.

It is known that
A%kg(x —-k)= g2k (¢) for some |¢| < k

hence
=...=ap_1=0, = (2k)!
{01 k-1 ar = (2k) (13)

0<a,<2%pm  p>k.

The entire function F(z) has 2k-fold zero at z = 0 and there exists § > 0,
6 = 6(N, k) such that in |Rz|, |2| < 6 no other zeros exist. For an arbitrary
constant ¢ = ¢(N, k,6) > 0, we can choose 0 < ¢; < ¢o < 6 such that for
D2 > é:

T

|arg 22" £ nr| < 2

forl<n<clzl,c1<Rz<ecy. (14)
Here the sign + is used if Sz > 0 and — if 9z < 0. The sum 2V/2F(2)

is divided into two parts. For the indices n < c|z| the real parts of the
summands have the same sign, hence

E (=1)"an ,2n
22np!IT(N/2+n + 1)

k<n<c|z|
~1\" 2n
z % E 22”71'(1‘(1])\/'/6‘;; n+1)
k<n<c|z| )
S (2k)! 2k (2k)! 1ok
= 22kEIT(N/24k+ 1) 22kEIT(N/2 4+ k+1) 2
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On the other hand if ¢ is sufficiently large, then

Z (-=1)"an 22" <
22npIT(N/2+n+1)| —

n>clz|
2n 2k
<Y eyl =T X
n>clz n>clz|
1 52k
ey (2h)15
4 2FEID(N/2+ k+1)

n>clz|

92k p2n kz |

- (n) %<

| 22n

kze |*"
2n

which shows that |F(z)| is bounded below in the whole strip, so (11) holds
indeed. Lemma 4 is proved. D

LEMMA 5.— Let f € C§°(Q), then
O’A(f,.’l?) - f(fl?)
locally uniformly in Q.

Proof. — We start with the square sum estimate

> lun()|P et R < pV-1, zeKcQ,p>1  (15)
lu—pn|<1

which holds uniformly on the compact set K and in g under the weaker
condition that (un) is a Bessel system of eigenfunctions and

0<R< min{ % dist(K, 6Q), -;5}

is arbitrarily chosen ([6], [9]). Since f € HY (RN) for any o > 0, we see for
« > N/2 that

Y (fvn)un(z)| <

pPr2A

<Y T )@

k=0 2k)<pp<2k+1)
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Local uniform convergence of the Riesz means of Laplace and Dirac expansions

1/2 1/2
& 2 24 |un(=)|*
< Ckz: ( Z (£, vn)|" P2 ) ( Z (Qk)\)'*’a)

=0 \2kA<pn<2k+1 ) 2k A< pn<2k+1 )
o= [k E\N=1 ok ~2a)1/2
<e(B)|flmg 3o (252 @)V (2R3) )
k=0
e e}
< (B[ fll g - W27 32 2O < o) £ g - AN
k=0

which proves Lemma 5. O

Remark. — In fact we proved that the expansion of any f € H (]RN ),
supp f C £ converges absolutely and locally uniformly. The same statement
can be proved in case f € Hg‘(]RN), suppf C 2, 1 < p < 00, @ > N/2,
ap > N. Indeed, the case p = 2 was done above; if p > 2 then f € HZ
implies f € H$ by the boundedness of Q. In case p < 2, we use the
imbedding (5); it makes possible to increase the value p until the bound

q < qo,

1 1 N 1 1
a-Nl-—-—|==, —=--—
(P QO) 2 2

1_1, N-op 1.
p 2 Np 2’

hence we have Hy C Hg for some B > N/2 which finishes the proof.

Proof of Theorem 1.— We can diminish the value s in case s > (N —1)/2
to ensure the additional condition s < (N — 1)/2. Consider the imbedding

8
i : Q) c B ¢ () given in Lemma 3; it is enough to prove Theorem 1 for

B
fe H ¢ (R), supp f C Q. The following auxiliary statement is true: given a
function 7 € C$°(RY), the operator

freorf

is continuous in HZ(RY). Indeed, we have ”Tf”L,, < c||f||Lp and for

a=L+x,0<x<1,£€N, k=2 and for any multiindex 3, |8| = ¢,
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st ()],

<c Y AR,
v+6=0 7

<e 3 {0 a3, +
v+6=0

+ | (7 + 28y~ 7)) Oz + 20)

Lyp

+ “ (e + b) = P(2) fO (2 + h)HLp}

<e 3o (18279, + 15O ,)

~+6=0

<o X (WISl + 00 gn) < DNl
4 P 4
y+6=0
(here Lg denotes the Liouville class of indices p, a; [21]). So the mapping
f +— 7f is continuous indeed. Now let f € Ic}f(Q), then there exist

fn € C§°(Q) tending to f in H 5 -norm. By the above proved statement, we
can suppose that there is a compact set K C  such that supp f, C K for
all n. Then we apply Lemma 2.

|f(z) = o3(f,2)] <
< If(w) - fn(z)l + |U§\(f - fTLax)l + |fn(x) - Ui(fn:-”)' = Il + -[2 + IS~
Taking an arbitrary € > 0, we see

Ig§c||f—fn||H5<e, n > n(e)

independently of A. From B¢ > N it follows that Hqﬁ c CHRM),
0<t<f—N/q[24,§ 2.7.1]; in particular

I gcllf—anHés<s, n > n(e).

Fix an index n > n(¢) and let A tend to infinity; by Lemma 5 for large A,
we have
I3<e

and then l f(x)—o3(f, :c)l < 3¢ for A large enough. The proof is complete. O
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Proof of Theorem 2.— If s > (N — 1)/2, we diminish s to obtain

8 < (N-1)/2, a+s > (N—-1)/2. Then we diminish & until a+s = (N-1)/2,
[0

then Icz’fz is growing. Let zo € Q \ supp f, dist(zg,supp f) > p > 0. Since

fe H ; , f can be approximated in H§-norm by functions f, € C§°(f),
dist(zo,supp fn) > p. We fix the value p and let tend X to infinity; for
A > 4m/p, Lemma 1 gives the boundedness of o5(f,zo). We have

lai(fy x0)| < Io'i(f_ f'mz'O)l + |0'f\(fn71'0)| =h+1.
For A > 1/p, we have
I].Sc||f—fn”H2a <e¢ lfn>n(€)

We fix such an n; then for large A, we have I3 < ¢ which proves Theorem 2.0

3. Technical background of the proof of Lemma 1

We showed above the Theorems through Lemma 1. In this section we
give some estimates and an expression for §(f, o) which make possible to
prove Lemma 1. The proof will be finished in the fourth section.

Define the operators
1 ' k k-1
DF(r):= - F(r)] , DFF(r):=D(D*"'F(r))
and the functions
Y(r) = /ef(:co + r6)dé

r

F(r):=

N-1
— /6 F(zo + r6) df

w

where wp; is the surface of the unit ball.

LEMMA 6. — Let f € f‘};(Q) and suppose that the conditions of Lemma 1
hold. Leta =L+ x,0< x <1, £EN. Then:

a) the function ¢(r) can be modified on a set of measure zero such that the
new function, denoted again by and its derivatives ¢', ¢, ... p¢=1)
are locally absolutely continuous and

vB)(r) = /f(k)(:vo +r8)df ae,0<k</
[’}
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where
B (zo+r8) = Y fO (a0 +rp) 67,
|Bl=k

65 =65 ... 655 where 6 = (61, ..., Oy5) € SN_1;

(27) /2 —ok—1 IN/2-k—-1(nT)
b) DkF(r) = —TN— Z<f; Un)“n(xO)rN 2k lﬁl—vﬁ"

Proof.— Since HY C L%, we prove the point a) for f € Lg(I[RN).
Because C$°(RY) is dense in L(RY), there exist f, € C$° with fn, — f in
Lg. Since the multiplication by some 7 € C§° is obviously continuous, we
can suppose that

supp fn C K, dist(zo,supp frn) > '2/1 for all n. (16)

We know that
d
3 [P0+ ryao= [ 54 o+ o) a0
rJe 6
and then by (16) we obtain for n — oo and k < ¢
T
/fr(zk)(IO'l-T'g)dg =f /f,ﬂ"“)(zowe) 9 dt =
6 o Je
=/ |u|1‘Nf,(Lk+1)(zo+u)dU —
Ju|<r
T
— [ Y ) (2 + ) du =/ /f(k+1)(xo+t0) dodt.
o Jo

ful<r

On the other hand

I

< [ Ao+ - o )Y du s e A2 - O,

dr <

/ F9) (2o + r) do — / F®) (2o + ) b
[ [’

<e(p) Y |£D - 1|, =0
|8l=k
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Local uniform convergence of the Riesz means of Laplace and Dirac expansions

hence taking an appropriate subsequence
/fvgk)(xo +rf)df — / fB (20 +r6)do  ace.
[/ [/
and then
r
/f(k)(:co +r6)dé =/ /f(k+1)(mo +10)dfdt ae.
[ 0 Jé

So if we modify % on a null-set by ¢ = [f ---f ¥®) | the statement a) is
proved. To see b), denote Ag(r) the right hand sum of b). First we show
that the sum A} converges absolutely and uniformly in » € [0, R]. Indeed,

doI<
I#nlsl
<e D [ vnd] fun(zo)| PN =2
'#n|$1
1/2 1/2
SC( > |(f’vn>|2) (Z |u"($0)'2) < £,
|#n|51 m<1
> <
Pnslslﬂnl ‘
N/2-k _
Se Y |(f ) |“n($0)]—rT/2:k_—1el""'R(lﬂnr|) 12
PnS]-SI#ni !ﬂnl
< > [(f, vn)| |un(zo)| el !B
pnsl
1/2 1/2
Sc( > |<f,vn>|2) (Z lun<mo>|2e2'"n'R) <elfl,,.
lon|<1 pn<l
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<

2

2mspn52m+1

1, ) e A

" ungeo)* iR
Un(Z e“lrn
SC( > l(f’”n>|2f’%a) ( > N—01~2k+2a)

ZmSpns2m+1 2m—<_pnszm+1 p‘n

< c“f||H20 (2mN2“(N‘1-2k+2a)M)1/2 — c“f”Hng(k+1/2—a)

and then

o0
Akl = c(ufnh + £l 2 2’”‘“”2‘“) < o7l -

m=0
By the rule
1
/r”+l Jy(pr)dr = o Pt (ur)

this implies that

d /1

From (8), we get that

T
/ Fydt= - [ fzo+2)de
0 WN Jlz|<r

r N/2 r N/2
= .(Q_ z<f, vn>un(:co) (lTn) JN/Q(ﬂnT') .

wN

The differentiated series is that of Ag(r) and converges uniformly; hence
F(r) = Ag(r) and then DFF(r) = Aj(r). Lemma 6 is proved. O

LEMMA 7

a) Let pp(r) == ,,x+k—1¢(k)(r), 0 < k < ¢, and suppose Ap > 4w. Then,
for every e > 0,

/pR ‘25%(") - ¢k (7' + g) = ¢k (7' - ‘})| dr < C)‘—XPQ—N/z_EHf”H; :
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Local uniform convergence of the Riesz means of Laplace and Dirac expansions

b) For every e > 0,

R J A
/ DZF(T) N/2+s—£( r) dar
0

/\N/2—s—l
rN/2+4s—L

< "N ]

whenever R satisfies

cos(AR—%(—]Y;-—l+1+s——£)) =0.

Proof.— Let 2 < p < oo be defined by

1 1
a—k—s_N<§—;> 3

then the imbeddings
HyF®Y) c Hy®Y) € Lp(RY)

hold. If we change (r & w/A)X+k—l by rX*+k=1  the error is

(T' + ;)X+k—1 _ pxtk=1 _ O(% (r + 73\r_>x+k—2)

hence by the Hélder inequality

R T\ k1) (k) r
IR (S N B

¢ R m\X+k-2 ™

e T (k) z
5,\/,, ("i,\) v (ri,\)|dr

. 1/p 1/

<e ( [ » rN‘llw(k)(r)lpdt) ( I r(X+k“2‘(N‘1)/p)qdr)

A\Up p/2

1/p
< 'f\— (/ |f(k)(1:0 + u)|P du) px+k—2—(N_1)/p+1/q
p<|u|<REm /X

“N/2~14x—e _ € o—-N/2—14r— '
“f(k)”Lppa N/2-14x-¢ < Xpa N/2-1+x—¢ Z ”f(ﬁ)“Lp
1Bl=k

< el Flzg Ao N2 ()X < o] 7] g AN

dr <
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Hence to prove a) it is enough to show that

B otk=1 oy 8y — g (pa T ¥ (p_ T
[ - 50 )

< A Xp* N f]|

amn

To this we use the following characterization of HJ', 1 < p < 00, a > 0 (see
[21] or [24, § 2.3.1] with the notation Bg’oo(IRN)): the function f belongs
to Hy (RN) if and only if it has a representation

@)=Y On(@). IQnly, <™ Iflyy 09
m=1

where the @, are entire function of spherical exponential type < 2™; in
other words, the Fourier transform has bounded support:

supp FQm C (|| <2™).
We shall also use the Bernstein type inequality

1011z, < 2™ Qm], - (19)
For our purpose it is more convenient to take a new p defined by

a—k—x:N(l——l-) ;
2 p

it means the imbedding

Hy™F c HY.
If |8 = k, f¥) € HZ™* C HY has a representation

1O =3 Qmp@), @mpllr, <2 ™Dy < 2™ £l g5
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hence
(2 FB) (2o + r6) +
[’}

9 e+ 5)8) - 49 o e~ 5)) o )
e 5 ([ oo =10 s (450

|8|=k
- 8 (:co+ (r— _) )Ipdﬁdr)l/p
- clg::kmijl ( p<lul<R ’2Qm’ﬁ(z° +u) = Qm,g (xo + u(l + j\W?)) +

~ Qs (xo+u(1— %))'pdu)l/p.

Let m™ be an integer to be precised later. The sum ), . . can be
estimated by

¢ 2 lQmpllz, <clf@llgy 3o 27™ < el /O a2

m>m* m>m*

and the sum ), ., .. by

20

m<m*

/A

P 1/p
7‘2 Qm 8 :L'o +(r+t1 4+ t2)9) dto dty| dé dr) <

,Aa

> (/ et [ [
m<m*

0 82
X

/;w/)\

577 @m,o (20 + (r+t1 +12)9)

P 1/p
dto dty df dr)
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<c >, /r//\/o ,\‘2P/Q/RrN‘1x
- 0 -7 /A p

m<m*

P 1/p
df drdtp dty

p /p
dt2 dtl)

52
X ‘/e‘QO’g(l‘o-*—(r-{-tl +t2)0)

T/
<ec (/ / A—2p/q _Qm,ﬂ
m<m* -7/
- m 1/p
<ed? 3 (277QmsllE,)
m<m*

_ (o 1/p —2om*(2—
<o 3 (2l ) T s ex T C g

m<m*

Choose m* such that A < 2™" < 2}, then the above counting gives that

( /R N-1 12,,,@)(,.) — ) (,. + 1) — (R (r - i) |” dr)l/p <
P A A -
<A £ g -

But then by the Holder inequality, we obtain

[t ) =9 (-4 §) - (- ) <
([~ s =)
4
X (/R px+k=1-(N-1)/p)q d,.) e
,

< c’\—x“fHH;PQ_N/? ;

so (17) holds also with € = 0. Thus a) is proved and we turn to the estimate
b). We see by induction on £ that there exist constants cpp, ..., ¢s¢ such
that

DEF(r) = epor™ 2 71(r) + cgar T2 (r) + -

o+ Ce,erN"l_llﬁ(f)(r) .
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Consequently it is enough to show that

AN/Z—S—Z /R ,’,N—2l—1+k¢(k)(r) JN/2+3—Z()‘T) drl <

P rN/2+s—é

<™ N g, k=0, 0,

Since Ar > Ap > 4w, the argument of the Bessel function is not small. We
recall the asymptotical formula

Jo(z) = <%)1/2 cos (z - g (v+ %)) +0(z~%/?). (21)

We choose again p by

1 1
SN

Putting the remainder term in (20), we get

A(V=3)/2-5—¢ /R pN=2=1tk=(N=3)/2=5+) (k) ()| dr =
p

R
= )\X_l/ rx"2+k|¢(k)(r)|dr <
P

R 1/p R 1/q
< ax-1 (/ ,.N—1|¢(k)(,.)|1’ d,.) (/ p(x=2+k—(N-1)/p)q d,.)
I4 4

< c)‘x—lpx—l-%-a—e—N/z ”f(k) “Lp

< e N ST O, < ep N £ g
=

In the main term, we have to prove that

AX

R
/ rX+k=14(8) () cos(Ar + ) dr
p

T (N+1
7.—-—5 (—2—+S—f) .

< ep* N2 £ g
(22)
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Since

R
/ pX k=1 (k) (1) cos(Ar 4 7) dr =
Ry—-27/A

= /Rl (gok(r) - ©k (r - j\—r)) cos(Ar + %) dr

Ryi—7/)

= /}:1-—2:2 ((pk(r) - Pk (r + Z)‘r—)) cos(Ar + v)dr,

hence we can write by p > 47 /) that
R
2/ pXtE=1 (k) (r) cos(Ar + 7) dr =
p
R ( R R—n/X R-2r/\  pR-3r/A
Jeeont oo o) * oo * s )
R—7/) R-27/X R-37m/)\ R—4r/) R-57/)
( R—2Mr/) R—-(2M+1)7/)
VA
R-2(M+1)r/x JR-(2M+3)r/x
R
:/ rx+k'11/)(k)(r)cos()\r+7)dr+
R—7/X\
( R-m/A R-37/) R—(2M+1)m /X
+ / + / 4o / ) X
R-27/A R—4r /) R—-(2M+2)7w/A

x (204(r) - ox(r+3) — o (r- ;)) cos(Ar +7) dr :=

=L + 1.
Here we used the notation M for the integer satisfying

—(2M+2)ﬂ-<p<R—2MW.

R A - A

By the point a), we have
mi< [ o) - ox(r+ 3) - ou(r- 1) ar
o A A
< AN g
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To estimate I; we have to suppose that cos(Ar++) vanishes at the centre
of the integrational interval, i.e.,

0=cos(/\R—%+-y) .

In this case

R
PN G CCR
R—=/(2))

|L] =

- (QR - ./7\1 - r) X+k—11/)(k) (2R - ;— - r)) cos(Ar +v)dr| <
<[ lp-a(am=F-r)] o

R
. §L—w/(2A) [ (2R - 5= r)] e

* c./R}:r/m) 'w(k)(r) ~9® (2R - ; - r) I o

Here we have
L A P e {7l

and

R 1/2
Iy < ex”1/2 / rV-1 ‘w(k)(r) — p(*) (2R - r) r dr
R-7/(2)) A

<ea1/? > /R rN'1/|fB(xo+r0)+
- \ai=k \YR=7/(2)) )

— 8 (:co + (QR— ; - r)e) ’2 dé dr)l/2

o R
< ea”l/2 Z Z (L_W/(ZA) rN_IA|Qm,5($0+r9)+

|B1=k m=1
~Qms (20+ (2R- T 1)6) ‘2 do dr>1/2
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where F(0) ¢ Hza'k, 6 = > Qm - Now for m > m*, we have

Y. <e > @masllz, <cllfllgg g7 (eh)

m>m* m>m*

and the other sum is

N—1
S ose ¥ ([

m<m* m<m*

X/H(/OW/A
<e ¥ (/R N1

R—-7/(2))

/(2)) | g 2 1/2
X /A“lj ‘_Qm g(zo+ (r+1)8)| dtdé dr)
4 0 or ’

= (o [ lo o)
<e )\_/ dt
< 0 . )

_ m 1/2 - m(l+k—
<™t ] (22 ”Qmﬁ”ig) <A lnf”Hg > an(ithe),

mm* m<m*

1/2

2
Qm,ﬁ(fco +(r+ t)e)’ dt) dé dr)

or Qm,8

Now in case k < £ choose m* = oo and if k = ¢, let m™ be the integer used
in the proof of a). In both cases

Ly <eA”/2mma. AX ] e < AT £l g

which finishes the proof of Lemma 7. O

Denote for A > 1

o3a(fr20) = 3 (£, vadun(eo)(l - 2A2)°.

pn<l
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LEMMA 8.— Let A > 1, R > 0,0 < s, f € HY, suppf C Q and
f(z) =0 for a.e. |x— 20| < p. Then in case s >0

Uf\(fa xO) = O'f\ 1(f: 1?0) +

I(s+1)2 IN/2-2-1(pnT)
)\(:{-e 13/2 Z (f, ”ﬂ>“n(”0)/ JN/2+s—£(’\7‘)—‘/]2V/r_,%‘“df‘+
P
_ T(s+1)2° \ IN/2-1-1(BnT) q
As+HE— Ns+—NJ2 Z<f vn>un(:c0) JN/2+s—-€( r)—#ﬁm— T+
<l n

R J —o(A
+T(s+1)2%(27 _N/2LUN/\N/2—S_Z DLF(r N/2+s-£(Ar) dr+
0 rN/2+S—£

— T(s + 1)2°AN/2=o=£ 5™ ( vn)un(wo)/ T2 IN/j24s-e(AT) X

pn21

y {JN/2—e-1(/1n7‘) JN/z-z—1(Pn7‘)}d (23)

N/2—i-1 N/2-£-1
Nn/ Pn/

In case s = 0, af\,l(f, zo) has to be substituted by

#31(f,20) =3 3 (F va)un(z0).

A=pn

Proof. — Define the function
(s + 1)2° | njg—s IN/245s(AT)
D)= e N e OSTSE
0 R<r

and expand the function v*(|z — 2q|) by the Riesz basis {vy}. The
coefficients have the form

<un , v (Je — x0|)> =
= /|z|5R un(z + 2)v* (|2) d=

R
=T(s+1)2° (27r)‘N/2,\N/2—S/

| PN/2-s-1 IN/24s(AT) /9 up (o + rf)dd dr
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R
=T (s + 1)2°AN/ 23y, (o) / r N2 g s (Or) X
0

N/2-1
X (/{:) INj2-1(pnr)dr
In/a—1(pn R
= T(s + 1)2°AN/ 22 uy (20) {—’\—IR_SJN/2+s—1('\R)_N_/-2N/12(——pl_)'
fin

- R _ IN/2—-2(HnT)
+A 1/(; r SJN/2+S—1(AT)_/]V_/2—;2_ dT‘
Bn

IN/a—1(unR
= I(s + 1)2°AN/ 273, (20) {—/\_IR_SJN/Hs—l(’\R) N/zN/12(/_11 L_...
En

JN/2—£(ﬂnR)
N/2—¢
fin

(R IN/2-2—1(pnT)
+A 4/0 r SJN/2+s—£(Ar)—_Z'N/2_—£:1__ dro .
n

= A R IN 040 e(OR)

Since f = Z(f, vn)un and v} = E(v’\, un )vn are convergent in Ly, we get
from here that

(F )= 32(F 5 o) un, o)

-1
= —I(s+1)2° ) M5 N npp o k1 (OR) X
k=0

—N/2+k-5s __“N k
x R=N/ SWED F(R)+

+T(s+ 1)28AN/2=s=4 Z(f, vn )un(zo) X

R _ INj2—2—1(HnT)
x/ r SJN/2+s—l()‘r)_——/N/2_e_1 dr
0 Hn

by Lemma 6b). For the indices p, > 1, we write

R
- {+1-N,
/0 0 I 2g ot )TN 2oy (n )i 24 =
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0 0 -N/2
= (/0 —/R ) *IN/2+5—-£(AT)I N2 g1 (PnT)pn CH=NT2 gy
R _ INjz—t-1(n7)  Inja—g—1(pnr)
+/ r sJN/2-i~s—f(’\r){ /N/2-e—1 - /N/2—e—1 dr.
0 Hn Pn
Here in case s > 0, we have by [3, § 7.14.2, 7.7.4]

o
-N
/0 0 INy245-eOP)INja_ ooy (prr)pn /2 ar =

{oe . if A < pn
= N—s— 2

A ()2 _ ,2\s
I(s+1)2¢ ()‘ Pn) if A> pn.

In case s = 0, we obtain by [3, § 13.41] that

0 if A< pn

N/2—t-1(pnT) 1Ny .
/ JN/2 Z(/\r)-—/]\/72_[l_— dr = 5/\ /2 if A= Pn
M=N2Zie x> .

Thus in case s > 0, '

(£.0%) =
£-1

I(s+1)2° N/2—-s—k-1IN/2+s-k=1(AR)

—_—wpN A D*F(R) +
(27r)N/2 kz_% RN/24s-k

+ (s +1)2°AN2778 3™ (£, 0, Yun(20) x
<l

R
1-N/2
X /0 TP INJ24s—e(Ar)INja—p-1(BnT)En w2 g,

+03(f,20) — 031(f, 20) — T(s + 1)2°A/2=5=E S~ (£, v, Yun(20) x

pnzl
°© INj2-e-1(pnT)
X/ r SJN/2+S_5(/\r)—Wi—-dr+
R Pn
+T(s+ 1)2°AN270=8 §™ (£, v, Yun(zo) x
PnZl
R _ INjz—t-1(#nr)  INj2—p-1(pnT)
X / r SJN/2+8—4()""){ /N/2-é—1 - /N/2 -1 dr
0 Hn Pn
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and for s = 0 the same formula holds with

o31(f,z0) — % Z <f, vn>un(xo) instead of o3 ;(f, z0).

A=pn

On the other hand, iterated integration by parts gives
(F,07) =

s R
= Kt UE wwrams [T oNa=t=0g, ) [ fteo+ )20 ar
0

(QW)N/z
_T(s+ 1)2 N/2-s JN/2+s()‘7')
T eV v / PO = v
_ F(S+ 1)23 N/2-s ) /R ¢ JN/2+s—Z()‘r)
= —_—(QW)N/z WNA A A D F(T)—_——-,.N/2+s—é dr +

-1

—k—1nEk N/2+s—-k—1(’\R)
_kz%,\ -1p F(R) PNJ2TF .

Comparing the two expressions for ( 7 v") proves Lemma 8. O

LEMMA 9
a) If Ap < 4m, then

|o3(f, 20)| < C)‘N/z_a“f“H;
b) If A\p > 4w, then

#5aF20)| < el .-

Z <fa Un)“n(xo)

A=pn

In case s = 0, _<_C||f“H29;

S AS vn)un(xo)AN/Z_s'lZ/R rT2IN/24s-0(AT) X

PnZl

X JN/2—e—1(Pn7‘)sz+1_N/2 dr

< £l g
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/\N/2—s-—f

R
> {5, vn)un(ro)]o P72 IN/24s-2(Ar) X

pn<l

(28)

X JN/?—Z—l(ﬂn")l—‘ft+1—N/2 dr| < cf|f “H;

The constants may depend on R, i.e., on dist(zg, 89).

Proof. — Define m* by the property A < 2™ < 2). We have

o3 .1(f,20)| < D [{F, vn)un(zo)]

pn<l

1/2
< (T Ksea)P)” (Z lun<zo>|2)

n<l

<e|fllg, <ellfllgg

which shows (25). Now for m < m* — 2

> (fion)un(eo)(1-p2A72)

gmspn <2m+1

<<(Xlr v">,2)1/2(2|“n(-’00)|2)1/2 S of £l g 22

and analogously

<

Y. {fivn)un(zo)(1-p2A72)°

< of £ g2 V2.
om*—1 <pn<A

Summing up for m < m* — 2 the estimate (24) follows. In case s = 0, we
have

< (Z (%, 'Un>|2)1/2 (z:hm(:co)'z)l/2

pS c”f”Hg’\(N_l)/z—a = c”f”H;,1

Z <f: vn)“n(mo)

A=pn
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so (26) is proved. To show (27), we use the estimate [23, § 18.10]

o0
/R r= 2 IN/24s—t(AT)IN/2—p-1(pr7) dr| <

c
< ;
(Apn) (1 + 1A = pal)
Applying this in (27) we have

>

pn > 1.

S CA(N—-].)/Q—S—E Z |<f) 'Un)Un(l'O)' pZ (N+1)/2

Pn2>3/2) pn>3/2)
1/2
[e o]
e )] ( > (e 2“) x
m=0 \2m\<pp<2m+1)

‘un(x0)|2 1/2
X Z N+1+42x

2mALpp<2mt1) Pr

Jun(zo)* |
< e[ fll g Z > ey <e|fllgg s

< eax+1/2 Z I(f’ ”n>“n(""0)l \A+1-N/2
pnTeaa A+ A= pn)

lon=AI<A/2

1/2
sw( > K ’“) x

|Pn—)‘|s/\/2

X ( Z |un(-’b‘o ' Pn2a+

|lpn—=X|<1

m* 1/2
S5 ltpsrr)

m=02m<|p, —A|<2m+1

m* 1/2
< C)‘—s“f”H,g‘ (/\N—l—2a + Z 2—2m2mAN—l—2a)
m=0

< c”f”Hg ;

- 682 -



Local uniform convergence of the Riesz means of Laplace and Dirac expansions

>

<2 ST ((f v Yun(zo)| A3 25 (V12

1<pn<A/2 1<pn<A/2
- 1/2
> i)
m=0 \2m<p,<2m+1
1/2
x( ) |un<xo)|2pif+1-N-2“)
2m<pn<2mH1
m*
<N fllge Do 21/,
m=0

Now if 1/2 < x then we can continue this estimate (leaving the norm of f)
by < eAX~1 < ¢;if 1/2 = x then by < eA=1/2In) < ¢; finally if 1/2 > x
then by < eAX—1)1/2-x < c. So the statement (27) is proved ; we investigate
(28). Take the expansion

InNja—t—1(pnr) & m
() VT T 2 om(unr)™™,

,“nr) m=0
=n™

= 92mIN/2 I I T(N/2 — £+ m)

Cm
Applying this we get
R
- {+1-N/2
/0 P IN 24 5—t(Or) N2 g1 (nT)pin' ar =
R 1/2
= co/o rx=1/ JN/2+s—Z(’\r) dr + (30)
oo R
+ > cmﬂ%m/o X T g et (Or) dr
=1
We shall prove that

R
|/0 PX V2 5 g4 eme(Ar) dr| < eA™X1/2, (31)
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Indeed : R
< c/ ! rX~1/24p < eA=x"1/2
0

R/A
J

for » > R/, we use the formula

Ju(z) = (:7)1/2 cos (:c - g(u+ %)) +

n 41}2_1005(33"'%(1/—'2‘)) +O(.”L'_5/2).

(21)

For the remainder term

R R
/ X=1/2(\) "3/ gp = ,\-5/2/ rX=3dr < eATV/27X
R/ R/X -

for the second main term, we get by integration by parts

)\-—3/2 < C/\_1/2—X ;

R
/ rX~2sin(Ar 4+ v)dr
R/
and analogously for the first main term twofold integration gives

A-1/2 < ex~V2x

R
/ X1 cos(Ar 4 v) dr
R/

which proves (31). Similarly for m > 1,

R
/c; rx—1/2+2mJN/2+s—e(’\7‘) dr| < C/\_3/2R2m

where c is independent of m. Indeed, for the remainder of (21)
R R
/ px—1/242m (/\r)—a/z dr = )\‘3/2/ PX=242m 4. < 0)=3/2 g2m
0 0

and for the main term we integrate by parts to obtain

R
A~1/2 / PX=1H2M cos(Ar + 7) dr| < eA™3/2R?™
0
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Thus we have by (30)

R J = n
WIS (g vn)un(ro)/ T_SJN/2+s—e(AT)L§v/Z2TIg(%L)dr <
0
pn<l Hn
1/2 12, § am B2
< F2 N N(F vnun(eo)| | leo A ™72 + 3 lem| | 3z
<l m=1

<e 3 [(f, vn)un(zo)| (1 +"§ (I_f%)zm ((m - 1)!)‘2)

pn<1

<e D [(f, vnhun(zo)| IR

<l
1/2
se ( POR[EF ”n>l2) (Z |“n(“0)|234lu"|R) < fllag -
pn<l pn<1

Lemma 9 is proved. O

4. Completing the proof of Lemma 1

In this section we prove two further lemmas but first we show how to
deduce then Lemma 1.

LEMMA 10.— Let0<s5<1/2,0<2c<1/2—5s and A, p, > 1. Then

R
/0 r~*J1+s(Ar) (Jo(pnr) = Jo(pnr)) dr| <

< cell/an(l +A- Pn|)_1/2—€As—1/2+5P;s—1/2_£ )
LEMMALL. — Let0<s<1/2,0<26<1/2—5 and A, pp, > 1. Then

R
/0 P T3040 (0 2 12 (n) = 97201 5 (r) dr| <

< ce|”"'R(1 +]A—= pnl)—1/2—5As—1+sp;-5‘—1/2—e ‘
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Proof of Lemma 1

(through Lemmas 10 and 11) If Ap < 47, (24) gives the desired estimate.
If Ap > 4x, choose R > 0 such that

Z |un(x0)|2 e4|Vn|R < C[,LN_I
[u—pn|<1
holds, further R > cdist(z, Q) with an absolute constant ¢ > 0 and
N
cos(AR+7%)=0, 7= ——g <—2L1+1+s—é> .

This last condition means that we introduce R+O(1/A) instead of R. Since
Ap > 4m, this dependence of R on A does not disturb our estimates. Now
consider the expression (23) for ¢3(f, o). For the first three (resp. four
in case s = 0) terms the needed estimates are proved in Lemma 9 and the
fourth (resp. fifth) component is estimated in Lemma 7. So it remains the
last member in (23). The expression s + x — 1/2= N/2 — £ — 1 is the half
of an integer and belongs to the interval (—1/2,1); hence it equals to 0 or
1/2. Consider separately these cases.

A) x=1/2-5

Then we have to prove that

R
WA\ NT(f | vnun(20) / r=J145 (W) (Jo(unr) = Jo(pnr)) dr| <
pn21 o

< CPQ_N/Z_SHfHH;x :

In fact the stronger estimate < c|| f || holds, since

>

pn23/2)

- 1/2
£ (8w

k=—1 \3.2¥A<pn<3-2k+1)3

9 1/2
Iun(x0)| e2lvn|R )25—1+2¢
X > 2o 142 2s+1+2¢
Pn Pn n

Al—s S

3.2k A< pp<3-2k+1 )\ P
[e o]
<l 55 OB K < 1
k=-1
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k* 1/2
> sAHZ( ) ,<f,%>,zpz°) ’
1<pn<A/2 k=0 \2k<p,<2k+1
1/2
x ( Z |un(z0)|2/\2s—2p;(20+23+1+2s))
2kspn52k+1
k‘
S el fllag 227" < el fllmg s
k=0
)\1_8 <
[A=pn|<A/2
1/2
SAH( 2 l(f,vn>|2Pi") ( > lun(zo)|” x
[A=pn|<A/2 [A=pn|<A/2

—1- - 1/2
x 62|Vn|R(1 - an 1 25/\23—1+25pn (2a+2s+1+2s)) /

scuan;A—a-s( 5 el

|/\—Pn|51

i 1/2
LD IR DY lun<xo)lzez'“"'R)

k=0 25 <[ A= pn|<2RH1

. * 1/2
< AT £ g AN /2 (1 +3 ?'2’“) < el 7llug
k=0

as we asserded.
B) x=1-s

As in A), we show that the stronger estimate holds, namely

R
X3/2701 37 f , vnYun(zo) /0 P 324 (A7) X

pn2>1

x (un 2 1 o) = 622 Iy aon) | < el g

- 687 -



M. Horvéath
Indeed,

/\3/2—3 <

>

Pn23/2)\

1/2
0 _ u (30) \25—2+2¢
Sl fllge 22 (’\3 * > |(;k/\)2<|1+2+2s+4s HnlR

k=-1 3. 2k)\_<_pn53.2k+1)\

< el 3 7O <l g

/\3/2—3 <

2

15/’713)\/2

k* 1/2
> s

k=0 \2k Spn52k+1

k‘
< el 274 < el 5
k=0

)3/2-s

Y <

[A—pnl<A/2

1/2
S CA_S—O‘ ||f||H2a Z |un(1'0)|2 e2|l’n|R(1 + |A _ pnl)—1—2€)

[A=pn|<A/2

el (ol

[A—pn|<1

k* 1/2
+ E 9—k(1+2¢) Z |un(:c0)|2 egl,,nm)

k=0 2k <|A—pn|<2FH1

1/2
s ol fllag (1+ )y 2) <ellfllmg

k=ko

The proof of Lemma 1 is complete. O
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Sketch of the proofs of Lemmas 10 and 11

The fundamental tool making possible these estimates is a new asymp-
totical formula for Bessel functions, given in [9]. The classical asymptotical
expansions of the Bessel functions has the following form (see e.g. in Watson
(25]):

[(x-1)/2]
Ju(z) = \/;-g; (cos(z - 7;—1/ - %) Z (=)™ E;SZQ +

[(k—2)/2]
. TV m (v, 2m+1)
— Sin (Z - —5— - Z) n;O (—1) 72—2)2771—“) (32)
exp(Jz)
+ O(|z|k+1/2)

if z is not a negative real number nor zero. Here

v+ m+1/2)
m!T(v —m+1/2)

(U ) m) =
and the constant in the remainder term depends only on v, k and é if

7 —|arg(z)| > 6 > 0. To prove the lemmas we have to handle the quantities

To(z) TuR2) g sy (33)

Substituting (32) we get the remainder term

g(M), z=%z, y=9z, (34)

|Z|k+u+1/2

which is not appropriate for our purposes. We have proved in [9] that (34)
can be refined as

g(exp(y)—1+ vl ) 2> 1.  s9)

‘Z|k+v+1/2 rk+v+3/2

While estimating the integrals in Lemmas 10 and 11, we use the asymptotic
expansion derived from (32) with remainder term (35) if « is large and the
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Taylor series expansion of Bessel functions if z is small. Throughout the
proofs we distinguish the cases A) A < p" and B) A > pn.

In case A), we integrate by parts using the rules

/ Pt (pr) dr = %r”“Jm(w)
-v |-
/r Ju+1(pr)dr = ~ r VI, (ur)

in order to get a factor A/pp in the expression. Then we split the integral

into three parts:
R R/pn R/A R

and estimate separately using the asymptotic expansion (resp. Taylor series
expansion) corresponding to the size of the argument of the Bessel function
involved. The case B) is dealt with similarly but the partial integration is
organized with opposite roles in order to get a factor pn/A.

Following these hints the (rather lengthy) proof of Lemmas 10 and 11
can be completed; the reader interested in more details is encouraged to
contact the author.

Through Lemmas 10 and 11 the proof of Lemma 1 and then that of
Theorems 1 and 2 became complete. O

Remark.— We shall glve here the construction of a Riesz basis (un) C
Lo() where Q = (0, a) is an N-dimensional open cube, with eigenvalues

n

Take first the case N = 1. Recall the following theorem of Vinogradov
and Vasjunin [22, Part III]. Let {z; | k € Z} be a sequence satisfying the

Carleson condition
1nf H lzn = zkl (C)

|2n—zk|

and suppose that
Sz, >0, lim Sz = +0.
k—o00
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Then for any a > 0 the system {exp(izxz) |k € Z} can be completed

to a system {exp(iunz)|n € Z} which is Riesz basis in Ly(0,a) (after
normalization). Now the system

{exp(ilun, 21+ -+ pny2nN]) |01, ..., an €2}, (21, ..., 2N) €Q
will be Riesz basis in L(Q) with eigenvalue
An= g +o+phy, ni=(n1, ..., nN).
In the case when pn;, = - = pn, = 2zi, we get Ay, = Nz;‘:, vp = N1/2S‘zk

which tends to infinity if ¥ — oo. Finally remark that (C) is equivalent to
the conditions

|2n = 2| = |-2
inf ——— >0, su E S2n Sz |2n — 2 < 0. (o}
nk |2n — Zx| np n k| n k' ()
n#k k

It is easy to check that e.g. the sequence
e = 2l sign k + s2lkI/2

satisfies (C’) and hence (C).

5. Dirac expansions

In this final part of the paper, we consider the Dirac operator in R3, the
relativistic variant of the Laplace operator in quantum mechanics. If the
scalar and vector potentials vanish, the Dirac operator has the form

]
H=he Z Wik g+ petyy . (36)

Hence A is the Planck constant, c is the velocity of light, u is the rest mass
of the particle and the Dirac matrices 71, ..., 74 are given by the Pauli
matrices

A 4) ~ 04) _(40)
== 0 2=\1 o S=\o0
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by the rule

__(I 0) _(0 ak) g I_(l 0)
=0 -1 "=\ep 0/ ? “\o 1/

It is easy to check that

0 o

=-— , k=1,2,3. 37
o 0) TEV4 (37)

o=

Consider the eigenvalue problem
HYy=X, ¥=(¥1, Yo, ¥3, va)T (38)

where A € C is arbitrary, ¥; = v;(z1, 22, 23) for 1 <i < 4. If we substitute
(37) into (38), we get that

2
_ [ petI A )
H= ( A —pel (39)
where
. 0 .0 0
3 P —15-;3: —Za—xl— - -a—a;
A:hc;aka—azhc RN o . (40)
=1 31‘1 6x2 8:63 .

Taking this into account, the eigenvalue problem takes the form

1) =00 ()
() =0 ()

LEMMA 12.— All the coordinates ; of the eigenfunctions (38) satisfy

(41)

A2 - /.1264
c?h?

provided that i is twice continuously differentiable.

—Ay; = ¥; (42)

Proof. — We can easily check that

or if (4, 4, k) is a cyclical permutation of (1, 2, 3)
oio; = . (43)
—0op otherwise.
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Then it is immediate from (40) that

-A 0
2 _ 232
A_ch(o —A>' (44)

Consequently (41) implies

2,2 —Awl)_ 2(¢1)_ N 2,4(’”3)— A2 _ 2t <¢1)
Ch<—A'J}2 =4 Y2 =G +ue) Y4 = KE) Y2/

This proves (42) for ¢ = 1, 2; the case ¢ = 3, 4 is similar. O
Now consider a bounded domain
QCcR®

and suppose that we are given a Riesz basis (En)oil in Ly(R,C*4) of the

eigenfunctions of the Dirac operator "
HY, =¥,
Denote (v,,);" the biorthogonal system, i.e., for which
(Vs ¥4) = bnk -
Let pn be a square root of (A2 — u2c*)/(c?h?) with Rpuy > 0 and let
prn=Rpn, vp:i=Spn.

Denote H p (2, C*) the space of all four-component vectors for which every

component belongs to i p (). Define the y-th Riesz means of order s < 1/2

of f by
2 s
O'Z(i;z) = E (i: Q’n)ﬁn(r) ( - ?\%) .

pn<pu

In what follows the dimension N always equals to 3.

THEOREM 3. — Let f € ﬁ:(Q,C“), suppf C Q, ap> N, 1 < p < oo,
0<s<1/2, a+s>(N-1)/2. Then

A
ox(f,z) —°>°i(:c)
locally uniformly in z.
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THEOREM 4.— Let f € Ho(9,CY), suppf C R, a0 >0,0<s<1/2,
a+s>(N—1)/2. Then

o3(f,2) =% 0, z€Q\suppf
locally uniformly.

For the proof we remark first that the mean value formula (7) holds also
with ﬂn instead of u, with

pn = (0% = 122 (he) 7

this follows from (42). The other main tool is the square sum estimate
(15). It has been proved in [6] and [9] under the assumption that the
eigenfunctions u, form a Bessel system. Since (gn) is Riesz basis, expanding

f=(£00, O)T we get that

S )= S E e <ellfl? = el A1

80 (wn,l) is a Bessel system from eigenfunctions of the Laplace operator.
The same is true for (¥, k), k = 2, 3, 4. Hence (15) holds with ¢  instead
of un. Since the whole proof for the Laplace operator is based on (7) and
(15), it can be word by word repeated to obtain Theorems 3 and 4. The only
difference appears when proving Lemma 8, we have to substitute v (r) by
(v’\(r), 0, 0, 0) to obtain the desired equality in the first coordinate; other
position of v*(r) yields the equality in the other coordinates.

Remark.— An orthornormal basis from eigenfunctions of the Dirac
operator is given in Evans [5], where the domain Q is a sphere; in this
system the least eigenvalue has infinite multiplicity.
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