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Critical exponent and minimization problem in RY

SAMIRA BENMOULOUD-SBAI®Y) AND MoOHAMED GUEDDA(®

RESUME. — L’objet de cet article est d’obtenir une solution au probléeme
suivant :

2 2
inf / |Vu|? exp lelZ —)\/ u® exp lel ;
RA 4 RN 4
2
/ [u + ¢|% exp LI NS
RN 4

2 2N
ounpeC (RN)ﬂ{u :RY - R;uexp (J%) € L*>® (RN)} yge = V3
N 2= 3, est I’exposant critique de Sobolev et A € R. On montre lorsque
¢ # 0 et sous certaines conditions sur A, que le probléme admet au moins

une solution.
||
ABSTRACT. — Let K () = exp = )
for x € RY, LI(K) = {u:RN -*IRL[‘RN lu|? K < oo} and H! (K) =

{u € L2 (K);|Vul € L2 (K )}. We are concerned with the following min-
imization problem

inf / ]Vu|2K—)\/ w?K;u e H? (K),/ lu+pl*K=15,
RN RN RN

2N
where ¢, = o3 N 23 X2eR and p € C(RN) is such that

Kpe L™ (RN ) . We show that for ¢ # 0, the infimum is achieved under
some condition on A.
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1. Introduction and main result

Let K(:v):exp(Jlez) ,forz € RV, N > 3 and

LY(K) = {u:]RN—>]R;/ ]ulqK<oo}
RN

HY(K) = {u:RY - R;u,|Vu| € L*(K)} .

Let us consider the minimization problem

Sx (K) =inf{/RN (|vu|2 —Au2) K;ue H (K),/RN u|% K = 1},
(1.1)

where g, = ﬁ—ff‘, and A is a real parameter.

It is well known [5] that the infimum S (K) is never achieved for
A< %, N > 3. Moreover it is shown that the problem

= |u|* % + Au,u > 0,u € H' (K),

z.Vu
—Au — 5

has no solution if A ¢ (§,%),N >4.

In this paper we are interested in the perturbed minimization of (1.1) :

S (K) = inf {/ (|vu|2 - )\u2> K;ue H' (K),u+oll, = 1} ,
RN ¢

(1.2)
where
p = PK
ol = [P K
A € R and where the function ¢ € C (RN ) satisfying
o
l¢ (z)] < Cexp - ;C > 0. - - (L3)
We prove that if ¢ # 0 the infimum (1.2) is achieved. Note that if ||¢||, =1,
and A < A1, where \; = % is the least eigenvalue of Lv := —Av — x—VQ—” in

H'(K), we get S, (K) = 0 and the infimum is achieved by 0. Our main
result is the following.
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Critical exponent and minimization problem in R

THEOREM 1.1.— Let g, = Ni]_\:% N23. peC (RN) is not identically
zero and satisfies (1.3) .

1. If N <6, 8, isachieved for any A.
2. If N >7, S, is achieved for any A € (&, +00).

This result is similar to those proved by Brezis-Nirenberg [1] and by [9] for
the minimization problem

inf{/ |Au|2;u€H92(Q),/|u+<,9|(_N%=1}’
Q Q

where Q is a bounded domain of RV, N > 4, HZ () = H} (Q)NH? ().

2. Preliminary results
Before going to the proof of the Theorem 1.1 we denote, for N = 3, by

S(K) = Sp (K) :inf{/RN |Vul®* K;u € H (K),/RN lu]% K = 1},

(2.1)
and

S=15(1) =inf{/RN [Vul®;u € H (RN),/RN lu|% = 1}. (2.2)

It is known that the best Sobolev constant S is approached by the test

N-2

functions <5 + |z — a|2) * ,and S < S(K) [4,5]. In fact we can see, by
an easy argument, that S =5 (K).

LEMMA 2.1.— We have

S=S(K).

Proof. — Let ( € C*° (RY) ,0< ¢ < land ((z) =1if |z <1 and
((z) =0if |z| > 2. For € > 0, let

and



S. Benmouloud-Sbai and M. Guedda

By the definition of S (K) we obtain

Jr~ VL (av)|2 K (z)dr

S(K) < -
(Jr~ IVt (2)|* K (2) dz) %

Thus

2 x
S(K) < Jrr Ve ()| K (%) da:i'
(Jow lve (@)|* K (%) do)
Letting ¢ — oo one has
Jgw [Voe (@) dz

S(K) < -
(Jrw lve (z)|% dx) =

Then
S(K)<S+0(1),

thanks to [5]. This implies that § = S (K).

In the sequel we shall use the following estimates from [5] .

Let
A = / dz N >3,
R (14 1)
2

Ay = (N —2)? il de;N/3,

RY (1+|x|2)

2
A — N2—2/ |m| d$N_1;N > 5,
RN 2
(1 + |z| )
|z|? dz N>7T
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PROPOSITION 2.2. — Let

(N-2)
Uy =€ T Vg
Set ,
2
F(w) =||Vull; = AMwllz,
hence

Al +e(Ay = MAy) + 2 A3+ O (e2) , forN 2 7,
Ay + e (A — AAy) + ywse? |loge| + O (e2), forN =6,
F(u) = A1+€(A2—)\A4)+0<5§),fo'rN=5,
A1+ jws (1 —XN)elloge| + O (), forN =4,
Ay +e345(1— N+ 0 (e), forN = 3,

(2.3)
and N
el = Ao+ 0 (¥), (24)
where
S = A, Ay N
=Tz T
ASC A4 4

and wy_1 denotes the measure of the N — 1 dimensional unit sphere.

To prove Theorem 1.1, we follow an idea intoduced by Brezis-Nirenberg
[1] wich involves a careful analysis of a minimizing sequence {u;} C H! (K)
for S, »; that is

llu; +ell,, =1, (2.5)

and ) )
IVu;llz = Alluslly = Spx + 0 (1), (26)
It is clear that if A < 0, {u;} is bounded. Now assume that A > 0.
(2.5) implies that {u;} is L% (K)-bounded, in particular {u;} € H! (K)N
Ll . (RY) . Thanks to corollary 1.11 in [5] Ve > 0 there exists constants

Loc
¢c=c(\ ¢) >0, R>0 suchthat

2 2 2
/ lu|” K < 5/ [V K+C”uj”Lq(B(O,R))’
RN RN

we deduce from (2.6) that {Vu;}and {u;} are L? (K)-bounded. Hence there
exists a subsequence, still denoted by {u;}, and a function u € H' (K) such
that

u; — u weakly in H'(K),
uj — u strongly in L*(K) (H'(K)< L*(K) is compact [5]),
u; — u ae. on RV,
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/ [Vul* K — A/ [ul> K < S,p»,
RN RN

lu+ellg, < 1.

We shall establish that ||u+ ¢, = 1 to deduce that S, ) (K) is achieved
by u. Actually, we shall prove that the assumption

and

hu+ gl <1 (2.7)

leads to a contradiction. This will be a consequence of the following lemmas.

LEMMA 2.3.— We have

2
Sg,,)\—/ |Vu|2K+)\/ |u|2K>S[1—/ | + % K] - (2.8)
RN RN RN

Proof. — Let w; =u; —u , then

w; — 0 weakly in H'(K),
w; — 0 strongly in L?(K),
w; — 0 ae on RV,

By the definition of S = S (X) and (2.6) we deduce

IVw; 5 > S lwjl2, (2.9)
[Vw;llz — Alwsllz = Se.x — [IVulls + Allulls +o(1), (2.10)

and, by (2.5),
1= llu+llZ + JwsllZ +o0(1), (2.11)

thanks to Brezis-Lieb Lemma [3]. Combining (2.9) — (2.11) leads to (2.8).

LEMMA 2.4.— For any v € H' (K) such that |lv+¢ll, <1 we have

2
SN—/ IVv[2K+)\/ |v|2K<S[1—/ |v+<p]q°K] ©L (212
RN RN RN

and therefore

2
4qc
SW—/ |Vu|2K+)\/ |u[2K=S[1—/ lu + p|% K} . (2.13)
RN RN RN
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Proof. — Since ||[v+ ||, <1, there exists c. > 0 such that
lv+ ¢+ ceuell,, = 1.
Using again Brezis-Lieb Lemma one sees
e fluclly; =1 = llv+ el +0(1),
thus
2 _ S z

<=7 [1 — lu+ (pllgj] “ +o(1) (2.14)

On the other hand we have

2 2 2
l[v + ceuelly = Ivllz + ¢ [luellz + o (1)

and
IV (v + ceue)l|3 = Vo3 + 2 [ Vue|l; + o (1).
As
Son < IV (v + coue) 5 = Al + ceuel3,
then

Spx € F(v) +c2F (ue) +o(1). (2.15)

Inequality (2.12) follows directly by substituing (2.14) and estimates (2.3)
in (2.15), and the proof of Lemma 2.4 is completed.

As consequence of Lemmas 2.3 and 2.4 we have

LEMMA 2.5.— Suppose that assumption (2.7) holds, then the limit func-
tion u € H' (K) satisfies the following

z.Vu

—Au— =viu+e*?(u+e)+ iy, onRY  (2.16)

where )

2
v=5(1- u+ )™

Proof. — Let v € H'(K). Since |lu+ ¢, < 1, there exists to > 0
such that
lu+ e+t <1,

for all [t] < tg. We deduce from Lemma 2.3

sw—/ (V(u+tv))2K+)\/ (u+tu)K<s[1—/ |u+tv+<p|q°K]
RN RN RN

- 309 -
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Thus

Sor—F (u)—-2t VquK+2t)\/ wwK+o(t)
RN RN

dc

<8 1—/ |u+tv+50|q°K} ;
RN

S a—F (u)-Qt/ VuVvK+2t\ wK+o(t)
RN RN

2

SS[l—/ |u+<p|q“K]qc x
RN

[1 —-2t (1 = [lu+ <P||ZZ)_1 /RN lu+ @|% 7% (u+ ) vK +o(t)] .

Using (2.13), we get

—2t/ VuVuK + 2tA wkK + o(t)
RN RN

2

< —2tS (1 — |lu+ <p||3:) * ./I;N lu+ @|% 7% (u+ ) VK,

Letting t — 0% we deduce Lemma 2.5.

LEMMA 2.6.— Suppose that (2.7) holds, then the limit function u sat-
isfies
u+ @ #0, and u # 0.

Proof. — On the contrary, suppose that u + ¢ = 0. Then u = —p # 0

and satisfies

—Au— I'Zv“ = u. (2.17)

Next since |lu+ ||, =0 , there exists to > 0 such that

ltou + ol =1.
Using Lemma 2.4 and (2.17) we deduce that S,y < 0.

By the fact that u + ¢ = 0 equality (2.11) shows that S = S, < 0,
which is impossible. Now assume that u = 0. Using again equation (2.16) we
infer that v = 0, since u + ¢ # 0. Therefore 1 = [|u + ¢||,_, a contradiction.
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Remark 2.7. — Arguing as in [5,p.1121] one sees that the limit function

. . o . o0 N — |$|2 3
u satisfying (2.16) is in L (R ) Now w = uexp ( - ) satisfies

N xz|? - -
_Aw"‘(‘i'—)\-l-l—llz—l/iu—i-ﬂq“ NYw = veK? ju+ @|% 2.

The last equation can be written as
—Aw+V (2)w = f,

where V™ (z) = max (-V (z),0) € L™ (RN)HL% (RY) and f € L (RV)N
L? (RY) . We conclude as in [5,p.1119] that w € C? (RV) and then u €
2 (RM).

3. Existence of a minimizer for S,

As consequence of Lemma 2.6 we shall prove that assumption (2.7) leads
to a contradiction. Suppose A and NV as in Theorem 1.1, then we have

LEMMA 3.1.— Assumption (2.7) tmplies

2

Son —/ |Vul? K + )\/ w?K < S [1 —|ju+ SO”ZZ] . (3.1)
RN RN

This lemma contradicts (2.13), that means that hypothesis (2.7) is not
true, hence
lu+ell, =1,
and then S, is achieved.This ends the proof of Theorem 1.1. Now we
return to the proof of Lemma 3.1.

Proof of Lemma 3.1. — Since u + ¢ # 0, we may assume that
(u + ¢) (0) > 0. Then there exists a ball B (0,7),r > 0 such that u+¢ > 0
on B (0,7). Choose the function ¢ in u. such that ¢ € C§° (B (0,7)) .

As in the proof of Lemma 2.4, there exists ¢, > 0 such that

lu+ ¢+ ceuell,. =1,

where

S 2
2 __ —_— _ qc | 9c
= [1-lluteli] +o). (3.2)

- 311 -



S. Benmouloud-Sbai and M. Guedda
Put
Re=1- [ Jurel K=t [ ul® K- gt [ ul et o) K
—qcCe /]RN lu+ 0|7 (u+ ) ucK. (33)
Arguing as in [1], [9] one sees that
R.=o (e—r) : (3.4)

for € small enough.

We have from [4] and [5],

AN F N
qc — it =
/RN|uE| K (5) +o(c¥), (3.5)
on the other hand
s
1-g
/ e (4 ) K = / (wt g Kot S
RN RN -2
2
(¢ +1al)
= [ o) KT (i) az,
RN E7Z £2
where 1
Uy (z) = ———z € L' (RY).
2
(1 ¥ |1-|2)

Therefore, Holder’s inequality implies that (u + @) (% 'K 2= e L' (RV).

Setting
B= / ¥, (z) dz,
RN

we derive (see [6], Theorem. 8.15, p. 235)

[ @) @& @) ¢ @ S, (*) dz = (u+ ) (0) B.
RN £2 ez
Thus
/ Tl @) K =T Bt o) 0 +0 (), (36)
RN
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and a simple computation yields that
/ lu+@|% % (u+ @) uK = Ce™T +o (s”—‘) ,C>0.  (37)
RN

Let 0. and ¢g given by

2

S dc
ce=eo(L=0:).68 = 7 [1-futelf] ™

In view of (3.2),(3.3) one sees

de

Ap 2 _ -
st () = wt [ K

+ qccg/ |u+ %72 (u+<p)u5K+o(6€)+o(gN4'2),
RN

N-2

therefore 6. = O (€T> .

Now, using v + c.u. as a test function in problem (1.2) we get

Spxn < F(u) + 2F (ue) + 205/ VuVuK — 2c5/\/ wueK,  (3.8)

RN RN
and then
S < F(u) + 2F (ue) + 21}05/ lu+ @|% 2 (u+ ) u.K, (3.9
RN

by Lemma 2.3.

First assume that N > 7. Using (3.7) and (2.3), we deduce

Spx— F (u) < c§ (126, +02) (A1 + € (Az — MAy) + %45

+0 (%)) +2veoCe T +0(750) . (3.10)

It follqws from this that
Sea= [ IVl K+ [ K < iy - e(0As = 4)
RN RN

—2VCOC€NT_6 + 0(€¥)),

and the last expression leads to (3.1) when AA44 — A2 > 0.
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Now if N < 6, we have g. > 3 and then we use the elementary inequality
[9]
(z+y)" —aP —y? —paP~ly —pey?~ > 0,2,y > 0,p > 3.

Thus
dece [Tt ol (b ) e < 1= fut gl = el

gecte /R e (u + ) K,

< 1-futgffs -5 QcCgC_IB(u+<p)(O)+o(EN52)
—cge (1 — qobe + 20 (q;_ D2 4o (53))
qc
Ap 2 N
((?) +O(“))’
4c dc
(A1) ? :
< gecy (—S—) 5. —de e/ (S) 62 +0(82)
a2

_g¥qccg°—13 (u+9)(0)+o ( -

).

Hence

gc

_ A2 A\ %
21/05/ lu+ o7 (u+ @) uK < 2ucd’ <—1> 0 —vege (ge — 1) ( 1) 52
RN S S
“+o (5?) — g¥ycg°—1B (u + 90) (0) +o0 <5NT—2) ,
< 0.1 (2~ (e —1)0) — e T uck T B (u+9) (0)
+o (e%ﬁ) +0(82) .
Using this we obtain for N = 6,
SoA —f ]Vu|2K+)\/ |u?| K < cf (1— 26+ 67) x
Rs Rs
1
<A1 +e(Ax — NAy) — 35(0562 lloge| + O (62>>
+50 A1 (2 — (g0 — 1)62) — eve§™ B (u+ ) (0)

+o(e)+o (55) ,
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and then

S —/ |Vu|2K+)\/ [u?| K < c§ A1 —eved ™ B (u + ¢) (0)
Ré Re

+C(2)(552 [(2 - qc) Ai+e (A2 - )\A4)]
+o(e) +0(82).

Therefore

Son —/ |Vu|2K+)\/ |W*| K < c3Ay, (3.11)
Re R¢

for any A. A similar argument can be used to extend (3.11) to the case
N < 5. The proof is left to the reader. This completes the proof of Lemma

3.1.
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