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Lévy Processes, Pseudo-differential Operators
and Dirichlet Forms in the Heisenberg Group *)

Davip ApPLEBAUM (1), SERGE COHEN (@

ABSTRACT. — N. Jacob and his colleagues have recently made many in-
teresting investigations of Markov processes in Euclidean space where the
infinitesimal generator of the associated semigroup is a pseudo-differential
operator in the Kohn-Nirenberg sense. We wish to extend this programme
to the Heisenberg group where we can utilise the Weyl calculus to build
pseudo-differential operators and we begin by considering Levy processes.
We obtain the general form of symbol for infinitesimal generators. We
then investigate a natural sub-class of group-valued processes whose com-
ponents are a Lévy process in phase space and the associated Lévy area
process on the real line. These are applied to clarify Gaveau’s probabilistic
proof for Mehler’s formula.

In the second part of the paper, we describe some properties of the
generator in its Schrédinger representation. In particular, when this oper-
ator is positive and symmetric, we show that it does not always give rise
to a Dirichlet form and we obtain a Beurling-Deny type formula in which
the jump measure may take negative values. When a bona fide Dirichlet
form is induced, we give conditions under which there is an explicit de-
scription of the associated Hunt process which lives in extended Euclidean
space.

RESUME. — N. Jacob et ses collaborateurs ont récemment étudié des
processus de Markov & valeurs dans des espaces préhilbertiens dont le
générateur infinitésimal est un opérateur pseudo-différentiel au sens de
Kohn Nirenberg. Nous souhaitons généraliser cette étude au groupe de
Heisenberg quand on utilise le calcul de Weyl pour construire les opérateurs
pseudo-différentiels. Nous commencons par le cas des processus de Lévy,
et obtenons une forme générale pour le symbole de leur générateur in-
finitésimal. Ensuite nous considérons des processus dont les coordonnées
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dans P’espace de phase sont des processus de Lévy, et dont la partie réelle
est I’aire de Lévy associée. Ceci permet de clarifier une preuve probabiliste
de la formule de Mehler, die 4 Gaveau.

Dans une deuxieéme partie, nous décrivons quelques propriétés du
générateur de la représentation de Schrodinger. Dans le cas ol ces opéra-
teurs sont symétriques, positifs, nous montrons qu’ils ne correspondent
pas toujours & une forme de Dirichlet. Cependant dans le cas ol ils corre-
spondent a une forme de Dirichlet, on donne une description du processus
de Hunt associé sous certaines conditions qui sont précisées.

1. Introduction

Let X = (X(¢),t > 0) be a time-homogeneous Markov process whose
state space is a Lie group G, then we obtain a Markov semigroup (T'(¢),
t > 0) on the Banach space Cj(G) of bounded, continuous functions on G,
through the prescription

(T@®)f)(e) = E(f(X(#))X(0) = 0),

for each f € Cp(G),0 € G, i.e. (T(t), t = 0) is a strongly continuous one-
parameter contraction semigroup which is positivity preserving and conser-
vative, i.e. each T'(¢t)1 = 1. In the case where G is R", there has recently
been much interesting work by N. Jacob and his collaborators in construct-
ing and investigating such processes where the infinitesimal generator A4
of the semigroup is a pseudo-differential operator (in the Kohn-Nirenberg
sense). More specifically we have, for sufficiently regular functions f in the
domain of A, and for each x € R",

(Af)(@) = (27)" / gz, €)1 (€)de, (L1)

Rr

where f is the Fourier transform. In a classical paper by Courrége 8], it was
shown that a generator of a Feller process has such a representation when-
ever the test functions are in its domain. The function ¢ is the symbol of
the operator .4 and a key feature of this approach is to extract information
about the probabilistic behaviour of X from the properties of ¢. The proto-
type for such studies is the case where X is a Lévy process (i.e. a process
with stationary and independent increments). In this case, ¢ is a function
of ¢ alone, and is precisely the characteristic exponent of the process as
determined by the celebrated Lévy-Khintchine formula. We refer readers to
the monograph [19] and the recent survey article [18] for more details.
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In this paper, we are motivated by the prospect of extending this analy-
sis to more general Lie groups. Of course, a major obstacle here is the lack
of a suitable Fourier transform, so we need to restrict our endeavours to
a context where such objects exist. One possibility is to take the group to
be semisimple with finite centre. Here we can employ the spherical trans-
form based on Harish-Chandra’s theory of spherical functions. For recent
investigations of Lévy processes in this context — see [4]. We take a differ-
ent approach in this article and consider the case where G is the Heisenberg
group H". This is interesting for a number of reasons. Its manifold structure
is that of a (2n+ 1)-dimensional Euclidean space, and from a physical point
of view it is useful to think of this as an extension of an even-dimensional
phase space comprising n position and n momentum co-ordinates. In par-
ticular, the ordinary Fourier transform can now be utilised. As a group it
is step 2 nilpotent and so noncommutativity enters quite mildly. Through
the Schrodinger representation, this group plays a leading role in quantum
mechanics, but it also figures prominently in a number of other branches of
mathematics, particularly harmonic analysis (see [15]).

There is a rich theory of pseudo-differential operators in the Heisenberg
group based on the so-called the Weyl functional calculus and by analogy
with (1.1) we might aim to study Markov processes whose generators can
be so represented as

D)@ = @0 [ oGt 0 Gdyde. (12

R2

We should emphasise that this calculus works through the Schrédinger
representation 7 and so we deal not with the original semigroup generator
A, but its image A, which can be thought of as its “quantisation”. Indeed,
operators of the form (1.2) were originally introduced by Hermann Weyl as a
means of associating quantum mechanical observables to phase space func-
tions ¢ (see [30], Chapter 4, section D.14). For a more recent and extensive
mathematical account of these operators see Chapter 2 of [9].

Our main focus in this paper is on the operators A, and we seek to un-
derstand these from both an analytic and probabilistic viewpoint within the
context of Lévy processes in H". Indeed, these processes are more compli-
cated than their counterparts in Euclidean space and it is clearly important
to learn as much as possible about them before progressing to greater gen-
erality. The paper is organised as follows. In section 1, we briefly review the
relationship between the Lévy-Khintchine formula and infinitesimal gen-
erators in Euclidean space. Section 2 summarises results we need about
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Lévy processes in Lie groups, while section 3 is a primer on the Heisenberg
group. Our main results can be found in sections 4 and 5. In section 4, we
give the Weyl symbol for operators A, associated to general Lévy processes
in H™. We then introduce a class of such processes which are called phase-
dominated as A, only acts non-trivially on phase-space co-ordinates. We
show that any such process can be written in the form p = (A4, Xqg, Xp)
where X = (Xq,Xp) is a Lévy process in R?" and A is the associated
stochastic area process. In the case where X is a standard Brownian mo-
tion, we gain a new perspective on Gaveau’s probabilistic proof of Mehler’s
formula for the symbol of the semigroup generated by A, ([11]).

In section 5, we investigate analytic properties of the operator A,. In
particular, we show that the smooth functions of compact support form a
core for this operator. We find conditions under which — A, is positive and
symmetric and also, when it preserves the subspace of real-valued functions.
At this stage, we would expect to obtain a symmetric Dirichlet form, and
thus show that A, also generates a sub-Markov semigroup in the L2-space.
In fact, this is not always the case. We find that the Beurling-Deny formula
appears with a signed jump measure J which is not necessarily positive
(although we can provide some classes of examples where it always is).
This seems to be a new phenomenon which will, we hope, be more fully
understood in the future.

In the case where we obtain a legitimate Dirichlet form, this induces a
Hunt process on R"U{A}, where A is the cemetery. An interesting feature is
that both the diffusion and jump characteristics of the original Lévy process
in G contribute to killing of the Dirichlet form (when it exists) and hence
of the associated Hunt process. In proposition 8, we give conditions under
which this induced process is nothing but translation through Xp, killed at
a stopping time determined by Xg.

For related work to this, readers might consult the monograph [22] which
mainly studies limit theorems for Brownian motion in H”, including the cen-
tral limit theorem and the law of the iterated logarithm. Stable processes in
H" are investigated in [12], see also [20]. Pap [23] has studied Lévy processes
in general nilpotent Lie groups and has obtained a related result to that of
our theorem 3 below. In [24], he has made an extensive study of Gaussian
measures on H'. Hoh [14] has recently investigated Markov processes on
manifolds whose generators are pseudo-differential operators in the Kohn-
Nirenberg sense in local co-ordinates while Baldus [5, 6] has studied a very
general framework for Markov processes in manifolds, employing a calculus
of pseudo-differential operators due to Hérmander.
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Notation. — We will use Einstein summation convention throughout
and will sometimes be quite cavalier about writing matrix entries ¢/ as ¢;;.
We emphasise that no metric tensor is involved in this purely notational
raising and lowering of indices.

|.| will always denote the Euclidean norm in R¥.

We denote D = (D, ...,D,) where each D; = %(-92—1, Ifa=(a,...,0n)
is a multi-index so each o;; € N U {0}, we define

1 o0 g

= =T e
ilel 9z 7 dzpn

DQ

where |a| = a1+ ...+ a,. We call n the length of the multi-index, and note
that multi-indices of the same length can be added component-wise.

We will sometimes find it notationally convenient to write first order
partial derivatives 527 simply as ;.

Throughout this paper all stochastic processes will be defined on a fixed
probability space (22, F, P).

All function spaces will consist of complex-valued functions unless
otherwise indicated. In particular, C®(R") comprises the smooth func-
tions of compact support on R™ and S(R") is the Schwartz space of rapidly
decreasing functions on R™ so that f € S(R") if f is smooth and
sup,cr» [2|°|D* f(z)| < oo for all B € N U {0}, and all multi-indices a.

2. Review of the Euclidean Case

Let Y = (Y (¢),t = 0) be a Lévy process in R™ then we have the Lévy-

Khintchine formula
E(eiu.Y(t)) — et«p(u),

for all w € R™,t > 0 where

1 ; .
o(u) = im.u — Fu-au + / (e’“'y -1- 1-1%) v(dy). (2.1)

R~—{0}
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Here m € R", a is a non-negative symmetric n X n matrix and v is a
Lévy measure on R™ — {0}, i.e. fR"—{o}(|y|2 A1)r(dy) < oo (see e.g. [27]).

Let Co(R™) denote the Banach space (when equipped with the supre-
mum norm) of continuous functions on R™ which vanish at infinity. We
obtain a Feller semigroup (T'(t),t > 0) on Co(R™) by the prescription

(T®)f)(z) = E(f(z +Y(?))),

for all f € Co(R™),z € R™,t = 0. We denote the infinitesimal generator
of the semigroup as .A. The following result is classical but we give a short
proof for completeness.

PROPOSITION 2.1. —

1. A is a pseudo-differential operator of the form
A = ¢(D).

2. Forall f € SR™),z € R",

Af)@) = ilm.D)f(z) - 569 D:D; [ (@) +

ey D@
N R e e e B

Proof. — If f € S(R™) we denote its Fourier transform by f, so that for
each u € R, f(u) = (2m)~% [, e~ f(z)dz. We note that the mapping
f—- f is a continuous linear bijection from § (R™) to itself and Fourier
inversion yields

f(z) = (2m) / £ f(u)du.

n

By Fubini’s theorem and the Lévy-Khintchine formula, we find that for
all z € R™*,t > 0,

TONHE) = (277)"%/ e TE(e ™Y ) f(u)du
= (Zﬂ)"%/ ei”'zet“’(“)f(u)du,

Hence by dominated convergence, S(R™) C Dom(.A) and
Af(e) = @r)F [ et fudu
R‘n

- 154 -



Lévy Processes, Pseudo-differential Operators

so that (1) is established. (2) then follows by standard use of the Fourier
transform. O

Of course we can go much further in characterising the domain of A. It
is shown in Sato [27], pp. 208-11 that the twice continuously differentiable
functions in Cyo(R™) are in the domain and that C*(R") is a core. If we
extend the semigroup to act in L?(R™), the entire domain forms a non-
isotropic Sobolev space whose structure is determined by the symbol ¢ (see
e.g. [19] p. 49-50).

3. Lévy Processes in Lie Groups

Let G be a Lie group with Lie algebra g. A Lévy process in G is a
G-valued stochastic process p = (p(t),t > 0) which satisfies the following:

1. p has stationary and independent left increments, where the incre-
ment between s and t with s < t is p(s)~1p(2).

2. p(0) =e (as.)
3. p is stochastically continuous, i.e.
lim P(p(s)~"p(t) € A) =0,
for all A € B(G) with e ¢ A.

Let Co(G) be the Banach space (with respect to the supremum norm)
of functions on G which vanish at infinity. Just as in the Euclidean case, we
obtain a Feller semigroup (7'(t),t > 0) on Co(G) by the prescription

T(#)f(r) = E(f(rp(t))),

for each t > 0,7 € G, f € Co(G) and its infinitesimal generator will be
denoted as L.

We fix a basis {Z1,...,Z,} for g and define a dense subspace C2(G) of
Co(G) as follows:

C2(G) =
{f € Co(G); ZE(f) € Co(G) and Z}F Z] (f) € Co(G) for all 1 < 4,5 < n},
where ZL denotes the left invariant vector field associated to Z € g by

differential left translation.
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In [17), Hunt proved that there exist functions y; € Co(G),1 < i < n so
that each
yi(e) =0 and ZZLy](e) = 62']'»

and a map h € Dom(L) which is such that:

1. h>0o0on G —{e}.

2. There exists a compact neighborhood of the identity V' such that for
all T eV,

B(r) = Y ().
=1

Any such function is called a Hunt function in G.

A positive measure v defined on B(G — {e}) is called a Lévy measure
whenever

/ h(o)v(do) < oo,
G—{e}
for some Hunt function k.

We are now ready to state the main result of [17].

THEOREM 3.1 (HUNT’S THEOREM). — Let p be a Lévy process in G
with infinitesimal generator L then,
1. C2(G) C Dom(L).
2. For each 7 € G, f € C2(G)
L(f)(r) = Z] f(r) + I ZLZ] f(r)
+ [ D) = O vz ), 3)

where b= (b',...b") € R, ¢ = (cV) is a non-negative-definite, sym-
metric n X n real-valued matriz and v is a Lévy measure on G — {e}.

Furthermore, any linear operator with a representation as in (3.1) is
the restriction to C2(G) of the infinitesimal generator of a unique weakly
continuous, convolution semigroup of probability measures in G.

Several obscure features of Hunt’s paper were later clarified by Ra-
maswami in [26] and then incorporated into the seminal treatise of [13].
For a survey of this and related ideas see [2].
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Now let h be a complex, separable Hilbert space and U (k) be the group
of all unitary operators in k. Let 7 : G — U(h) be a strongly continuous,
unitary representation of G in h and let C*®(w) = {¢ € h;g — 7(g)y is C*}
be the dense linear space of smooth vectors for w in h. We define a strongly
continuous contraction semigroup (7;7,¢ > 0) of linear operators on h by

T = B(n(p(t)¥) = /G r(o)a(do),

for each ¢ € h. Here g, is the law of p;, and the integral is understood in
the sense of Bochner.

Alternatively if we fix 1,v¢2 € h and define f € Cy(G) by f(o) =
< Y1, 7(0)P2 > where o € G, we have

(T@)f)e) =<1, T2 > .
Let £™ denote the infinitesimal generator of this semigroup. It follows

from the arguments of [3] (see also [28]), that C*°(7r) C Dom(L™) and for
all ¥ € C°°(m) we have

L™ = bdr(Z:)y + U dn(Z;)dm(Z;)p +
+ / (n(0) — I — g (o)dn(Z))r(do).  (3.2)
G—{e}

4. The Heisenberg Group

This section is based on Chapter 2 of [29] (see also the monograph [9]).
The Heisenberg group H™ is a Lie group with underlying manifold R?"+1,
equipped with the composition law

1
(a1,q1,p1)(az, g2, p2) = (a1 + a2 + 5(171 g2 — q1 - P2), q1 + G2, P1 + P2),

where each a; € R, q;,p; € R" (1 = 1,2).

A basis for the Lie algebra of left-invariant vector fields is {T, L1, ..., Ly,
My, ..., M,} where for 1 < j < n,

0 o 1 0 8 1
T=oli=a; 2% =5; " 2%

and we have the commutation relations
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(L, Ly) = [M;, Mi] = [M;,T] = [L;, T] = 0, [M;, L] = 6,7,

for 1 < j, k < n, so that H"” is step-2 nilpotent.

By the Stone-von Neumann uniqueness theorem, all irreducible repre-
sentations of H" are either one-dimensional, or are unitarily equivalent to
the Schrodinger representations in L2(R™) which are indexed by R and
given, for each A > 0 by

. 1/2 5 y1/2
Wi%(ay q’p) — ez(:t)\al:t)\ q. X+ p.D)’

where X = (X3,...,X,) and each X;u(z) = z;u(z) for u € S(R™). As the
work in the remainder of this paper is not affected by the value of A\, we will
from now on work only with 7y, which we will write simply as =. We note
that the linear operator p.D + ¢.X is essentially self-adjoint on S (R") A
basis for the representation of the Lie algebra is

dn(T) = il,dn(L;) = iX;,dn(M;) = iD;,
for 1 < j < n, where I is the identity operator.

The Schrédinger representations allows us to define an interesting class
of pseudo-differential operators using the Weyl functional calculus. Indeed
let 0 € S'(R?*) then we may define

o(X, D) = (2m)~" / . 0(g p)et ¥+ P dgdp,
R2n

and o(X, D) is a continuous linear operator from S(R™) to S/(R"™).

Moreover, we have the following useful alternative form

(o(X, D)f)(z) = (2m) ™" /R (3@ +y), 0 I @)dyde,  (41)

for each f € S(R"),z € R"™.

In particular we have the classical symbol class — if ¢ € C*®°(R?") and
for all multi-indices, o, 5 we can find C, 3 > 0, K € R and ¢ < % such that

|DS Do (2,8)| < Cap(1+ |¢[?)FHoUal=18D,

then o(X, D) maps S(R"™) continuously into itself and extends to a conti-
nuous operator on S’'(R"™).
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Two straightforward examples which we will find useful below are:
1. If o(x, &) = @2+P8) then o(X, D) = (0, q, p).
2. If o(z,€) = |z|2 + |€|? then 0(X, D) = Hose = —A + | X |2

The sub-Laplacian H,, is of course the well-known harmonic oscillator
Hamiltonian of elementary quantum mechanics.

5. Lévy Processes in the Heisenberg Group

Let p be a Lévy process in H" and consider the unitary operator valued
process m(p) where 7 is the Schrédinger representation. We compute the
form of the generator (3.2) on the domain C*°(x) = S(R"). We will find
it simplifies matters if we write the vector b = (by,b*,b?), where by € R

and b € R",i = 1,2. We also write the non-negative definite matrix
€0 Co1  Co2

C = coir Ci E |, wherefori=1,2,c90 > 0,c0; € R" and C;, B
Co2 ET Cg

are n X n matrices, with each C; symmetric.

PROPOSITION 5.1. —

L =i|bo+ Y Ej; | I+ (ibj —2c3)X7 + (b7 — 2¢)*) D

=1

— cool — ¢} X? X* — &, DI D* — 2E;. X7 D* (5.1)

" / (ei(aI+q.X+p-D) N z(aI—i;q.X ';p'D)2> v(da, dg, dp).
R {0) 1+ lal? + |gf* + |p|

Proof.— This follows directly from (3.2). The most interesting part is
the quadratic term which we write as

3 Coo Cor  Co2 ol
C”dﬂ'(Zi)dTl'(Zj) = (lI X ’LD) Co1 Cl E i X
c2 ET G iD

Using the Lie algebra commutation relations, we obtain for each
¥ € S(R™)

(E’*X; Dy, + E¥ D; Xy )y E*(X;Dy + DiX;)¥

= 2B X;Dpp—i»  Ej.

=1
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The following is a fairly straightforward computation using the Weyl
calculus:

PROPOSITION 5.2. — L7 is a pseudo-differential operator with symbol

orn (:IZ, f) =1 bo + Z Ejj + (ijl — 2cgl)xj + (’Lb]2 - 20?2)§j
j=1

—  coo — cjl-k:vj:nk — c?kfjék - 2Ejkxj§k

, i(a+ gz +pf)
" / <ez(a+q.z+z7-€) —1- ) v(da, dq, dp),
R27+1—{0} 1+ IGP + IQ|2 + |p|2 ( )

where z,£ € R™.

Now let each of the vectors cg; = 0 for ¢ = 1,2 and define a Lévy process
Y in R?"*+1 with characteristics (m, 2C,v) where C and v are as above and
mo = bo + Y.7_; Ejj,m; = b}, mjy, = b% for 1 < j < n, then we can
as in Proposition 2.1 associate a symbol ¢y to the generator of Y via the
Kohn-Nirenberg calculus and the Lévy-Khintchine formula.

Using propositions 2.1 and 5.1 we have the following correspondence
between the processes p and Y at the level of their symbols.

THEOREM 5.3. —
ey (Lu) = o« (x,8),

where each u = (x,&) € R?™.

It is interesting to contemplate theorem 5.3 from the following viewpoint.
Suppose that we were only given the symbol as data from which we wish to
construct a process, then we can build either the generator of a Lévy process
Y in R?"*! via the Kohn-Nirenberg calculus or of p on H® by means of the
Weyl calculus. If we know the diffusion matrix C a priori, we could argue
that the non-commutativity of H™ can be detected in either context by the
presence of its off-diagonal elements in the drift. We now introduce a class of
Lévy processes in H™ for which this method of detecting non-commutativity
no longer works.

We say that p is phase-dominated if E = 0, each ¢p; = 0(t = 1,2),
by = coo = 0 and v has support in ({0} x R?") — {0} (which we can identify
with R2" — {0}). :
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We employ the phrase “phase-dominated” to indicate that the charac-
teristics of p only operate on ‘phase-space co-ordinates’.

We investigate phase-dominated processes more extensively. To this end
we introduce a Lévy process T = (Y (¢),t > 0) in R?". It has the following
Lévy-It6 decomposition (see e.g. [27], Chapter 4).

. . : . t+ .~ t+ .
Y (t) =t + 7] B'(t) + / / 2! N(ds, dr) + / / x? N (ds, dz),
0 jz|<1 0 |z|=1

for each 1 < j < 2n,t > 0, where a = (al,...,a®*) € R?*, (7)) is a
2n x r matrix, B = (B!,...,B") is standard Brownian motion in R", N
is a Poisson random measure on R x (R?® — {0}) which is independent
of B and has intensity measure 7 and N is the associated compensator so
N(t,A) = N(t, A) — tn(A) for each t > 0, A € B(R?" — {0}). We will find it
convenient to define

To(t) = (YH(®),...,T*(#), Tp(t)=(Y"*(),..., T>" (),

and we introduce the Lévy stochastic area of T and Tp to be the process
(A(2),t = 0) comprising It6 stochastic integrals, which is defined by

A(t)

32 [ (The-)dTh(e) = Th(s-)arh(s)

j=1

= lzn: / t('I‘j'H‘(s—)de(s) — YI(s—)dYIt"(s)).
25U

We say that the Lévy process T diffuses phasewise if 7 = ( Tg) 7_(; ) )

where 7 and 7p are (n X r;) matrices for i = 1,2 with r; + 7, = r. We
write 7 = 7'@7'CT2 and vp = 7pTh.

The next result is a special case of a theorem by Pap on the structure of
Lévy processes in general nilpotent groups ([23], theorem 2 — see also Exam-
ple 1 on page 154 therein). We include a proof for the reader’s convenience.

THEOREM 5.4.— A Lévy process p = (p(t),t = 0) in H" is phase-
dominated if and only if there exists a Lévy process T in phase space R?"
which diffuses phasewise, for which

p(t) = (A1), To(t), Tp(?)) as. (5.2)
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for each t = 0. The infinitesimal generator of p is given by

(Lf)@) = o (Lif)(o) + T+ (M;f) (o) + VQ(LL f)(o)

+ 598 (M £)(o)
(5.3)

+ / (f(0-(0,20,2p)) — F(0) — & (L;£)()
R2%— {0}

= 2 (M; £)(0)]}01<1)n(d),

for each f € C?(H"),0c € H", where . is the composition law in H",
o= (z',...,2") and zp = (z"*,...,2%").

Proof. — To ease the notatlon, we will take n = 1. There is also no great
loss of generality in taking a! = o? = 0,71 = 72 = 1 and assuming that 7
has support in {|z| € R?, |z| < 1,z # 0}. We then have the following

TQ(t)=Bl(t)+/0t+/||<1x1N(ds,dx),

Tp(t) :Bz(t)+/()t+/|'<lx2]\7(ds,dx).

Now assume that p is defined as in (5.2).

By Itdé’s formula for semimartingales with jumps (see e.g. [25],
Chapter 2) we obtain for each f € C%(R?),

t t
£6(0) = 5O + [ @u)p(s-)dA) + [ (©a)(os-)da(s)
0 0
+ [ @NWs=Ndre(s) + [ (0u00)os-)alld Yall(o
+ [ @B P AT + [ @iy ) ola=DiXa, Yrlels)
+ 5 [ @A AL + 5 [ ©@6ts-NdlTe, Tell(s)
+ 5 | GENe=DAT R T + T [£(pla-) + A0(5) = Flo(s)

0<s<t

= (Baf)(p(s=))AA(s) — (9 f)(p(s=))ATq(s) — (Bpf) (p(s—)) AT p(s));
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where [[., .]]c denotes the continuous part of quadratic variation (see e.g. [25]
p.62). The following are then easily deduced from the quadratic variation
of Brownian motion.

d[[YQ, Trlle®) =0, d[[Tq, Yolle(t) = d[[Tr, Tpll(t) = dt,

dl[To, Alle(t) = 3Tp(0)dt, d[[Tp, Allet) = ~5Ta(t)ds

\/

d[[4, Alle(®) = 7 ((Ta(t))* + (Yp(2))?)dt.

rlklb—‘

We can now simplify the expression for f(p(t)) by incorporating these
results, the Lévy-Itd decompositions of Tg and T p and by introducing the
Lie algebra basis T = 85, L = 8+ 3pT and M = 8, — 5qT. We then obtain

Flo(t)) = £(0) + /0 (Lf)(p(s-))dB(5) + / (M F)(p(s-))dB(s)
1 t i+
v 5 [ @neenas g [arneenas [T [ (s
£ 2(Cp(s-)a = Yo(s-)a), Ta(s=) + 2 Tr(s—) +47)
t+
- p(s—))}N(ds, d:L‘)+/ /|z|<1 (A(s—)
+ E(TP(S_)J: —TQ(S_)'T )’TQ(S—)+"L‘1’TP(S_)+$2)

— Fpls=) ~ 3(Yp(s-)a ~ Ta(s-)a2) (@l )(p(s))

— 2 @uf)(p(s-)) — 228 ) (p(s—))}dsn(dz)
t t

- fO)+ / (LF)(p(s—))dB (s) + / (M) (p(s—))dB(s)
0 0

+

t+ 14
/ / [F(pls-)a) = S(pls—NIN ds,do) + [ £(7)(pls=)ds,
0 Jz]<1 0

where for each o € H?,
L)) = FI2N)0)+5 (M)
+/II 1(f(ff'-ﬂﬁ) = f(o) — 2" (Lf)(o) — 2> (M f)(o))n(dz).

Sufficiency now follows immediately from theorem 3.1 of [1]. For neces-
sity, let p be an arbitrary phase-dominated Lévy process in H”, then it has
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an infinitesimal generator of the form (5.3), and hence we can define a Lévy
process in R?® with characteristics (a, 7,1) which diffuses phasewise. The
required result then follows by reversing the steps in the argument given
above and appealing to the uniqueness of solutions to stochastic differential
equations of this type (see e.g. [1], [23]). o

Note. — For readers with a background in stochastic differential equa-
tions, we remark that since the exponential map from R?*t! to H" is
surjective, the equation for f o p which appears in the proof of theorem 5.4
is equivalent to

dp(t) = 0327 (p(t=)) o dYs(t) (54)

with initial condition p(0) = e (a.s.), where ¢ denotes the Marcus
canonical form (see the appendix to [2] and references therein). Here
o: = diag(0,1,...,1), Z*(i = 0,1,...,2n) are the usual Lie algebra gen-
erators and T = (Yo, Yo, Yp) is a Lévy process on R?**1 (note the com-
ponent Yy is included simply for “accounting purposes” and plays no role
in determining the process p).

Ezxample 5.5 (Phase-dominated Brownian motion). —

Let p(t) = (2A(t),V2Bg(t),V2Bp(t)), where B = (By, Bg, Bp) is a stan-
dard Brownian motion in R?**! and 2A4(¢) = Z;;l fot (B{_-,(s)dBé(s)
- Bé(s)dBf,(s), for each ¢ > 0. In this case, the ¢ in equation (5.4) is
the Stratonovitch differential and T = B. We note that L™ = — H,,. which
has symbol —(|z|2+|£|?). This example also appears in [31] as a special case
of a prescription for solutions of general SDEs driven by Brownian motion
on nilpotent Lie groups. A related process is studied in [16].

Ezample 5.6 (Phase-dominated Poisson process). — In this example, we
take n = 1. For each t > 0, let p(t) = (A(t), No(t), Np(t)), where Ng and

Np are independent, one-dimensional Poisson processes. Let (Tg"), m € N)
and (T}(Dm),m € N) be the arrival times for Ng and Np, respectively. We
compute

1 & m m
A =3 S Np(t ATV =) = No(t Ars-).

m=0

Ezample 5.7 (Phase-dominated compound Poisson process). — We re-
turn to the case of general H". Let (Xo(m),m € N) and (Xp(m),m € N)
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be i.i.d. sequences of R"-valued random variables and let No and Np be
as above. Assume further that they are independent of all the Xq(m)’s and

Xp(m)’s. Define the following compound Poisson processes in R"™, where
t = 0:-

Bq(t) = Xo(1) +---+ Xq(No(t)), ©p(t)=Xp(1)+:--+ Xp(Np(?)).
Then our required process is p(t) = (A(t), ©¢(t), ©p(t)), where

A(t) =

m]....a

3 3 (@t r )X m) = Qe A7) Xh(m)

Even in the case of phase-dominated Lévy processes, we can detect the
non-commutativity of the group by examining the passage from generator to
semigroup. We begin by recalling the situation in R™. If Y is a Lévy process
then its generator is a pseudo-differential operator with symbol ¢ and the
semigroup (7'(t),t > 0) again consists of pseudo-differential operators with
the symbol of each T'(t) being ¥, indeed this was established in the proof
of Proposition 2.1.

The passage from the symbol of the generator to that of the semigroup is
not so straightforward in the Heisenberg group case, as we will now demon-
strate. In the following corollary a probabilistic representation of the sym-
bol of the semigroup 7," is derived from theorem 5.4. Although for general
phase-dominated Lévy processes it does not yield a closed form formula for
the symbol, it is in fact, a generalization of the celebrated Mehler’s for-
mula, which we discuss below and which corresponds to phase-dominated
Brownian motion.

COROLLARY 5.8.— Let p = (p(t),t = 0) be a phase-dominated Lévy
process in H", so that

p(t) = (A(t), To(t), Tp(H) a.s.

for each t = 0. The symbol of the associated semi-group is given by

orx(z,6) = /Q GADEHTRW @) T+ P O)-E) gP (),

Proof. — Observe that for each t > 0, by theorem 5.4,

7(p(t)) = AD+TQO®)-X+Yp(0)-D),
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and so
T = / AN+ Ta 1) X+Tp(O)w)-D) 4P ()
Q

By a straightforward application of Fubini’s theorem in (4.1) we see that
o (2,€) = / I AD @+ TQ @)+ Tp(O)-6) g ()
t ’ :
Q
O

Note 1. — In the phase-dominated Brownian-case, with n = 1, we see
that

o1x(z,€) = / (RADIHVIB ()2 +VEE ()0 4P (),
Q

and a classical formula for the Lévy area (see [32], equation (2.7), p.19)
yields

E(exp (i24(t))|B(t) = a, B3(t) = b)

_ <§nth_(t)> oxp <(a2 +b2)(12t—tcoth(t))>’

Hence, on carrying out a standard Gaussian integral, we find

orx(2,6) = /R /2t VRO R (exp (24(1))|B' (t) = a, B (1) = b)

e = a2:—b2 )
Tdadb

- 1 e (VZaz+V2h8) oy —(a? + b?) coth(t)\ dadb
Sinh(t) R?2 2 2m

oD exp (— tanh(t)(z? + €2)).

This is precisely Mehler’s formula in the case n = 1. The case for n > 1,
O~ (:1; g) = (cosh(t))_ne_ tanh(t)(Jz|*+1¢|?)
t ? )
follows by a straightforward independence argument.

The probabilistic approach which we have just given is essentially that
of Gaveau in [11]. See [29] pp 68-76 for three different proofs of this result.
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Note 2. — In related work to this, Pap [24] has recently found a proba-

bilistic interpretation of the formula for the fundamental solution of

% = L™u, in the case where p is an arbitrary symmetric Brownian mo-

tion in H'. This result can be interpreted as a generalisation of Mehler’s
formula.

6. Properties of the Operator L™

In this section we will make frequent use of the projection-valued mea-
sure P, 4, in L?(R™) associated to the spectral decomposition of the self-
adjoint operator al + ¢.X + p.D, where (a,q,p) € R?"*1.

We know that L7 is a densely defined, closed linear operator in L2(R").
Our first task is to show that C°(R™) is a core for L™. The key is the
following technical result.

PROPOSITION 6.1. — There exists C > 0 such that for all f € CP(R™),
L™ fIl < (6.1)

n

c ||fl|+Z(IIXjf||+||Djf||)+‘z (117 X* £||+1X? D* f||+|| D7 D* £1))

Jj=1 J,k=1

Proof.— Using the defining property of the Lévy measure v, we can
rewrite L™ (as given by (5.1)) as

L™= LT+ L3+ LF,

where for some ¢, 3;,7; € C,1<j < n,

LY = al + B; X7 + ;D7 — cool — ch, X7 X* — ¢3, DI D* — 2E;,, X7 D¥,
Ly = / (el +aX+p-D) _ T —i(al + ¢.X + p.D))v(da, dg, dp),
B

5= [ (£C*eX+D) —I)u(da,dg, dp),
BC

and where B = {y € R?*1 ||y|| < 1}. Now for each f € C*(R"), we find
that

Icsfl < / [(¢@1+9:X+2:D) _ ) f||(da da, dp)
BC
< w(B)I )
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By the spectral theorem and Taylor’s theorem, we see that for each
(a,¢,p) € R***,

||[e*eI+e-X+2-D) [ — i(al + ¢.X + p.D)]f|?

S G L WY
R2n+1
1
< 5 [ WP (@R
R2n+1

= @l +¢.X +p.D) |

We thus obtain

1
150 < 5 [ eI+ X + p.D)fllv(das da. dp)

< G / (la® + lgI* + IpI*) [Ilfll + > (IX5 £l + 11Ds £11) +
B =1
+ Y (IX?X*f|| + | X7 D* f|| + ||D? D* f|)) | v(da, dg, dp)
7,k=1
< G [Ilfll + > (X 11+ 1D; £11) +
7j=1

+ > (XX FI| + (| X DR fI| + [IDPDHSID | - (8)
J,k=1

where C,,C> > 0.

The required result now follows on combining (i), (ii) and the expression
for I£Tf]. O

THEOREM 6.2. — C*(R"™) is a core for L.

Proof.— Let f € Dom(L™), then we can find (f,,n € N) in C(R")
such that f = lim,_ fr,- By Proposition 6.1, we deduce that
limy, p—oo [[|L7(fr— fm)|| = 0, hence the sequence (L™ f,,,n € N) is Cauchy
and so convergent to some g € L2(R"™). But L™ is closed, hence g = L™ f
and the result is established. O
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In the following we will find it convenient to denote the restriction of L™
to C(R™) by LT.

By (5.1) we see that L7 is symmetric if the following conditions hold:
o by=bi=0(i=12j=1,...n),E=0.
e v is a symmetric measure i.e. v(A) = v(—A) for all A € B(R**1),

If we make the further assumption that each co; = 0(i = 1,2), then
—L7 is also a positive operator in the sense that < ¢, (—£3)y >> 0 for all
P € CP(R™) as the following result shows:-

PROPOSITION 6.3. — —LJ is a positive symmetric operator where
—L§ = cool + cj XIX* + 2, DIDF

(6.2)

+/ (I —cos(al + q.X + p.D))v(da, dq, dp).
R27+1-{0}

Proof.— Since C is a non-negative definite symmetric matrix, it is
easily verified that the first line of (6.2) is a positive symmetric operator.
We write

M, = (1 —cos(al + ¢.X + p.D))v(da,dq, dp).
R27+1-{0}

By the spectral theorem, for each ¥ € S(R"™), we have

<, Mytp >= /

[ 4= o8OV 1Pan(dA) 1 Pv(da da. dp) >0,
R2n+1-{0} JR

and the result follows. O

Now since —Lf is positive symmetric, we can define a positive quadratic
form &, with domain C°(R™) by the prescription

E(f)=—<fLof >,
for each f € C2°(R™). Then &, is closable with closure &, and there exists
a positive self-adjoint operator A™, which is an extension of —L7, such that

Dom(A™) C Dom(&,) and &.(f) =< f, A™f >, for all f € Dom(A™). A is
called the Friedrichs extension of —L§ (see e.g. [7], p.4).
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LEMMA 64.— A™ = —L™ and (7T7,t > 0) is a self-adjoint semigroup
in L2(R™).

Proof.— Since A™ is positive and self-adjoint, —A™ is the generator
of a self-adjoint, strongly continuous, contraction semigroup (SF,t > 0)
in L2(R™). STf and 7,7 f are both solutions of the initial value problem
f'(t) = L™f(¢), f(0) = f, where f € CZ(R™), hence by uniqueness of such
solutions we conclude that STf = 7,7 f, for each t > 0,f € C(R"™). A
standard density argument then yields that ST f = 7" f, for all f € L2(R"),
and the result follows. m]

In order to construct Dirichlet forms, we need to know when the operator
L™ preserves real-valued functions.

PROPOSITION 6.5. — — L] maps real-valued functions to real-valued func-
tions if and only if

/ sin(a + q.z) sin(p.£)v(da, dq, dp) = 0,V¢ € R". (6.3)
R2n+1—{0}

Proof.— Because of (6.2) the only part of —£] that can map real-
valued functions to complex-valued functions is M,. Hence without loss of
generality we state a necessary and sufficient condition for M.

We will employ the Weyl functional calculus which was introduced in
section 4. Since equation (4.1) is valid for all f € C(R"™), an operator of
the form o(X, D) maps real-valued functions to real-valued functions if and
only if

1 .
/ o(h@ 4 1), 0=V e R,
R2n 2

for all z,y € R™. Hence for all z,p € R"

/ o(z,£)e*d € R,
R2n

and this is equivalent to the symmetry condition

o(z,8) =o(z,—&) forallz, £€R". (6.4)

Now we return to the operator M. By Proposition 5.2, we have for all
z,£ € R®,

o (.6 = | oy (L co8(a 2+ ), da ).
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Equation (6.4) then yields

/ (cos(a + gq.z + p.£) — cos(a + q.z — p.£))v(da, dg, dp),
R2n+1_{0}

for all z,£ € R®, which is equivalent to equation (6.3), as required. 0

Note that if v is symmetric with respect the variable p that is
v(4) = v(s(4))

for all A € B(R™), where s(a,q,p) = (a,q,—p), then (6.3) is satisfied. A
less trivial probabilistic example where (6.3) is true is when Tp and Tq
are independent. This is easily verified from the observation that, by the
Lévy-Khintchine formula, we have

v(da, dg, dp) = do(da) ® vo(dg) ® do(dp) + do(da) ® do(dg) ® vp(dp), (6.5)

where vp is the Lévy measure of Yp, vg is the Lévy measure of Yg, and do
denotes the Dirac mass at the point 0.

For the remainder of this paper, we will assume that the condition (6.3)
is satisfied.

In this case, —L£§ maps real-valued functions to real-valued functions
and Theorem 6.2 allows us to extend this property to the generator £™ and
to the semigroup (7Z;",t > 0). From now on, we will restrict the action of the
positive symmetric operator —LJ and its closure —L" to the real Hilbert
space L?(R"™,R), where the domain of the former operator comprises the
real-valued smooth functions of compact support, C*(R", R). We may sim-
ilarly restrict the domain of the form &, and of its closure &, to comprise
real-valued functions.

PROPOSITION 6.6.— For each f € C(R"™, R),

&0 =Y & [ of@asw)s
k=1 R~
1,5k 2.1 1
+ coo + CjT’ T + sin®(=(a + ¢.z + =¢.p))
n R2n+1-{0} 2 2

(6.6)

-+ sinz(%(a +q.z— %q.p))z/(da, dq, dp)] f(z)dz

v 3 /R /RM_{O} cos(a+q.x + %p.qxf(z) — f(z+p))*v(da, dg, dp)dz.
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Proof. — Using the notation M, from the proof of Proposition 6.3 and
applying the symmetry of v, we obtain for each f € C(R"™),z € R",

(M, f)(z) = /R%H—{o}[f(x) - ei(a+q.z+%p-q)f($ + p)|v(da, dg, dp).

(6.6) follows by a straightforward computation using Fubini’s theorem, a
change of variable and the symmetry of v. O

The structure of (6.6) can be written more succinctly as follows. For
each f € C*(R", R),

&A1) = Ef D+ [ f@Pkd

6.7)
+ / (f(@) — f(z + p))>J(da, dg, dp, dz),
Rn X(R2"+1—{0})

where

lf =Y [ 0r@os@as,

Jk=1
- 1 Gk
k(dz) = (Coo +cjp2’x
o1 1
+ sin (E(a +qx+ -éq.p))
R2n+1_{0}

1 1
+ sin2(§(a +q.z— §q-p))1/(da, dg, dp)) dz,

and J(da,dq,dp,dz) = %cos(a +q.x+ %p.q)u(da, dq, dp)dz.

(6.7) is closely related to the Beurling-Deny formula for regular Dirichlet
forms (cf. [10], p.108) and it is tempting to give the formula a probabilistic
interpretation wherein &, is the local part, associated to a diffusion process,
the term controlled by k represents killing, while that determined by J
represents jumps. In general, however J is not a positive measure, take for
instance v(da, dq, dp) = (x0,1)(da, dq, dp) + 6(_r0,~1)(da, dg, dp) where J is
Dirac mass.

The interpretation of &, in general, is an interesting problem. Here we
will concentrate on the case where we obtain a legitimate Dirichlet form
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and so, from now on, we will make the assumption that J is a positive
measure on {(a,q,p,z) € R**1 p # 0}. This holds, for example, when
supp(v) = {(0,0,p),p € R™} or, when v is the Lévy measure corresponding
to Tp and T independent, as can easily be deduced from (6.5).

THEOREM 6.7.— If J is a positive measure on {(a,q,p,T) € R+
p # 0} then &, is a symmetric Dirichlet form.

Proof. — By standard use of mollifiers, see e.g. [10], p.7-8, for each
€ > 0, there exists a family of infinitely differential functions (¢.(z),z € R)
such that ¢.(f) € C(R™ R) for all f € C°(R"™, R). Moreover we have
¢e(x) =z, forall z € [0,1],—¢ < ¢.(z) < 1+¢, forall z € R and 0 < ¢.(y)
— ¢.(z) < y—z, whenever z,y € R with z < y. Now it follows immediately
from the representation (6.6), that for each f € C°(R",R),e > 0,

En(0e(f), ¢e(S)) < Ex(f, ),

and so &, is Markovian. Hence &, is a symmetric Dirichlet form by Theorem
3.1.1 of [10], p.98-9. O

By general properties of Dirichlet forms (see e.g. [10], [7]), L™ generates a
symmetric sub-Markov semigroup in L2(R"™, R), so that whenever 0 < f < 1
(a.e.), we have 0 < 7,7 f < 1 (a.e.).

By Theorem 6.2, £ is regular and by the construction of Chapter 7 in
[10], we can assert the existence of a symmetric (with respect to Lebesgue
measure) Hunt process X = (X (t),t > 0) with state space R*U{A} (where
A is the cemetery point), which is unique up to exceptional sets and whose
transition semigroup is a quasi-continuous version of (7,7,t > 0). It is an in-
teresting problem to relate this equivalence class of processes more directly
to p. From (6.7), we see that the local part £, is simply given by a Brow-
nian motion in R™ with covariance matrix (c?k), while both the diffusion
and jump characteristics of p contribute to killing of X. In the case where
supp(v) = {(0,0,p),p € R"} and ¢ = ¢}, = 0, for all 1 < j, k < n, then X
is a symmetric Lévy process in R™. The next proposition describes the Hunt
process in a more interesting setting. We will take n = 1, for simplicity.

PROPOSITION 6.8.— Let p = (A(2), Tq(t), Tp(t),t = 0) be a phase-
dominated Lévy process for which Tg and Yp are symmetric and indepen-
dent. For each z € R consider the sub-Feller process (Y¥,t > 0) defined
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Y? = z+Ypt) if T®>t,
= A if T*<¢, (6.8)

where A is a cemetery point, and
T =inf{s >0, 7 < ®o(Yp,z,s)},

where T is a random variable with an exponential distribution with parameter
1 which is independent of p.

We then have
(77" f)(z) = E(f(Y{)),

for every f € C¥(R,R),t = 0,2 € R. The functional @ is defined by the
relation

t
B (exp(i [ (9(6-) +2)dTa(s)) = exp(~a(g.2.0),
for every function g : Rt — R which is right continuous with left limits.

Proof.— For every f € C®(R,R),t > 0,2 € R, the Schrédinger repre-
sentation yields

(7 f)(z) = E(exp(i(A(t) + To(t).x +1/2To(1). Y p(1))) f(z + Y p(1))) »
see e.g. [29], p. 49 equation (2.23).

Since
To(t) Xp(t) = / T p(s-)dTq(s) + YTo(s—)dT p(s),

we may also write

(77 F)(=) E (exp(i( /0 Tp(s—)dTq(s) + Yo(t)-2)) f(z + Tp(t)))

E (exp<z'< / (Tr(s-) + )T o(s)) flo+ Tp<t>>) .

Then the conditional expectation,

¢
E (exp(i/ (Tp(s=)+z)dYq(s)) ITp) = exp(—Po(YTp, 2, 1)),
0
because Y p and Y are independent.
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Now the Lévy-Itd decomposition for the symmetric Lévy process Tq
takes the form

TQ(t) = 9QB(t) + / ulN(t,du) + / o1 ulN (¢, du),

Jul<1

where 6o > 0, B = (B(t),t > 0) is a standard Brownian motion and N is
a Poisson random measure on R* x (R — {0}) which is independent of B
and has a compensated measure N and a symmetric Lévy measure ng.

Let g : RY — R be right continuous with left limits. We apply Itd’s
formula to the semimartingale exp (z fot (g(s—) + x)dTQ(s)> and then take
expectations, to obtain for each ¢t > 0,z € R,

2 pt
b2
2 Jo

- / / fexp(iu(g(s—) + 2)) — 1 — éu(g(s—) + 2)}1q(du)ds
0 J)ul<1

Q’Q(g,a:, t) (9(3—) +$)2d8

— /0 /' |>1[exp(z'u(g(s—) + z)) — 1|ng(du)ds.

Observe that ®¢(f,x,t) is a non-negative functional since nq is sym-
metric, indeed if we interpret all integrals with respect to ng as principal
values, we may write

02 t t
Sa(02.0)= 3 [(ota)rapdst [ [ (-costuglo)malaurds

We now conclude that

(7" )(x) = E (exp(—=®o(Tp, 2, 1)) f(z + Tr(?))),

which completes the proof of the proposition. O

We remark that much of the analysis described in this section can also be
carried out for non-symmetric Dirichlet forms, provided the sector condition
described in [21] holds.

Note.— When —L7 is positive and symmetric, the symbol of L™ takes
the form
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opn(z, &) = —coo— cjl-kxjxk — cfkgfg’“

+ / (cos(a + q.2 + p.&) — 1)v(da, dg, dp),
R2n+1_ {0}

and following a calculation in [12], p.109, we can write the associated closed
form in the alternative form

B =-Cn [ [ o @R e)dode,

where T(£)(z,€) = g €% f(x + Ly) f(z — 1y)dy, for each f € CX(R™).
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